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PREFACE 

This book is an outgrowth of lectures on sample surveys which 
the author has delivered since 1945 at the Indian Council of 
Agricultural Research, subsequently at the International School 
on Censuses and Statistics in 1949-50 held at Delhi under the 
auspices of the Food and Agriculture Organization of the United 
Nations, at the two summer sessions conducted by the Indian 
Society of Agricultural Statistics in 1950 and 1951, and finally at 
the Statistical Laboratory of the Iowa State College, Ames, 
Iowa, U.S.A., in the spring of 1952. 

There was no plan at first of publishing a book and the notes 
prepared for the lectures were mimeographed for the use of the 
students, but as the scope of the course was gradually enlarged, 
suggestions were received that the lectures should be published 
in the form of a text for teaching at colleges and universities. 
It was felt that this publication would fulfil a real need for 
a systematic treatment of the sampling theory in relation to 
large-scale surveys. About the same time the Conference of the 
Food and Agriculture Organization of the United Nations recom- 
mended at its Sixth Session that a book be prepared incorporating 
a comprehensive treatment of the sampling theory of surveys and 
its applications so as to be of direct assistance to the sampling 
experts working in various countries in their efforts to introduce 
the sampling method for improvement of agricultural statistics. 
The mimeographed notes were accordingly reorganized and ampli- 
fied to include illustrative material on agricultural surveys from 
different countries; the publication of the present book is the 
result. 

In keeping with its objectives the book is primarily designed 
to serve the needs of a text for teaching an advanced course in 
sampling theory of surveys and of a reference book for statisticians 
entrusted with the planning of surveys for collecting statistics. 
Every attempt has been made to present all the modern develop- 
ments of sampling theory which are of importance in survey 
work. Some of the results have already appeared in the papers 
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published in the Journal of the Indian Society of Agricultural 
Statistics. These might appear new to many readers since they 
might not have seen this Journal. The book also gives a number 
of results which are being published for the first time. Among 
these should be mentioned particularly the algebraic treatment of 
non-sampling errors whose importance relative to sampling errors 
has not been sufficiently stressed in the literature on the subject. 

In order that the theory presented in the book should be of 
direct assistance in practice, it is illustrated with examples of actual 
surveys so as to serve the special needs of under-developed 
countries in the field of sampling, as recommended by FAO. 
These examples are oriented largely around agricultural statistics, 
in keeping with the author's experience in this field and FAO's 
interest, and relate to surveys for the estimation of crop acreage, 
yield, incidence of insect pests on crops, livestock numbers and 
their products, other farm facts and fisheries production. The 
author is conscious that these examples by themselves will not 
meet the entire needs of sampling workers, particularly those from 
the economically less developed countries where the resources 
available for planning surveys are meagre and a large majority 
of the people are illiterate, do not appreciate the purpose of the 
inquiry, nor know the correct answers to the questions put to 
them. The contribution to the total error in the result arising 
from this latter factor is very large in these countries and 
emphasizes the great value of developing satisfactory measurement 
techniques before attempting nation-wide surveys. The relevant 
theory bearing on this question has been discussed in Chapter X. 
What is further needed is a simple exposition of a few typical 
surveys. Such a book is nearing completion and it is hoped 
to make it available soon. 

The need for keeping the volume within reasonable size has 
prevented any elaborate supporting description of the theory and 
examples given in the book. The author's aim all along has been 
to present the theory in as straightforward a manner as possible. 
The only pre-requisites are college algebra, elements of calculus 
and principal statistical methods such as those covered in 
Statistical Methods for Agricultural Workers, by V. G. Panse 
and the author. Even so the author is aware that at places the 
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treatment has become too terse. Such sections have been marked 
with an asterisk to indicate that the portion can be left over from 
the first reading without losing the continuity of the text. 

The author has received considerable assistance in preparing 
the book from his former colleagues in India. First of all he 
gratefully acknowledges the encouragement and help which he 
received from his former Chief, Mr. P. M. Kharegat, then 
Secretary to the Ministry of Agriculture, Government of India, 
to whose farsightedness are principally due the advances which 
India has made in the field of sampling. He is indebted to 
Messrs. V. G. Panse, G. R. Seth, K. Kishen, R. D. Narain, 
O. P. Aggarwal and B. V. Sukhatme who read parts of the 
manuscript and made numerous suggestions to improve the 
presentation; to Messrs. K. S. Krishnan, S. H. Ayer and 
K. V. R. Sastry who worked through the examples; and to 
Mrs. Evans of the Statistics Branch of FAO who checked through 
them and also helped in the preparation of the index to the 
book; to Dr. P. N. Saxena who shouldered a particularly heavy 
responsibility of reading critically the manuscript and the proofs ; 
and to Suzanne Brunelle and Mary Nakano for their typing and 
secretarial help. The author also likes to express his thanks to 
Dr. T. A. Bancroft, Dr. D. J. Thompson and other members of 
the staff of the Statistical Laboratory, Iowa State College, with 
whom he had the opportunity to work as visiting professor during 
the spring term of 1952 and to Marshall Townsend of the Iowa 
State College Press for their interest and encouragement in the 
publication of the book. Last but not least the author is 
indebted to Mr. Norris E. Dodd, Director-General of the FAO, 
who invited the author to come to FAO to head the Statistics 
Branch, which gave him the opportunity to appreciate more fully 
the urgent need for promoting sampling for improving agricultural 
statistics in under-developed countries ; and to Dr. A. H. Boerma, 
Director of Economics Division of the FAO, for his constant 
encouragement and advice. 

September 1953. Pandurang V. Sukhatme. 
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CHAPTER I 
BASIC IDEAS IN SAMPLING 

1.1 Sampling Method 

A sampling method is a method of selecting a fraction of the 
population in a way that the selected sample represents the 
population. Everyone of us has had occasion to use it. It is 
almost instinctive for a person to examine a few articles, preferably 
from different parts of a lot, before he or she decides to buy it. 
No particular attention is, however, paid to the method of 
choosing articles for examination. A wholesale buyer, on the 
other hand, has to be careful in selecting articles for examination 
as it is important for him to ensure that the sample of articles 
selected for examination is typical of the manufactured product 
lest he should incur in the long run a heavy loss through wrong 
decision. Similarly, in obtaining information on the average 
yield of a crop by sampling, it is not sufficient to ensure that the 
fields to be included in the sample come from different parts of the 
country, for, the sample may well contain a very much larger 
(or smaller) proportion of fields of a particular category like 
irrigated, manured or growing improved variety, than is present 
in the population. If any category is consistently favoured at the 
expense of the other, the sample will cease to represent the whole. 
Even if the sample is selected in such a way that the proportions 
in the sample under different categories agree with those in the 
population, the sample may not still represent the population. 
A sampling method, if it is to provide a sample representative 
of the population, must be such that all characteristics of the 
population, including that of variability among units of the 
population, are reflected in the sample as closely as the size of 
the sample will permit, so that reliable estimates of the population 
characters can be formed from the sample. 

1.2 Standard Error 

Whatever be the method of selection, a sample estimate will 
inevitably differ from the one that would be obtained from 
enumerating the complete population with equal care. This 
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difference between the sample estimate and the population value 
is called the sampling error. The larger the sample, the smaller 
will obviously be the sampling error on the average and the 
greater will be our confidence in the results. A sampling method, 
if it is to be serviceable, must provide some idea of the sampling 
error in the estimate on an average. We must, for instance, be 
able to form a precise idea of the extent to which we are likely 
to bz in error on an average in estimating the yield of a crop 
from the sample. Several measures are available for the purpose. 
One such measure of the average magnitude of the sampling error 
is called the standard error of the estimate and provides a measure 
of the reliability, as it were, of the sample estimate. It is the 
magnitude of the standard error which will determine whether 
a sample estimate is useful for a given purpose. This, in turn, 
will depend upon the break down expected of the results. If, for 
example, estimates of crop acreages are required for every village 
of the State and for all crops, major or minor, there will be little 
point in using the sampling method. 

1.3 Principle of Choosing among Alternative Sampling Methods 

Practical considerations have also to be kept in view in the 
use of a sampling method. Crop-cutting surveys for estimating 
the average yield of a crop provide a good example for illustration. 
It is not enough in a crop-cutting survey to select a sample of 
fields representative of the total number under the crop and 
sample-harvest the selected fields at the time of the visit of the 
enumerator; it is also necessary to ensure that the selected fields 
are reached on the dates the cultivators would harvest them. 
Only then would the distribution of sample-harvesting over time 
correspond to the distribution over time of actual harvesting. 
The procedure of sample-harvesting should also correspond, in so 
far as practicable, to the one adopted by the cultivator so that 
what is observed would correspond to what is gathered by the 
cultivator, which is what one wants to estimate. Further, a 
sampling method, if it is to be acceptable in practice, must be 
simple, fit into the administrative background and local condi- 
tions and ensure the most effective use of the resources available 
to the sampler. The guiding principle in the choice of a sampling 
method is, in fact, the principle of securing the desired result 
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with the reliability required at minimum cost or with the maximum 
reliability at a given cost, making the most effective use of the 
resources available. 

1.4 Probability Sampling 

To fulfil the above requirements, it is necessary that the method 
of sampling be objective, based on laws of chance. The method 
is called the method of probability sampling. In this method, 
the sample is obtained in successive draws of a unit each with 
a known probability of selection assigned to each unit of the 
population at the first draw. At any subsequent draw, the prob- 
ability of selecting any unit from among the available units at 
that draw may be either proportional to the probability of selecting 
it at the first draw or completely independent of it. 

The successive draws of a probability sample may be made 
with or without replacing the units selected in the previous 
draws. The former is called the procedure of sampling with 
replacement, the latter without replacement. 

The application of the method presumes that the population 
can be subdivided into distinct and identifiable units called sampl- 
ing units. The units may be natural units, such as individuals in 
a human population or fields in a crop-estimating survey or natural 
aggregates of such units like families or villages ; or they may be 
artificial units, such as a single plant, a row of plants or a plot 
of size, say, 10 x 10 square feet in sampling a field of wheat. In 
general, for a given proportion of the population to be sampled, 
the smaller the sampling unit the more accurate will be the 
sample estimate. The application of the method naturally pre- 
supposes the availability of a list of all the sampling units in the 
population. This list is called the frame and provides the basis 
for the actual selection of the sample. An example of a frame is 
furnished by a list of farms, where one exists, or suitable area- 
segments like the village in India or the section in the United 
States. The section forms the sampling unit and provides the 
means for selecting a sample of farms. 

1.5 Simple Random Sampling 

The simplest of the methods of probability sampling which 
provides estimates of the population characters and a measure of 
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the reliability of the estimates made is the method of simple 
random sampling. In this method, usually called for brevity the 
method of random sampling, an equal probability of selection is 
assigned to each unit of the population at the first draw. The 
method implies an equal probability of selecting any unit from 
among the available units at subsequent draws. Thus, if the 
number of units in the population is N, the probability of selecting 
any unit at the first draw will be \jN, the probability of selecting 
any unit from among the available units at the second draw is 
l/(N — 1), and so on. 

An important property of simple random sampling is that the 
probability of selecting a specified unit of the population at any 
given draw is equal to the probability of selecting it at the first 
draw. For, let 

n denote the number of units to form the sample. 

The probability that the specified unit is selected at the r-th draw 
is clearly the product of (1) the probability of the event that it 
is not selected in any of the previous r — 1 draws; and (2) the 
probability of the event that it is selected at the r-th draw. The 
probability that it is not selected at the first draw is, by 
definition, (N — l)/iV; that it is not selected at the second draw 
(N — 2)j(N — 1), and so on. The probability of event (1) is, 
therefore, 

N - 1 N-2 N~r + 1 

N ' N-\ '" N -r + 2 

The probability of the event (2) is clearly 1/(JV — r + 1). The 
product of the two is, therefore, 

iV-1 N-2 N-r+l 1 1 

N~ ' N'-i •"* N-T+2' N-r+l 0r N 

which is the probability of drawing the specified unit at the first 
draw. 

Since the specified unit may be included in the sample at any 
of the n draws, it also follows that the probability that it is 
included in the sample is the sum of the probabilities that it is 
selected in the first draw, second draw, . . . , n-th draw, and is, there- 
fore, equal to njN. Since this result is independent of the specified 
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unit, it follows that every one of the units in the population has 
the same chance of being included in the sample under the 
procedure of simple random sampling. This, in fact, has some- 
times been used as the definition of simple random sampling. 
However, this definition does not completely specify the procedure 
of simple random sampling, for, as will be clear in Chapter IX, 
there can be other procedures of sampling which do not give the 
same chance of selection at the first draw to each unit of the 
population and yet the probability that any specified unit is 
included in the sample is njN. 

The method of simple random sampling is also equivalent to 
giving an equal probability to each possible cluster of n units 
to form the sample of the population. The possible clusters of 
n are 



o 



Random sampling implies that every one of these possible clusters 
will have an equal probability, namely, 



1 



of being selected as the sample. Thus, if the population consists 
of 4 farms serially numbered 1, 2, 3 and 4, having 2, 3, 4 and 
7 acres under corn respectively, then the possible clusters of 2 farms 
from this population will be the following six: 



Serial Number of 
Cluster 


Serial Number of Units 
in the Cluster 


Values of the Units 
in the Cluster 


1 


1,2 


2,3 


2 


1.3 


2,4 


3 


1,4 


2,7 


4 


2,3 


3,4 


5 


2,4 


3,7 


6 


3,4 


4,7 
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Random sampling implies that every one of these 6 clusters of 
2 each will have a chance of £ of being selected as the sample 
for our study. It is easy to establish this result. 

The probability of selecting any one unit at the first draw is, 
by definition, I IN. Having selected one, the probability of selecting 
any one of the remaining units at the second draw is clearly 
1/(N — 1), and so on. The probability of selecting any given n 
units in succession in a specified order is thus 

1 1 1 



N N - 1 '•• N-n + 1 

Since the order in which the units are selected is immaterial, the 
probability of any given n units to form the sample is thus 
given by 

«! J_ 

N.(N -l)...(N -n + I) or (N\ 

Every one of the ( N } possible clusters of n each has thus an 

equal probability of being selected under this method. 

The word "random" refers to the method of selecting a sample 
rather than to the particular sample selected. Any possible sample 
can be a simple random sample, however unrepresentative it may 
appear, so long as it is obtained by following the rule of giving 
an equal chance to every one of the possible samples. Thus, a 
person may draw a sample of 13 cards from a well-shuffled pack 
and still find that all are of the same suit. The sample is obviously 
unrepresentative of different colours, but nevertheless must be 
considered to be a random sample by virtue of the method of 
selection employed. 

1.6 Procedure of Selecting a Random Sample 

A practical procedure of selecting a random sample is by using 
a table of random numbers, such as those published by Tippett 
(1927), a page from which is reproduced in the Appendix to this 
chapter. The procedure takes the form of (a) identifying N units 
in the population with the numbers 1 to N, or what is the same 
thing, preparing a list of units in the population and serially 
numbering them, (b) selecting different numbers from the table 
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of random numbers, and (c) taking for the sample the n units 
whose numbers correspond to those drawn from the table of 
random numbers. The following examples will illustrate the 
procedure : 

Example 1.1 
Select a sample of 34 villages from a list of 338 villages. 

Using the three-figure numbers given in columns 1 to 3, 4 to 6, 
etc., of the table given in the Appendix and rejecting numbers 
greater than 338 (and also the number 000), we have for the 
sample : 



125, 


326, 


12, 


237, 


35, 


251, 


165, 


131, 


198, 


33, 


161, 


209, 


51, 


52, 


331, 


218, 


337, 


263, 


223, 


241, 


277, 


42, 


14, 


303, 


40, 


99, 


102, 


173, 


137, 


321, 


335, 


155, 


163, 


81. 







The procedure involves the rejection of a large number of 
random numbers, nearly two-thirds. A device commonly employed 
to avoid the rejection of such large numbers is to divide a random 
number by 338 and take the remainder as equivalent to the 
corresponding serial number between 1 to 337, the remainder zero 
corresponding to 338. It is, however, necessary to reject random 
numbers 677 to 999 and also 000 in adopting this procedure as 
otherwise villages with serial numbers 1 to 323 will get a larger 
chance of selection equal to 3/999 while those with serial numbers 
324 to 338 will get a chance equal to 2/999. If we use this 
procedure and also the same three-figure random numbers as given 
in columns 1 to 3, 4 to 6, etc., we will obtain the sample of 
villages with serial numbers given below: 

125, 206, 326, 193, 12, 237, 35, 251, 

325, 338, 114, 231, 78, 112, 126, 330, 

312, 165, 131, 198, 33, 161, 209, 51, 

52, 331, 218, 337, 238, 323, 263, 90, 

11, 223. 

Example 1.2 

The following procedure has been used for selecting a sample 
of fields for crop-cutting experiments on paddy in the surveys 



8 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

carried out by the Indian Council of Agricultural Research 
(1951). 

"Against the name of each selected village are shown three 
random numbers smaller than the highest survey number* in the 
village. Select the survey numbers corresponding to given random 
numbers for experiments. If the selected survey number does not 
grow paddy, select the next higher paddy-growing survey number 
in its place." 

Examine whether the above method will provide an equal 
chance of inclusion in the sample to all the paddy-growing survey 
numbers in the village, given the following: 

1. Name of village .. .. Payagpur 

2. Total number of survey numbers 290 

3. Random numbers .. .. 18,189,239 

4. Paddy-growing survey numbers . . 49 to 88 and 189 to 290 
Clearly, according to instructions, the survey numbers to be 

selected for crop-cutting experiments will be 49, 189 and 239. In 
selecting the first paddy-growing survey number for experiment, we 
thus give the survey number 49 a chance of 49/290 of being included 
in the sample, the survey number 189 a chance of 101/290, while 
to the remaining paddy-growing survey numbers a chance of 1/290 
each. If paddy is grown in patches covering several survey numbers, 
as in the present example, the method will result in giving a larger 
chance to the border fields of being included in the sample. 

Example 1.3 

Nine villages in a certain administrative area contain 793, 170, 
970, 657, 1721, 1603, 864, 383 and 826 fields respectively. Make a 
random selection of 6 fields, using the method of random sampling. 

The total number of fields in all the 9 villages is 7987. The 
first step in the selection of a random sample of fields is to 
have these serially numbered from I to 7987, by taking successive 
cumulative totals: 

793, 963, 1933, 2590, 4311, 5914, 6778, 7161, 7987, 
the 793 fields in village 1 being given the serial numbers 1 
through 793, the 170 fields in village 2 being given the serial 

* Each field or separate riece of land in a village bears an official number which 
is termed the 'survey number'. 
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numbers 794 through 963, and so on. A reference to the four-digit 
random numbers in columns 9 to 12 will then give the following 
sample of fields with serial numbers 7358, 922, 4112, 3596, 633 
and 3999. The corresponding fields will be No. 197 from village 9, 
No. 129 from village 2, No. 1522 and No. 1006 from village 5, 
No. 633 from village 1 and No. 1409 from village 5. 

It will be noted that the selection has actually proceeded in 
two stages, selecting a village in the first instance with probability 
proportional to the number of fields in the village and choosing, 
on the basis of the random number already selected, a field in 
the selected village, villages being sampled with replacement. 
It must, however, be remembered that this equivalence between 
the one- and two-stage sampling holds good only when the 
number of second-stage units to be selected from a first-stage 
unit of sampling is limited to one. 

Example 1.4 

The following method is laid down for locating and marking 
a random plot of area 33'x33' in a field selected for crop-cutting 
experiments in India (I.C.A.R., 1951). 

" Stand facing North with the field in front of you and to your 
right. Measure the length and the breadth of the field in feet and 
deduct 33' from each. Select a pair of random numbers less than 
or equal to the remainders so obtained to locate the corner of the 
plot. Fix a peg at this corner, tie a string to it and stretch it 
along the length of the field away from the South-West corner 
of the field. Measure 33' along it by means of a tape and put 
the cross-staff at this point. Turn the string round the cross-staff 
and stretch it at right-angles away from the South-West corner 
of the field and measure 33' along it. Proceed in this manner 
until you reach the starting point of the plot by checking the 
distance between the fourth and the first corner." 

Examine whether the method will give an equal chance to all 
the unit areas in the field, it being given that the field is a 
rectangular field, measuring 120' x 100'. 

The method implies a division of the field into (120-33) x(10)-33) 
plots, each measuring 33'x33', which are not distinct but over- 
lapping. The fundamental requirement that the population should 
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be divisible into units which are distinct so that every unit area 
of the population belongs to one and only one sampling unit is 
thus not fulfilled, with the consequence that the central areas get 
a relatively greater chance of selection than those near the 
border. 

1.7 Non-Random Methods of Sampling 

Methods of sampling, which are not based on laws of chance 
but in which units of the population to be included in the sample 
are determined by the personal judgment of the enumerator, are 
called purposive or non-random methods. An example of this 
method, where personal judgment is introduced in tbe selection 
of a sample, is provided by the old official method in India of 
selecting fields for sample-harvesting for determining the average 
yield of a crop. Under this method, the experimenter was required 
to select fields which, in his judgment, had an average crop. It 
was found that the experimenter tended to select fields which were 
poorer than the average when the season was good and better 
than the average when the season was bad. The result was a 
tendency to over-estimate yields in bad years and to under-estimate 
them in good years. The quota method of sampling, so exten- 
sively used in the United States of America in opinion surveys, 
is another example of this method. Here quotas are set up for 
the different categories of the population to be included in the 
sample and tbe selection of units from each category is left to the 
personal discretion of the enumerator. The method is convenient 
to use in practice. Its cost is also low relative to that of the 
method of probability sampling. However, the sample does not 
provide any means of judging the reliability of the estimates based 
thereon. If we want to have unbiased estimates of the population 
character whose accuracy can be measured from the samples 
themselves, probability sampling alone should be used. 

1.8 Non-Sampling Errors 

The accuracy of a result is affected not only by sampling errors 
arising from chance variation in the selection of the sample but also 
by (a) lack of precision in reporting observations, (b) incomplete 
or faulty canvassing of a designated random sample, and (c) 
faulty methods of estimation. These errors, particularly those 
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under (a) and (b), are usually grouped under the heading "non- 
sampling errors". Deming (1944, 1950) has listed the different 
sources of errors and biases arising from (a). These, in his words, 
are principally due to arbitrariness in definition and variable 
performance of the man. An eye-estimate of the crop provides 
an example of this source of errors. Eye-estimate is a form of 
measurement which cannot, in the very nature of things, give 
a unique result even when the same field is observed at different 
times by the same enumerator. The result will depend upon the 
personal judgment of the enumerator, no matter how well he is 
trained and consequently there will be variation from enumerator 
to enumerator observing the same field and in repeated observa- 
tions by the same enumerator. A character like damage to a crop 
in the field from rust will similarly involve a certain amount of 
arbitrariness in definition and, therefore, give variable response. 
Even with factual characters like the area under the crop in a field, 
there is found to be marked variation in performance of the same 
enumerator measuring the acreage at different times or of different 
enumerators measuring the same field. Tn an inspection carried 
out by the statistical staff to test the reliability of the area records 
maintained by the patwaris (village officials) in 61 villages selected 
at random in the Lucknow District (India), about 20% of the 
reports were found to be in disagreement. Part of the discre- 
pancies could, of course, be explained by carelessness or even 
dishonesty but most of them were due to differing descriptions 
of the same situation given by different agencies (Sukhatme and 
Kishen, 1951). 

An example of faulty canvassing of a selected sample is reported 
by Kiser (1934) who selected a random sample of households for 
studying morbidity. The relative frequency distribution of the size 
of households included in the sample and as revealed by the Census 
is given in Table 1.1, which shows that the sample is considerably 
deficient in the frequency of households of size 2. Kiser attributed 
the deficiency to the failure on the part of the enumerators to 
re-visit missed households in which childless married women 
working away from homes are likely to predominate. 

A similar bias attributed to the poor execution by tbe field force 
of the selected sample arose in a survey for estimating tbe yield 
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Table 1.1 

Relative Frequency Distribution of the Size 
of the Households 



Size of Household 


Percentage Frequency 
in Sample 


Percentage Frequency 
in Census 




2 




19-4 


26-8 




3 




25-9 


26-5 




4 




23-5 


21-9 




5 




15-4 


130 




6 




8-1 


5-9 




7 




3-5 


3-2 




8 




1-9 


1-4 




9 and 


over 


2-2 


1-3 





of wheat carried out in Uttar Pradesh (India) in 1943-44. The 
harvesting had already commenced when the investigators went 
to conduct experiments in the selected fields, with the result that 
the fields harvested in the sample contained a larger proportion 
of irrigated fields than was present in the population. For, it is 
usually the unirrigated fields which mature earlier and which had, 
therefore, been harvested by the time the investigators commenced 
their experiments. The instruction to select the next available 
field for experiment would have only resulted in increasing the 
preponderance of irrigated fields in the sample. 

Faulty methods of estimation can be illustrated with reference 
to a plan for estimating the average yield of a. crop per acre. 
If, for example, an equal chance is given to every field under the 
crop to be included in the sample and the average yield per acre of 
larger fields is different from that of smaller ones, then the average 
yield per acre estimated from the simple arithmetic mean of the 
yields per acre of the fields in the sample may be markedly 
different from the average yield per acre of the total area under 
the crop. 

The net effect of these discrepancies on the value of the estimate 
may not, however, always be serious, particularly in cases where 
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errors occur in both directions and there is a reasonable chance 
of their cancelling one another. Errors, particularly those due to 
variability in reporting, introduce an additional component of 
variability which goes to innate the estimate of the sampling error. 
It is frequently found that these errors do not cancel out and 
that the net effect is a bias due to the tendency to uniformly 
report a higher (or lower) figure than the true unknown value. It 
is, therefore, important to control these errors as far as practicable. 
Methods of measuring and controlling non-sampling errors will 
be discussed in Chapter X. In this chapter, we shall give examples 
which show that the magnitude of non-sampling errors can some- 
times be much larger than what is commonly supposed, thus 
emphasising the need for reducing them as far as possible. 

Example 1.5 

This example is taken from an experiment conducted by the 
Indian Council of Agricultural Research at Poona (India) for 
evolving a method of obtaining a representative sample of fibres 
from a bulk of wool for the study of three wool characteristics, 
viz., length, fineness and medullation. The experiment consisted 
of preparing well mixed lots, each weighing about -6 gram, from 
a commercial mass of wool. Each lot was combed out and spread 
on a velvet board in a uniform thin layer and divided into three 
approximately equal sections by referring to a scale placed across 
the fibres. The first section was used for drawing a sample of 
200 individual fibres by method (a) which consisted of drawing 
individual fibres with the help of random numbers by reading on 
the scale placed across the fibres. The second section was used 
for drawing a sample by method (b) which consisted of drawing 
bunches of approximately 50 fibres each from 4 random positions 
of the spread-out wool. The third section was used for drawing 
bunches of 100, but we will not refer to the results of this section 
here. The fibres in the samples, as also those left behind in each 
section, were then measured for length. 

Table 1 . 2 gives the results of experiments on 24 lots measured 
by the same observer. It will be seen that the sample estimates 
based on individual fibres as sampling units exceed the corres- 
ponding population values in all the 24 lots, although the diff- 
erence between the two has varied rather considerably from 
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lot to lot. The results show that there is a consistent over- 
estimation in the method of sampling individual fibres. The results 
of sampling by method (b), however, show that in 12 out of 24 
lots, the sample estimate is larger than the corresponding popula- 
tion value, in 11 cases it is lower, and in the one remaining lot 
the two are equal, thus showing absence of bias in the method 
of sampling by bunches. It is clear that some conscious or 
unconscious tendency to select longer fibres of wool is introduced 
when method (a) of sampling is adopted. The procedure of 
random sampling implies identification of each one of the fibres 
in the population with the serial numbers 1 to N, and then 
selecting a sample of fibres with the help of random numbers. 
This, however, is an impracticable procedure to adopt in the 
sampling of wool. A practicable procedure is the one that was 
actually followed of spreading the lot in a thin layer across a 
velvet and selecting fibres from random positions with the help 
of a scale placed across it. The method, however, gives scope 
to the observer to select one fibre out of the several possible 
fibres in the neighbourhood of the random position. This scope, 
and with it the bias, is reduced when sampling is done by bunches. 

Example 1.6 

This is taken from an investigation carried out in Krishna 
District of Madras State (India) for comparing the efficiency of 
plots of different sizes in large-scale sample surveys for estimating 
the average yield of paddy (Sukhatme, 1947). 36 villages, distri- 
buted equally among the 6 subdivisions of the district, were selected 
for the investigation. In each selected village, 3 fields were selected 
at random out of all the paddy-growing fields in the village, and 
within each field the following plots were marked at random: 

(a) A rectangle of 50 x 20 (links) 2 (area 435 • 6 sq.ft.), which is the 
plot size adopted in official crop-sampling work in Madras ; 
(6) Two circles of radius 3 ft. each (area 28 ■ 3 sq.ft.) ; and 
(c) Two circles of radius 2 ft. each (area 12*6 sq.ft.). 

Besides, the whole of the remaining field was harvested. The 
rectangular plot was marked with the help of tapes and pegs in 
the manner described in Example 1.4. The circular plots were 
marked with the help of a special apparatus devised for the 
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purpose, consisting of a rotating peg, a steel tape and a plumb 
line. The peg was made of wood and was provided with an 
iron collar at one end and a point at the other. It was fixed at 
a point in the field located by means of a pair of random numbers. 
The steel tape was so fixed as to revolve fully round the centre of 
the top of the peg. As the tape was revolved, the crop was cut 
from below the level of the tape, thus making room for the tape 
to move further until the original starting point was reached. 
To avoid trampling, the point located by means of a pair of 
random numbers was not taken as the centre of the circle but was 
taken as a point of its circumference on a line parallel to the length 
of the field. On arriving at this point, the worker was asked to cut 
the crop from this point along the direction of the length until he 
reached a distance slightly exceeding the radius from this point. 
From the starting point the worker then measured exactly a 
distance equal to the radius along the direction of the length 
of the field and fixed the peg at this point. This was the 
centre of the circle. The field work was carried out by the 
local staff of the Department of Agriculture who had been given 
thorough training prior to the commencement of the investigation. 
The results of the investigation are reproduced in Table 1.3. 

Table 1.3 

Average Yield of Paddy in Lb. I A ere for Plots of Different Sizes 

Paddy Survey in Krishna District (Madras) 



Size and Shape 
of Plot 


Area in 
Sq.ft. 


No. of 
Plots 


Average Yield 
in Lb. /Acre 


Standard 
Error 


Percentage 

Over- 
Estimation 


Whole field 




108 


1939-2 


107-3 




50x20 (links) 2 


435-60 


108 


1954-1 


1050 


0-8 


V circle 


28-27 


216 


2025-9 


125-8 


4-5 


2' circle 


12-57 


216 


2113-2 


129-1 


90 



It is seen that while the yield estimate from the official plot size of 
50 links x 20 links is in close agreement with that from harvesting the 
whole field, those from small plots are considerable over-estimates. 

The instructions for locating the starting point and for marking 
of plot were as objective as they possibly could be. Nevertheless, 
any one who has had experience of measuring the length of a field 
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and walking from a given point in the field along the direction 
of its length will agree that the starting point of the plot and the 
direction along which it is to be laid in the field could at best 
be determined only approximately. Even if the same observer 
were to locate and mark the plot determined by a given pair of 
random numbers at different times in the same field, the plots 
may occupy different positions. The inclusion or exclusion of 
particular plants on the border of the plot in demarcating it will 
similarly depend upon the judgment of the experimenter. The 
area actually cut may also vary from the one intended to be cut 
due to unevenly sown crops and errors in measurement. If all 
these deviations could be ascribed to a random element, one would 
expect the errors to cancel out. The results given in Table 1.3, 
however, indicate that this is not the case. They show that small 
plots significantly over-estimate the yield, although the degree of 
over-estimation becomes smaller with larger plots. It is obvious 
that the overall influence of the various non-sampling errors 
relative to the produce harvested becomes smaller with the increase 
in plot size until, when the plot size is large enough, such as is 
used in official crop-sampling work, the bias becomes negligible. 
The above examples will show the need for exercising care in pre- 
paring the design of a survey so that, as far as possible, biases are 
absent. Where it is not practicable to ensure absence of bias, 
one should at least satisfy oneself that the bias present, if any, in the 
sample estimate is so small as to be negligible in comparison with 
its standard error. 
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CHAPTER II 
BASIC THEORY 

A. SIMPLE RANDOM SAMPLING 

2a. 1 Introduction and Notation 

Simple random sampling is by far the most common method 
of sampling in surveys. It is operationally convenient and simple 
in theory, as the name suggests We shall first present the basic 
theory of simple random sampling and then go on to consider 
briefly the theory of sampling in which the probabilities of 
selection are unequal. We shall give the theory in its application 
to both quantitative (i.e., measurable) and qualitative characters. 
We shall assume, unless otherwise mentioned, that the sampling 
units are drawn without replacement. 

Let 

N denote the number of sampling units in the popu- 
lation, 

y the character under consideration, 

yi the value of the character for the z'-th 

sampling unit of the population, 

y N the mean value of the character per unit 

of the population given by 
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V (y) the variance of a single observation in the 

population given by 

i(>i-.P N ) 2 
V(y) - (=1 N ■ (3) 

= N ~ l S 2 (4) 

n the size, /.e., the number of sampling 

units in the sample, 



and 



s- 



the 


sample mean 


given by 






J'n = 


= h 

n 






the 


sample mean 


square given 


by 




s 2 = 


n - 


-9nV 
- 1 
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n 

Zy? 
n 


1 - «J'n 2 
- 1 





(5) 



(6) 

where the summations extend over all 
the units in the sample. 

la.l Unbiased Estimates of the Population Values 

An estimate will vary from sample to sample, depending upon 
the units included in the sample. Thus, for the population 
mentioned in Section 1 . 5, the sample means will be seen to vary 
from 2-5 to 5-5 acres per farm. The sample mean square 
will similarly be found to vary from 0-5 to 12-5, as shown in 
Table 2.1. It will, however, be seen that the averages of the 
sample means and sample mean squares over the totality of 
samples are equal to the corresponding population values. Such 
sample values are called unbiased esiimates of the population 
values. Algebraically, this is expressed as: 
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£(*.) = 



£(.v ! ) 



C) 

C) 



(7) 



(8) 



where the symbol E stands, as usual, for expectation. We write 
Est. y N = y n (9) 



and 



Est. S 2 = s 2 



(10) 



but sometimes when it is more convenient, we shall also use the 
circumflex notation to denote the estimate, asj w and S 2 . It will 
be shown in the following sections that, when a sample is selected 
by the method of simple random sampling, an unbiased estimate of 
the population mean is given by the sample mean and an unbiased 
estimate of the population mean square by the sample mean square. 

Table 2.1 

Values of the Mean and the Mean Square in Different Samples 
of Two from the Population Mentioned in Section J .5 



Serial 
No. of 

the 
Sample 


Values 

of Units 

in the 

Sample 


h 


A-' 


y»-y N 


(>,-y N )' 


i'-S* 


(s l -S*)* 


] 


2,3 


2-5 


0-5 


-1-5 


2-25 


-25/6 


625/36 


2 


2,4 


30 


20 


-10 


100 


-16/6 


256/36 


3 


2,7 


4-5 


12-5 


0-5 


0-25 


47/6 


2209/36 


4 


3,4 


3-5 


0-5 


-0-5 


0-25 


-25/6 


625/36 


5 


3,7 


50 


8-0 


10 


100 


20/6 


400/36 


6 


4.7 


5-5 


4-5 


1-5 


2-25 


- 1/6 


1/36 


Total 




24 


280 





7-0 





4116/36 


Mean 




4-0 


4* 





1* 





1905 
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2a.3* MarkofPs Theorem 

In the sequel, unless otherwise stated, we shall consider only 
linear combinations of the values for the units in the sample as 
unbiased estimates of the population values. Among these, we 
shall call that unbiased linear estimate the best which has the 
minimum sampling variance. It can be shown by a corollary 
of Markoff's theorem (Neyman and David, 1938) on unbiased 
linear estimates that the best unbiased linear estimate of the 
population mean y N is given by that value of y N for which 

n 

u = 2 ()>i — y N ) 2 is minimum, if y t , y$, . . . , y n are n observations 

on n variates having the same variance and the same covariance 
with means given by E (yd — y N It is easily shown that u is 
minimum when y N — y n . 

2a.4 Expected Value of the Sample Mean 

We write 



E(yJ = EV ) yA (11) 




where yi stands for the value of the /-th unit of the population, 
and the summation is taken over all the n units in the sample. 
Numbering the units in the sample serially, as 1,2, . . ., r, . . ., n, 
we may write (U) as 

£ ^ )= *{«!>] (l2) 

where y r ' now stands for the value of the unit included in the 
sample at the r-th draw. 

By a well-known theorem in probability, the expected value of 
a sum is the sum of the expected values. We, therefore, write 

E CP„) = ~ {£ (*')+£ 0V)+ ■■■+£ (y,')+ ■ ■ • +E OV)} (13) 



* This section may be skipped over at the first reading without losing continuity 
of the text. 
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Now, by definition, 



(14) 



where P{, denotes the probability of drawing a specified unit y\ 
at the Mh draw. We have seen in Section 1.5 that, in simple 
random sampling, this probability is equal to \\N. It follows, 
therefore, that 



E (>',') 



1 

N 



L* 



= y N (r =-= I, 2, ..., n) 

On substituting from (15) in (13), we get 

E(y„)=y N 



(15) 



(16) 



An alternative and, in many ways, a more instructive approach 
is to write the sample msan in the form: 






(17) 



where 



a l — 1 if y i is in the sample, 



and 



ij = otherwise. 
From (17), taking the expected value of both sides, we write 



\n L-i ( n 



y {e («<)} y, 






Now, clearly, 

E (a 4 ) = 1 .{Probability that y t is included in the sample} 



(18) 



n 

N 



(19) 



in virtue of Section 1 . 5. 
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Hence, substituting njN for E (a t ) in (18), we reach the same 
result as (16). 

2a.5 Expected Value of the Sample Mean Square 

By analogy with (14), we have 

N 

£0v ' 2) = N Ti y ' (20) 

Adding and subtracting y„ from the right-hand sidj and using 
(2), we can write (20) in an alternative form as: 

£(>',' 2 ) = Pn 2 + (i ~ }f) S 2 (21) 

It follows that 



|:z>HM 



= .V + (l - l N ) S 2 (22) 

Again, if y T ' and y s ' are used to denote the values of the units 
drawn at the r-th and 5-th draws respectively, say jj and y$, we 
have, by definition, 

E(y r 'y,') = £ P lr - P hu -y iy) (23) 

where Pj sH denotes the probability of drawing \>j at the .v-th draw, 
given y t . 

Now, from Section 1.5, we have 

p u = if (24) 

and, by an extension of the same result, 

p *i = N - i (25) 
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Hence, substituting for P ir and P itH from (24) and (25) in (23), 
we get 

N 

E(y/y.') = N ( N -]) 2j -^ (26) 

It follows that 

n (n - 1) E [L "* j = » (i,- i) £ | E *''■'} 



N 
1 



2] W (27) 



N(N -I) 

The result can be alternatively established as follows : 
We have 
1 



n (n - 1) E 



\L y A = n&-i)\L E ^yA (28) 



where the summation Z extends over the n (n — 1) product terms 

^i^j in the sample, and E (aj<ij) denotes the probability of including 
y>i and )'j in the sample. Now, 

E (a 4 a y ) = E (a 4 ) • £ (a, | a,) (29) 

where E (aj | 04) denotes the probability of including y>j in a 
sample of (« — 1), after y{ is already drawn, from (N — 1). 

Clearly, by the same argument by which we derived the value 
of E (aj), we have 

2?(«,|«,) = J^-[ (30) 

It follows, therefore, that 

Hence, on substituting from (31) in (28), we have 

n(n ~T) E \L W | " ATATT f) £ ** (32) 
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which can, alternatively, be expressed as: 



1 _ 
« («"- 1) 



E {|><]-* (*'---„ {(g »)' -2 »; 



1 

N(N -I) 








x {N*yJ- 


- w - 


-(N- 


- DS 2 } 


C2 






(33) 
(34) 



or 

E(y r 'y.') = V - ^ 

Finally, using the results in (22) and (33), we have 

E M = E [«L y ] 
= -i * { i *■ + i,W 

= ^["{^ + ( i ^) s2 } + " ( ''- 1 );^-^}] 

= „'» [»V + (» - " N ) S 2 + n (n - 1) j> w « 

/V & J 
= ^ 2 + G-^) S2 (35) 

= ^L"i {*i yS-nE (y„*)\ 



Hence 
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= r izil^+(«-;)s=-^-(i-^)s^} 

= S 2 (36) 

showing that s 2 is an unbiased estimate of S 2 . 

2a.6 Sampling Variance, Standard Error and Mean Square Error 

We have seen that a sample estimate differs from the population 
value by varying magnitudes in different samples. This difference 
between the sample estimate and the population value is called 
the sampling error of the estimate. An important requirement 
of a sampling method is that, in addition to giving an estimate 
of the population value, it should provide a measure of the 
sampling error in the estimate. Since the actual sampling error 
in an estimate cannot be known, we obtain a measure of the 
average magnitude over all possible samples of the sampling 
error in the estimate. A simple average of the actual sampling 
errors over all possible samples is, however, zero in the case of 
unbiased estimates, as seen from Table 2.1. An average of the 
sampling error without regard to sign provides one measure, 
called the mean deviation, but this is not in common use. The 
average magnitude of the squares of sampling errors over all 
possible samples is called the sampling variance of the estimate 
and its square-root is the measure most commonly used for 
defining the average sampling error. This measure of the average 
sampling error is called the standard error. In defining the standard 
error as above, we assume that the sample estimate provides an 
unbiased estimate of the population value. More generally, for 
a biased estimate of the population value, the sampling variance 
is defined as the arithmetic mean of the squares of the differences 
between the sample estimate and the expected value of the 
estimate over all samples, and its square root is called the 
standard error. The arithmetic mean of the squares of the differ- 
ences between the sample estimate and the population value, in 
this case, is called the mean square error. 

2aJ Sampling Variance of the Mean 

Let V(y n ) denote the sampling variance of the mean. Then, 
by definition, we have 
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V(y n )=*E[<y n -E(y n )}*] 

= E(y n *)-{E(y % )}* (37) 

Substituting from (16) and (35), we obtain 

^-(J-*) 8 ' (38) 

which can also be written as 

r &) = -„"•*% (39) 

The reader may verify that the value of the sampling variance 
derived from this formula is the value actually obtained in 
Table 2.1 for a sample of size 2. 

The factor (N — ri)IN in (39) is a correction for the finite size 
of the population and is called the finite population correction 
factor or simply the finite multiplier. When n is small as compared 
with N, the multiplier will approach unity and the sampling 
variance of the mean will approximate to that for the mean of 
a sample drawn from an infinite population. 

Usually, the value of S 2 will not be known. Its estimate from 
the sample will, therefore, have to be used in calculating the 
sampling variance. Thus 

Est. V(y n )= N -"-^ (40) 

and the estimate of the standard error is given by 

Est. S.E. (y n ) = ^/^ • ^ (41) 

This estimate, however, as will be clear from Section 2a. 11, has 
a slight negative bias. 

It is instructive to derive the above result using the known 
result for the infinite population. Let fi x and y. t represent the 
mean and the variance for the infinite population, so that 
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and 

E(y- to) 2 = to 
We may write 

(p. - ^i) = CP. - Pn) + (Pn - to) 

Squaring both sides, we have 

(?u ~ to) 2 = (Pn ~ P N ) 2 + (y„ - to) 2 + 2 (y n - y N ) (y N - ^) 

If we now regard the finite population N itself as a random 
sample from the infinite population and, for any given N, choose 
n at random out of N, then the sample of n also becomes a 
random sample from the infinite population. Taking expectations 
of both sides in two stages, first for fixed y u y 2 , . . ., y N and then 
over all possible samples of N from the infinite population, we 
write 

E[E{(y n -pd*\ yi , yt , ...,y N \] = E{V(y n )\y 1 ,y l , ...,y N } 

+ E(p N -^y 

+ IE (y„ - h) E {(y n - y N ) \y t ,..., y N } 

But we have already seen in (16) that E (y n ) — y N , and so 
E {(y n — Pn) I y\ y^) = °- Tne last term in the above expres- 
sion is therefore zero. Hence 

«J = E{V(y H )\ yi ,...,y N }+>% 
or 

E{V(y.)\ yi , ...,y„} = (l ~^)to 
It follows that 

vm\y» ••.,>'*} = (J -#)fc 

But the estimate of /x 2 in a sample of N is provided by S 2 . Hence 

vmiy 1 ,.-.,y N }=Q~£)s* 
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2o.8* Partitional Notation 

An expression for the sampling variance of s* can be similarly 
derived. The calculation, however, involves much heavier algebra 
than in the case of the mean. The calculation of the sampling 
variance of the higher order moments is even more laborious. 
Their derivation is greatly facilitated by the use of partitional 
notation. We shall therefore digress to introduce this notation here 
and illustrate its application to derive the sampling variance of s i . 

A partition of a number w is a collection of positive integers 
1 to 9 whose sum is equal to w. The integers are written in a 
descending order of magnitude and enclosed in brackets ( ). 
A partition which has p parts is called a />-part partition and the 
number w is called the weight of the partition. A repetition of 
the same part is indicated by exponents. 

Examples: 

(i) (2) and (l 2 ) are 1-part and 2-part partitions of 2 respectively. 

(ii) (3), (2 1) and (l 3 ) are 1-part, 2-part and 3-part partitions 
of 3 respectively. 

(Hi) In general, (Pi ni Pz n - ■ ■ ■ Pn"") iS a p-part partition of the 
number w, where pi is repeated -n^ times (/ = 1,2, . . . , h), 

k h 

P= 2 Tti and w — 2 Piir x . 

The functions of observations we require are the monomial 
symmetric functions, called the g-functions in the notation of this 

n 

book, and are written as g (pf 1 pf* . . .pn"")- Thus E y? will be 

denoted by g (3), £ yfyj by g (21), and Z yi.Vjyk by 
3!g(l 3 ). In general, the monomial symmetric function 

will be denoted by 

V »,! • • • V g W' /»»"• • • • A"') (42) 
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The special case of the ^-function involving one-part partitions and 
thus denoting sums of powers of observations is called the 
5-function, and is denoted by replacing g by s, as s (p), or some- 
times by putting p as a suffix, e.g., s p . A product of two or more 
j-functions like s Pi , s Pi , . . ., s Pk is written as s (pip 2 - ■ -Ph), where 
(Pt Pt- ■ -Ph) i s an h-part partition of the number /7, + /?„+ . . . +p h . 

Examples: 

s (21) = Vl = (i >'< 2 ) ( 2 >«) 

^(i 3 ) = {.v(i)} 3 = {i r,} J 

In general, 

s (a" 1 p-r ■ ■ ■ PiT h ) = {s (a)) 7 " {.v (/> 2 )r • • ■ {s (/>»)}"* 

We shall use capital symbols G and S to denote functions of 
observations for the population; small symbols, g and s, denoting 
as above the corresponding functions for the sample. 

The ^-functions can be expressed as linear functions of the 
products of j-functions, and vice versa, by means of the following 
identity : 

-£log(l -J < a) = il a+^ a 2 a +^ a 3 3 +-•• 

where a is any constant such that 

I a ' max y i 
giving us 

g (/>i m Pt"' •••) = Zg.(P,Q)s (ft* 1 <fe x ' • • • ) (43) 

and 

s (ft"' p» m ...)<=Zs.(P,Q)g (qS> ft*' . . . ) (44) 
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where P and Q stand for the partitions (p" 1 /V : - • •) and 
U]i Xl a ^' • • •) °f tne sarae number w given by 

w=ZPi"i =2'? i Xf (45) 

r^j and EXi denote the numbers of parts in the partitions 
P and Q respectively, g s (P, Q) denotes the coefficient of 
* (<7i Xl <?2 Xi • • •) i° the expansion of g (p^< p./', . . .), s g {P, Q) 
denotes the coefficient of g (<7i*' f/ 2 Xi - • •) in the expansion of 
s(P\ 7 'P2 T '' ■ ■ •)> and (43) and (44) are summed over all the 
different partitions Q of w, including P. 

Examples: 

g(' 2 ) =-is t +W 

g (21*) --= s t - s^ - IsS + iw* 

s(2>) = g(4)+2g(2 2 ) 

s (321) = g (6) + g (51) + g (42)+ 2g (3*) + g (321) 

Values of the coefficients s g (P, 0/Xi!X 2 !. . .and n t ] n 2 \. . .g s (P, Q) 
for weights less than or equal to 8 have been tabulated 
(Sukhatme, 1938) and reproduced in the Appendix to this chapter. 
Expansions of g-functions in terms of s-functions, and vice versa, 
can be readily written down with the help of these tables. 

2a.9* A Theorem on Expected Values of Symmetric Functions 

We shall now state and prove the following theorem relating 
to the expected value of a ^-function in samples selected by the 
method of simple random sampling from a finite population. 

Theorem. — The expected value of a monomial symmetric func- 
tion of the sample observations is e P times the corresponding 
function for the population where 

_ n(n-\)...(n- P + \) (46) 

e " ~ N(N~l)...(N- P + \) ( ' 

i.e., 

£ {g (a"' Pz 77 ' ■ ■ ■ f »"•)} =«pC (p^ a*"- . . />»"») (47) 
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Proof: 

1 



n-j! 7T 2 !.. .TT h 






V*,!. 






where a is a simplified notation for the product 

a, a, . . .a, 

a = 1. >f .»'«,» .Vi,. ■ • ->'i ir>+iri+ ... irA are in the sample, 
and 

a = otherwise. 

Hence 

£{g (ft"' ft"' ■■■/>»"*)} 

= vt^i ,^,i v =/ (a) °^ -°- • - v - '■ *- v • - r — -^ 

But 

£ (a) = 1 -Probability (a = 1) 

_ n{n-\)...(n- P + \) 

- N(N-l)...(N-p + l) 

= e P 
Hence 

£ {g (Pi"' Pi": ■ -PS*)} = E{a)G (ft V 2 "'. . -ft"*) 

2a.l0* Sampling Variance of * a 

By definition, 

K(* 2 ) = £{(* 2 ) 2 }-{£(* 2 )} 2 

- £ {(j 2 ) 2 } - S 4 (48) 
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Now 

(n - 1)* W - {£ W) - v.*]* 

_( v _ 2 » ! + v) (49) 

A reference to s g (P, Q)lX x \ X t \. . . table of weight 4 gives 

(« - 1)« (s*)* = {* (4) + 2g (2=)} - ? fe (4) + 2g (31) + 2s (2») 

+ 2g (21*)} + ^ a {g (4) + 4^ (31) + 6g (2") + I2g (21*) 

+ 24^(1 «)} 

whence, taking expectations of both sides and using the theorem 
of the previous section, we have 

(« - l) 2 E {(**)'} = ^-=jil" eiG (4) - ll'^-L ) e 2 C (31) 
+ ^ («« - In + 3) e 2 G (2*) - ~ (n - 3) e 3 G (21 *) 

+ V^C0 4 ) (50) 

It is customary to express the expected values in terms of the 
population moments about the mean. This is done with the 
help of the table for v x \ it 2 \. . .G s (P, Q) in the Appendix. We 
may, for simplicity, assume without loss of generality that the popu- 
lation mean, or S u is zero. 

Substituting for the G functions the S functions, by using the 
aforesaid table of weight 4, we obtain 

(n - 1)° £{(*')*} = ( -*-=^! e,S 4 + ii'LpU eiSt 
+ *=* + * e , (-5. + S/) - ^Ji e i{ 2S t ~ V ) 
+ ~i e«(-6^ + 3S 2 2 ) (51) 
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Collecting terms and remembering that S t = A^ 4 , S 2 — 7V^ 2 and 
S 2 = A^ 2 /(AT- 1), we have 

e, - 7e 2 + 12e 3 - 6<? 4 \ /e 2 2 (e, - <? 3 ) 

+ « 4 V + VV/i2 U 2 ~ « 3 

3(e s -2e 3 +^)\J JV* , 

It can be verified that the value 19-05 for the sampling variance 
of s 2 obtained in Table 2.1 agrees with that derived from the 
above formula. 

The corresponding formula when N is infinite is readily obtained 
as the limiting case as N— *■ oo. In this case, we have 

N'e, = for / < j 
and 

N>e, = n{n - 1)...(« -j + 1) 

Hence 

K(^)=^-^ + w ^ ]) ^.. (53) 

Using the Pearsonian notation for departure from normality, this 
can be written as 

K(0 = S«{*--i +i| - Gi 4- r) } (54) 

where 

P2 - S 4 

For the normal population jS 2 = 3, so that 



and 



v{s 2 ):=n ± iS * (55) 

S.E. (*') = ^y ^ 4^I S2 ( 56 > 
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Expected values of higher order sample moments and their 
products have been worked out by adopting the above procedure 
and tabulated for ready reference by Sukhatme (1944). 

2a.ll Expected Value and Sampling Variance of s 

We have seen that the sample mean square s 2 provides an 
unbiased estimate of S 2 ; and that, in samples from large popu- 
lations, its sampling variance is given by 

V(s*) = ^~^ 2 + 2 

n n (n — 1) 

where /x 2 and /x 4 denote the second and the fourth moments of the 
population. However, sometimes, we also need to know the 
behaviour of s, the standard deviation. This is obtained as follows : 

Let 

S i = S 2 + € 

where 

£(e) - 
and 

£(c 2 )- K(.r) 
We may w. ite 

s = (S 2 + e)* 



-*( 



1 + g 2 ) 



Since e will be small as compared with S 2 with a probability 
approaching 1 as n becomes large, we may expand the right-hand 
side as a series, neglecting powers of < higher than the second. 
We then have 

.-s{i+i-J+*!7 2 1) -fe) , +-} 

Taking expectations of both sides, we obtain 

E (s) = S J 1 - g g-f- 1 (57) 
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The result shows that s will under-estimate S although, if n is 
large, the bias will be negligible. 

Turning now to the evaluation of the sampling variance of s, 
we have 

V (s) = E {s - E Ct)} 2 
= E(s*)-{E(s)V 

where V (s 2 ) denotes the variance of s 2 to terms up to l/« only. 

2a.l2 Confidence Limits 

The standard error gives an idea of the frequency with which 
errors (differences between the sample estimate and the population 
value) of a given magnitude may be expected to occur if repeated 
random samples of the same size are drawn from the population. 
Usually errors smaller than the standard error will occur with 
a frequency of about 68%, and those smaller than twice the 
magnitude of the standard error will occur with a frequency of 
about 95%, provided the estimate is approximately normally 
distributed. In general, if the sample size is not too small and 
N is large and if the estimate under consideration is a linear 
unbiased estimate of the population value, then the frequency with 
which errors will exceed a fixed multiple of the standard error of 
the estimate is approximately equal to the frequency as determined 
by the normal law. Consequently, from a knowledge of the 
standard error of the estimate and with the help of the normal 
probability integral tables, we are in a position to locate the 
actual unknown population value within certain limits with a 
known relative frequency. To take the example of estimating the 
population mean, we know that the mean of a random sample 
will be approximately normally distributed if the size of the 
sample is not too small and if the population from which it is 
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drawn is not very different from the normal. We may, therefore, 
expect that 

l^-^!<V^r s (59) 

on an average in 68 out of 100 occasions, and 



y. 



-9 N \<2 



y Nn 



(60) 



on an average with a frequency of about 95 out of 100. In 
general, we can expect the inequality 



>'» 



IN -i 
V "N'n 



S < y N < y n + t ia . 



IN -i 
D) V "Nn 



S (61) 



where f (0> oo) is the value of the normal variate corresponding to 
the value 1 — a/2 of the normal probability integral, to hold on 
an average with a probability 1 — a. The two limits, on either 
side of the population mean in (61), are called the confidence 
limits and the interval between them the confidence interval. The 
probability with which the inequality holds, viz., 1 — a, is termed 
the confidence coefficient. 

It should be noted that the confidence limits may vary from 
sample to sample. Thus the confidence limits for the six different 
samples mentioned in Section 1 . 5 at the 68% and 95% confidence 
coefficients work out as shown in cols. 2 and 4 of Table 2.2. 

Table 2.2 
Confidence Limits for Different Samples Mentioned in Table 2.1 



Sample 
No. 


Confidence Limits 
(1 - o = -68) 


Confidence Limits 
(1 -a= -95) 


Based on S 


Based on s 


Based on S 


Based on s 


(1) 


(2) 


(3) 


(4) 


(5) 


1 


1-4, 3-6 


1-8, 3-2 


0-3, 4-7 


- 20, 70 


2 


1-9, 41 


1-7, 4-3 


0-8, 52 


- 60, 120 


3 


3-4, 5-6 


1-2, 7-8 


2-3, 6-7 


-18-0, 270 


4 


2-4, 4-6 


2-8, 4-2 


1-3, 5-7 


- 10, 8-0 


5 


3-9, 6-1 


2-4, 7-6 


2-8, 7-2 


-13-0, 23-0 


6 


4-4, 6-6 


3-5. 7-5 


3-3, 7-7 


- 80, 190 
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It will be observed that in four out of six cases, the population 
mean is contained within the confidence limits given in col. 2, 
while in all the six cases it is contained within the limits shown 
in col. 4, as is to be expected. The result is of course fortuitous 
in view of the small size of the population but it serves to demon- 
strate the meaning of the inequalities above. 

When S 2 is not known, we use its estimate s 2 obtained from 
the sample. The statement in (61) with S 2 replaced by its estimate 
s 2 will, however, no longer be exact. To obtain the confidence 
limits in this case, we make use of the result that (y n —y N )IS.E. (y n ) 
is distributed as Student's t with (n — 1) degrees of freedom when 
n is not too small and the original distribution is not far removed 
from the normal. ]f we denote by t ((li n .„ the value of t corres- 
ponding to the level of significance a for (/?—]) degrees of 
freedom, it follows that we may expect the inequality 

I y n - Pn I ,- , 



V 



Nn S 



to hold on the average with probability (1 — a). The (1 — a) 
confidence limits when the size of the sample is not too small and 
the population from which it is drawn is not very different from 
the normal are, therefore, given approximately as 

Vyy — n - I N n 

~Nn S ^ } ' N ^' } ' n + f(a ' n - 1) V Nn S (63) 

For the six samples in Section 1.5 and for the same confidence 
coefficients as given above, these confidence limits basxl on s 2 are 
given in cols. 3 and 5 of Table 2.2. The values of t ( , d2a) and 
'(05,D have been interpolated from the Mable, being 1 -85 and 12-7 
respectively (Fisher and Yates, 1938). 

2a.l3 Size of Sample for Specified Precision 

Almost the first question which a statistician is called upon to 
answer in planning a sample survey is about the size of the sample 
required for estimating the population value with a specified 
precision. The precision is usually specified in terms of the margin 
of error permissible in the estimate and the coefficient of confidence 
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with which one wants to make sure that the estimate is within the 
permissible margin of error. Thus, if the error permissible in the 
estimate of the population value of the mean is, say, ey N and 
the degree of assurance desired is 1 — a, then clearly we need to 
know the size of the sample so that 

P{\y»-y*\> <P N } =« (64) 

Hence, from (61), we have 



,2 C2 

' (a, oo) "-!_ 

< ! y? 



1 +.Y 



S 2 



(65) 



The determination of the size of sample from (65) presumes 
the knowledge of the coefficient of variation for the population. 
This can only be roughly estimated. Consequently, (65) can give 
only a rough idea of the size of the sample required for estimating 
the population mean with a specified precision. We can, however, 
improve upon the predicted value of n as follows: 

Although the size of the sample is determined from (65), the 
confidence limits after the survey is completed are obtained from 
(63). In other words, n could be more precisely evaluated from 



n = 



1 /2 

1 _j_ ' ' «T,n-l) S 



^ (66) 



had t (a n _i, been known, which it is not, as it itself depends 
upon n. As a result n is underestimated since t {a<no) is less than 
'(a, Ti-i)- The obvious correction which suggests itself is to increase 
the value of n in the ratio t- {an ,_ x) // 2 (a oo) , where ri is evaluated 
from (65), but the correction is not likely to be important unless 
n is small. 

The calculation of n from (65) also assumes knowledge of S 
when the error, ey N , permissible in the estimate of the population 
value of the mean is given, although the confidence limits after 
the completion of the survey are calculated from (63) which makes 
use of s. 
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An allowance for this inaccuracy can be made by making use of 
the idea, originally due to Neyman (1934), of selecting a preliminary 
sample for improving the sampling design of the survey (Sukhatme, 
1935). Let n x be the size of the preliminary sample and s? 
denote the estimate of S 2 obtained therefrom. Then the additional 
sample required for estimating the population value with the 
desired accuracy, assuming N to be large and ey N to be given, 
will be n — n lt where 

„ = f'^-ri. ^ (67 ) 

It has been shown that n so estimated satisfies the statement in 
(64) and, on the average, gives a more accurate confidence interval 
than when S is unknown, but further discussion of the problem 
is beyond the scope of this book. 

2a. 14 Hyper-Geometric Distribution — Two Classes 

We shall now consider the theory of simple random sampling as 
applied to qualitative characters. Consider, first, a situation in which 
the sampling units in the population are divided into two mutually 
exclusive classes, class 1 consisting of units possessing the attribute 
under consideration, and class 2 consisting of those not possessing it. 

Let 

p denote the proportion of sampling units in the population 
belonging to class 1, and 

q the proportion of units falling in class 2. 

Evidently, Np will be the number of sampling units in the popula- 
tion belonging to class 1, Nq the number of sampling units in class 2, 
and Np + Nq = N. Now, clearly, the probability P («j) that in 
a sample of n selected out of N by the method of simple random 
sampling, n t will occur in class 1 and « 2 m c l ass 2 will be given by 

Np 



'w-G)$ 



Np 

N ■ 


- 1 

- 1 " " 


Np- 

N - 


- «i + 1 i 




"i " 


Nq- 
N -ni 


1 

- 1 ' 


Nq-n 
'•' N-n 


2+1 

+ r 
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which can also be alternatively written as 
(Np\ /Nq\ 

P("l> 7]yV (68) 

\n ) 

The variate n r or the proportion njn is said to be distributed in 
a hyper-geometric distribution. Since the possible values which n x 
can assume are 0, 1 n, we have 

E P («a) = 1 

ni-0 

or 

, (Np\ (N</\ 

"'=" \n ) 

As N tends to be large, the distribution (68) approaches the 
binomial, the probability of observing n x in class 1 and n 2 in class 2 
in a sample of n being now given by 

2a.l5 Mean Value of the Hyper-Geometric Distribution 

By definition, 

£(n a ) = E «iPK) 
Substituting from (68) for P fa), we have 

F( ,^Y- Np\ Nq\ n! (N-n)\ 

W La " l ni \ (Np - nj! n.J (Nq-njl Nl " 



^Nnpt^ (Np - 1)1 Nq\ 

N Li («x - 1)! (Np - «,)! ' n 2 ! (Nq - n t )\ 

(N-l)l 
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^ np T u ~ 1 J U ) 
P Li (N - 1 \ 

■"- 1 \n-\) 

Now 



(roc) 



represents the probability that in a sample of n — 1. « t — 1 will 
fall in class 1 and Wjj will fall in class 2. Consequently 

Li (N - IN 

Vn - 1 / 

Hence 

£(«,)=«/> (70) 

Or, denoting by /> n the proportion in the sample, we write 

E( Pn )=p (71) 

It follows that an unbiased estimate of the proportion p in the 
population is given by the proportion in the sample. In other 
words, 

(72) 



Est. p = Wl 
n 


= P» 


Similarly, 




Est. q = " 2 
n 


= 0, 



(73) 

2o.l6 Variance of the Hyper-Geometric Distribution 

By definition, 

K( Wl ) = £(V)-{£(«i)} 2 

Now 

V = «i («i - 1) + "i (74) 
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SO that 

V (nj = E {n, (, h - 1)} + E K) - {E (, h )Y (75) 

Also 



E K («!-!)}= 2] Wl (Wl - !) P ( " l) 






(Np-njl n t \{Nq-n t )\ 



n\(N-n)\ 
N) 



n(n-l) Np (Np - 1) y (Jv> - 2)! 

jv (at - l) Z_j («x - 2)! (^ - ni y. 



Nq\ (n - 2)\ (N - n)\ 

n t l(Nq-n t )l "(If - 2)1 ~ 

__ n (n - \) Np (Np - I) ,-~ 

'N(N-l) (/0} 

since the sum of the terms under the summation sign is evidently 
1. Substituting the result in (75), we have 

v(n) _n(n-\)Np (Np - 1) , . , 

v yntf N (N — I) -Y np — n p 

It follows that the sampling variance of the estimated proportion 
is given by 

rGO-^Ef? (78) 

and the standard error of the estimated proportion is given by 

**<*W^ : ? (79) 

These results can also be obtained directly from those of the 
preceding sections. All that one need do is to adopt the convention 
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of scoring the character of a sampling unit with one whenever 
it appears in class 1 and zero when it falls in class 2. On 
making these substitutions, we obtain 

N 

«=1 



y« 



I Z> - ? - '■ < 8i > 



Zy?-W N 2 



Np - Np 2 ._ N 



+ = 111 --^ = ni -.f - -" - (i _ A) ( 8 3) 

n — 1 n — 1 n — 1 ™ v/ 

On substituting the above in (16), we reach the result (71); and 
on substitution in (39), we get the expression for the variance of 
the sample proportion, as in (78). 

Further, from (36), we get 

E j n ^ /».(!- pS\ = j^-j /»(!-/») (84) 

It follows from (84) that an unbiased estimate of the product 

p (i — p) is gi ven °y 

and not by 

as one might suppose. We write 

Est. {p (1 - p)) = "/^=^ ' A ( 1 - P.) (85) 

The unbiased estimate of the sampling variance of a proportion 
in terms of the sample values is, therefore, given by 

Est.V{pJ^ N ^ n P' ( y-[" ) (86) 
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and an estimate of the standard error of p n is given by 

&t.S.£.( A )=^- n '>-f l -J 1 ^ (87) 

This estimate, however, has a negative bias. 

2a.l7 Confidence Limits and Size of Sample for Specified 
Precision 

The confidence limits for the proportion are derived on the same 
assumptions as for the quantitative characters, namely, that the 
sample proportion p is normally distributed. This will approxi- 
mately be so, unless p is too small (or large) and n is small. The 
limits are given by 



P = P, ± ', 



(a, oo| 



where / (a oa) denotes, as before, the value of / corresponding to 
the significance level a and oo degrees of freedom. This can be 
solved as a quadratic in p (Bartlett, 1937) or, alternatively, as 
a quicker approximation by substituting from (85) for p (1 — p), 
giving 

_ _ - . , IN -n p„{\ - p n ) ._„ 

P —Pn± ha, oo) fU —tf' „ _ 7\ v° y J 

As p deviates from • 5, the distribution of p n becomes remote 
from the normal, and the normal theory ceases to be applicable 
unless n and N are both large. The appropriate method in this 
case is to obtain the confidence limits directly from the hyper- 
geometric distribution itself. The probability of getting n x or 
fewer numbers in class 1 in a sample of n, is the sum of the 
corresponding terms of the hyper-geometric series. Equating this 
sum to the chosen level of significance, it is possible to solve for p. 
For any larger values of p, the probability would be smaller than 
a, and for smaller values greater than a. The value of p given by 
this equation will, therefore, give an upper limit. Similarly, 
by equating a to the sum of the terms of the hyper-geometric 
series for variates greater than or equal to « 2 , we obtain the lower 
limit to p. The method, however, involves heavy computations. 
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The size of sample required for estimating the population pro- 
portion with a specified precision is obtained from (88). If the 
error permissible in the estimate is, say, ep and the degree of 
assurance desired is 1 — a, we then have 



' (a, oo> <7 

For N large and e not too small, n is simply given by 

K = 'V~> ? (91) 

Example 2.1 

Material for the construction of 5000 wells was issued during 
the year 1944 in a certain district as part of the Grow-More-Food 
Campaign in India. The list of cultivators to whom it was issued, 
together with the proposed location of each well, is available. 
A large part of the material was reported to have been misused 
by diverting it to other purposes. It is proposed to assess the 
extent of the misuse by means of a sample spot check. Tn other 
words, it is proposed to estimate the proportion of wells actually 
constructed and used for irrigation purposes. The sample is 
proposed to be selected by the method of simple random sampling 
from the total population of wells for which the material was 
issued. The permissible margin of error in the estimated value 
is 10% and the degree of assurance desired is 95%. Determine 
the size of sample for values of/? ranging from -5 to -9. 

We are given N = 5000, e = -10 and / (a> „, = 1 -960. 

Substituting in (90), we obtain for different values of p, the 
following values of n. 



p 


•5 


•6 


•7 


•8 


•9 


n 


357 


244 


159 


94 


42 



Since the worst critics do not place the misuse at more than 
half of the material issued, a sample of 357 would appear to be 
adequate for the proposed check. 
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2a.l8 Generalised Hyper-Geometric Distribution 

We shall now extend the preceding results to the population 
which is divided into k mutually exclusive classes. Let jVj denote 
the number of units in the /-th class of the population (/ = 1, 2, 
. . ., k), so that 

4-1 

Now, if a simple random sample of n is drawn out of this popula- 
tion then it can be seen by analogy with the distribution of two 
classes that the probability that «i units occur in the /-th class 
and /j — "i in all the other k — 1 classes together is given by 

More generally, it can be seen that the probability that n x units 
occur in class 1, w 2 in class 2, . . ., and n^ in class k, is given by 



P H, „„..., „,) = v " 1 / v '^ s -^'- (92) 



o 

It follows from (70) and (77) that 

E («,) = «a (93) 

where 

Pi 
and 

F(« 4 ) =^5l • 'W(l-A) (94) 

It should be pointed out that the numbers falling in any two 
classes are not independent of each other, since 

k 

S n t =n 



N 








N - 


n 




N - 


1 
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A measure of dependence is provided by the coefficient of 
correlation p^ defined as the ratio of the covariance between the 
numbers in the two classes to the product of their standard errors, 
where 

Cov (»„ «,) = E («,«,) - E («,) -E (if,) (95) 

Thus 

_£(«<«,) -£(i/ 4 ) •£(«,) 

P, '~~ V^"(«j-v («,)"- (96) 

Now 

Ni, Nj 

E (/t 4 n ( ) == £ nfif (n„ n„ n — n t — n,) 

n, = l 



"«. », ( N <) ( N '\ (N~N t - N,\ 
_ Y 1 „ „ V", J \n, J \ n - n t - n, J 

~ L ' C) 






1/(1/ -1) ^ J"> Vn«— 1 _J\n,-l J \ n- m-n, J 

« (« - 1) 



: N(N-iy NtN > Li 



Hence, substituting from (93) and (97) in (95), we have 



Cov («„„,) = ^ ^ _ 1 1 ) ) N t N, - £ Ni N, 



N~n 



N - 1 



«ftP, (98) 



Therefore, from (94), (96) and (98), we get 

N-n 
- N -— j- h/> 4 />, 

ft < = N _ n — — — 

jfzz'i " VaO -ft) ft(i -ft) 



V(i-/'a(i-ft) (99) 
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2a.l9 Expected Value and Variance of the Proportion in One 
Class to a Group of Classes 

The more general problem in the study of qualitative characters 
is the estimation of the proportion of the number in any one 
class to the number in a combination of some classes containing 
the class under consideration. Suppose, for instance, the popu- 
lation consists of paddy-growing fields in a district, classified 
into four classes as shown below, and that a sample of « has 
given the results indicated below the corresponding population 
numbers. 



Irrigated 



Manured 

(1) (2) 



Not ^r, w A Not ™,':, Total 

Manured 





Unirrigated 




Sub- 
Total 


Manured 
(3) 


Not 

Manured 

(4) 


" Sub- 
To tal 


*i 


N 21 


^22 


N 2 


"i 


n n 


"22 


n.. 



Population .. /V,, N 1S TV, N 21 /V 22 N 2 TV 

Sample . . n n n vi n t n n n 22 n-, n 



The problem for consideration is the derivation of the expected 
value and the variance of, say, the sample proportion of manured 
fields among those that are irrigated, i.e., n u jn v In this case, 
both the numerator and the denominator are random variables. 
The expected value is, therefore, best obtained in two stages, by 
first keeping «j fixed and thereafter varying it. Thus 

*{-£} = 4 4£N] (ioo > 

where E {/in/ni | «]} denotes the conditional expectation of n n ln t 
for given n u and the second E denotes the expected value of the 
function in »i so obtained. By definition, 



M-SN-E'N *•!*}-? 



(101) 



Now the probability that in a sample of n, « n will fall in 
class 1 , n 12 in class 2 and n — « u — n a in the other two clashes 
taken together is given by 
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p,„ „ „ „ „ x _ V «n J \ n 12 J \ n - n n - n n J 
r {n u , n u , n — n n — n vl i = /N\ 

(102) 

The probability that in a sample of n, n u + n 12 (i.e., n x ) will 
fall in classes 1 and 2 together and n — n xl — n 1% (i.e., n — n L ) 
in classes 3 and 4 taken together is similarly given by 

f^n + N u \ (N ~ N a - N 12 \ 

P («ii + «i 2 . n —n n — n n ] — V N\ 

\n ) 

(103; 

We know by a well-known theorem in probability that 

P {««. «i2. n —n 1 }=P {n u n — nj P {n n , n n | «J (104) 

It follows that the probability required is given by the quotient 
of (102) by (103) and is equal to 

P{«u,« M |«i} = -"^ ,,1?>; (105) 

In other words, «n/«i follows a hyper-geometric distribution in 
samples of n x drawn from A r 1 . Hence, from (101), we obtain 

E \" n \n 1 ] = N £ 1 - = Pn (106) 

l»i I M ^ ft 

where p n = N n /N, ft = NJN. The result is otherwise obvious 
also, for, with n x fixed, the situation reduces to the two-class 
problem and we apply the results of Section la. 15. Substituting 
the result in (100), we have 



* (t) - * m 






PJX (107) 

ft 
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To obtain the variance of « u //ii, we proceed similarly. By 
definition, 

"ft) -'{ft)'} -{'ft)}' 

-*[M#l*]]-# 

= E [e {"» ( "» - 2 1} + "» !«,}]- $V COS) 

We have seen that n^n-^ follows a hyper-geometric distribution 
in samples of rij drawn from N^ It follows that 

E \ n » k 1 = I" y = p " - 1 (109) 

and from (76) we have 

M v 1^}= i^w-ir (110) 

Substituting in (108), we have 

n u (n u _ i) v„ /; ^ n - 1 \ / 1 \ _ at,, 1 

JV„ ( Nr-Nn \ N„ (N, - tf„\ / 1 \ 

- ~ 'NiiNi (n x - dj + a v ^1 - 1 y U / 

Now let 

«i = "Pi + « 
where 

£(c)=0 
and 

£(«*) = #-~i • « • ft(I -Pi) 
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Since e will be small as compared with np lt with a probability 
approaching 1 as n becomes large, we may write, neglecting terms 
in Ijn 2 and higher powers, 



«i "Pi { "Pi rppf S 



Hence 

E 



\'h J "Pi 
to a first approximation, or more precisely 

E('W ' fl + N ~" ' ' (1-,,)} (112) 

\«i J npt ( N — 1 n pi "I 

Substituting from (112) in (111), we have 



(";:) 



Pn . Ni - N u M _ 1 
Pi Ni - 1 (n/7, yVft 



W-« 1 
TV - 1 /j-/?,"- 



(J-A)} 013) 

Replacing Af x — 1, JV— 1 by N lf N respectively, we get 

v. (" n ) - N :; :'" • ' ■ ' - A, -M (H4> 

V «i / <V n Pi Pi\ - Px J 

where F x denotes the first approximation to the variance, and 

^O-V'^O-';;)! 1 ^,' 1 -"'} 

(115) 

where V 2 denotes the second approximation to the variance. 

2a.20 Quantitative and Qualitative Characters 

iWe will now extend the preceding theory to the situation involv- 
ing both quantitative and qualitative variation together in the same 
problem. This situation is of common occurrence. Thus, in a 
population survey we may be required to estimate both the 
proportions of families in different income groups as also the 
total income in each group. The tabulation on a sampling basis 
pf census results presents similar problems. Suppose punched 
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cards, each one representing the data of different holdings in an 
agricultural census, are available for sorting and tabulation. Further, 
suppose that the holdings are to be classified according to their 
size in five classes: 0-2-5, 2-5-5-0, 5-10, 10-25 and larger than 
25 acres. We may be required to estimate proportions of holding; 
in the different classes and also the total area under any specified 
crop in each class. In all such problems, it is convenient to 
select a sample of n out of the total of N by the method of 
simple random sampling. We have already considered the problem 
of estimating the proportions in the different classes. The prob- 
lems for consideration now are: 

(a) to obtain an estimate of the total (or the average) of the 

quantitative character under study in each class; 

(b) to obtain the standard error of the estimates in (a) ; and 

(c) to predict the size of the sample n required for estimating 

the total in each class with a given standard error. 

Without loss of generality, we may consider these problems in 
relation to an actual example. 

Example 2.2 

i It is proposed to estimate the area benefited from irrigation 
wells said to have been completed under the Grow-More- Food 
Campaign from the data given in Example 2.1. The sample is 
proposed to be selected by the method of simple random sampling 
from the population of wells reported to have been constructed. 
The number of wells actually constructed is not known. How 
large should n be in order that the area benefited may be 
determined with 5% standard error ? 

Let 

N — Number of wells reported to have been constructed 
under the Grow-More-Food Campaign; 

p — Proportion of wells in the population actually con- 
structed; for convenience we will designate these wells 
as belonging to class 1 ; and 

q — Proportion of wells not completed. We will designate 
the wells under this category as falling in class 2. 
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Evidently, 

Np + Nq = N 

Let, further, y N _, S t 2 be respectively the population mean area 
benefited per well and the population mean square for class 1. 

Let /7j denote the number of wells falling in class 1 when 
a random sample of n is chosen by the method of simple random 
sampling from the population N, and y ni be the corresponding 
mean area in the sample. Our first problem is to obtain the 
estimate of the total area benefited, namely, Npy Ni . 

Since the sample is chosen by the method of simple random 
sampling from the entire population, the sub-sample n 1 can also 
be considered a random sample from the corresponding population 
of Np units. It follows that for a given n x , y Ui will be an unbiased 
estimate of y Ni . 

It is. therefore, natural to take N. n l jn.y Ui as the estimate of the 
total area benefited from the completed wells. It is easy to show 
that this is an unbiased estimate of Npy Nt . For 

£(*.;■.,„ )~£| «(„"..,.*. i ,)} 



" E K. W - 


n 




■) 


N - r, • 


) 


N - 




= Npy Nl 





(116) 

The next problem is to obtain the sampling variance of N-nJn-y^. 
We have 

= % E [{% - v ') 2 ] " AWn ' 2 (117) 
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Now, for given «,, 



{% y<}*\ «i] = E {iV| «i{ + ^ { 4 i? y«r, j «i} 



Np 



Np 






+ 



Np {Np - 1) 



Hence 



y ( y t 

(118) 



{M]=<mon 2 I4 



i 

Np 



' Np \ 



EM 



-f 



1 

Np{Np-\) 



Np 



(119) 



Using the results, already established, namely, 
E («,) = «/> 

and 

f r„ „ \\ - Hp{Np-}) 

t (n, ■ «! - 1) = N ^ N _-^ n(n-\) 

we obtain from (119) 



Np 

N L-l 



y? + 



»(«-1) 

#(#- 1) 



' Np \ 2 Np 

E»)-L 



*' 



= « ^-"./pyA + n(n-l) 

N N-\ \ Lx U ) + N(N-l) N py " 1 



n N — n 

N N-l 



{(Np - 1) S, 2 + A^,*} 






(120) 
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Substituting the result in (117), we have 

+ nw^T) N ' p2y »* - N * pi ~ y »? 

N (N — «) i \ c 2 

= „ (^ _ J) ^ - 1) Sa 2 

, w2 - 2 j iV-n JVp(n-l) ) 

+ ^/»V i/,w-i) + V(^-i) -'} 

~ n(N _ n (Afe-DS, + „ (N _ n >X 

(121) 

An alternative and instructive way of deriving the above result 
is to proceed as follows. We have 

"]>>„, = 2 y> 

tt 

since n - n 2 of the y values are zero each, 

= ny n 
It follows, therefore, that 

V {» ' "'"M ^ V{Ny " } 

= N > N ~ n S2 
AT ' // 



n (N - 1) 



Np 

...., ^ 



= n{N -\)\L yi ~ N y »> 



*$-_ "J «*/» - » s > 2 + np(\- p) ;•„,*} 
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For purposes of simplification, we will assume that Np is large 
enough to permit the following approximations: 



and 



Np ~~~ = ' 



N-\ 

i-*wi I 

N = ' 



Using these, we obtain 

V { n ' "J"] = N (N n~ ^ ^ +PQ-F) 9^) (122) 

To predict the size of sample required for estimating the 
character with a given standard error, we need the expression 
Tor the relative variance. This is obtained by dividing (122) by 
N 2 p 2 y Ni 2 and is given by 



I {? + ' ;'} 



N-n 1 \C* , 1 -p\ 

N 



where Cj 2 denotes the square of the coefficient of variation of the 
area irrigated from a well in class 1. For N large, the relative 
variance is given by 

An idea of C\ 2 may be formed from previous experience. Let us 
assume it to be 0-5. Since n will need to be large as p decreases, 
p may be assumed to be the smallest of the values consistent with 
expectation and previous experience in order that we may err on 
the safe side. Table 2.3 gives values of n for different values 
of p and for C, 2 = • 5 in order that the area benefited may be 
estimated with 5% standard error. 

Two sets of values of n are given : 

(i) those obtained from (123), for N = 5000, and 

(ii) those from (124), i.e., after neglecting the finite multiplier. 

It will be seen that a sample of 690 wells will be required for 
estimating the area benefited with a degree of accuracy as large 
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as the one specified or larger, assuming of course that p does 
not fall below -5. Ignoring the finite multiplier altogether would 
imply a loss of nearly 15% of the information. 



Table 2.3 

Sample Size Required for Estimating the Total in Class 1 
with 5% Standard Error 


p -5 


•6 -7 -8 -9 


(i) . . 690 
(ii) . . 800 


536 419 327 253 
600 457 350 267 



We may call attention to one important point. It will be seen 
from (122) that sampling units falling in a given class alone 
contribute to the information in that class. It follows that this 
formula for the sampling variance is applicable to any class, even 
when the population consists of several classes, p in that case 
representing the proportion of units in the population falling in 
the given class, and (1 — p) representing the proportion of units 
falling in all the remaining classes together. It also follows that 
the value of n required for estimating the class areas with a specified 
accuracy or higher is the value corresponding to the smallest of 
the p values. 

B. SAMPLING WITH VARYING PROBABILITIES 
OF SELECTION 

26. 1 Introduction 

The theory considered in the previous sections is appropriate 
for the method of simple random sampling in which the selection 
probabilities are equal for all units in the population. Although 
this method is by far the most common method of sampling, 
unequal probabilities of selection are sometimes used, and give 
more efficient estimates in the sense of giving population estimates 
with smaller standard errors. In the following sections we shall 
give the basic theory of this method. 

There is one difference between the method of simple random 
sampling and that of sampling with varying probabilities of 
selection. In the former, the probability of drawing a specified 
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unit remains constant at each draw; in the latter, it does not. 
Let, as before, P{ denote the probability of selecting the /-th unit 
of the population at the first draw (/ = 1,2, ...,N), so that 

2JPi—l and Pi, denote the probability of drawing yi at the 

r-th draw (r — 1,2, ..., n). 

Clearly, 

/\ = P« (i=l,2,...,A0 (125) 

and 

P tt — (Probability that y i is not drawn at the first draw)x 

(Probability that y t is drawn at the second draw) 

N 

= 27 (Probability that y, is drawn at the first draw) x 
(Probability that y\ is drawn at the second draw) 
Pi , D . Pi .,....,„. Pi 



= { r *'l- t p l +r '-i-P t + - +r " 



1-^t 



1+1 1 — P 

1 r i+l 



P * _l_ . . . J_ P . P i 



+ P W • , p +■■• + P. 



" l-Pj 




(126) 



where 



s - £ , - Pt < i27 > 

t=i 

It is thus seen that P it is not equal to P it unless Pi = l/N. The 
theory of sampling with varying probabilities of selection is 
consequently more complex than that of simple random sampling. 
One way of introducing simplification into the theory is to replace 
a selected unit before another draw is made, so that P^ = P^ 
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for all r. We shall first present this simplified theory appropriate 
to the procedure of sampling with replacement and then consider 
briefly the theory appropriate for sampling without replacement. 

26.2 Sampling with Replacement: Sample Estimate and its 
Variance 

Define a variate z given by 

* - m (128) 

and consider the simple arithmetic mean of z values in the sample 
given by 

n 

It is easily shown that z n provides an unbiased estimate of the 
population mean y N . 

For, in sampling with replacement, 

E(zd = J7/\z, (130) 

which we may denote by £.., at each draw. 

Substituting for Zj from (128) on the right-hand side of (130), 
we get 

JV 

= h (i3i) 

It follows that 

ft 

E(z % ) = J2] £(Z,) 

= y K (132) 



BASIC THEORY 63 

To obtain the sampling variance of z n , we have 

V(z n ) = £{z„-£(2„)} 2 
= E(z n *)-{E(z„)V 

Now 

£(*,*)= if W (134) 

and 

£(z«*,) = £(* 4 )-£(z,) 
since draws are made with replacement. 
On substituting for E fa) and E (zj) from (130), we have 

= z. 2 (135) 

Substituting from (134) and (135) in (133), we obtain 

V(z n ) = ^ j " J] P ' Z,!! + n(n ~ l) *•■' } _ *••* 

= £ (136) 
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where 

<V = i Pi (*, - I.) 2 (137) 

and represents the variance of a single z. 

It will be noticed that the finite multiplier does not enter into 
the expression for the variance of the estimate when sampling is 
carried out with replacement. When Pi = l/N, we have 

*n - y« 
and 



1 

~N 



N 



£&-}„? 



and V(j n ) is given by the familiar expression 

v(y n ) = *' 

= Af - 1 - S2 038) 

N n 

Lastly, we remark that when the selection probability is propor- 
tional to the value of the variate, in other words, when Pi is 
proportional to y\, say, Pi—yil^, z assumes a constant value for all 
/, and in consequence (136) reduces to zero. In practice the values 
of the variate will, of course, not be known in advance but values 
of another variate correlated with the variate under study may be 
known. We may, therefore, expect that when Pi is proportional 
to the measure of size of yi, the estimate may be considerably 
more efficient than that based on simple random sampling. 

2fc.3 Sampling with Replacement: Estimation of the Sampling 
Variance 

Consider the mean square of Zj's obtained from the sample, 
defined by 

,,•«._!_ 2"^ _,ji (139) 
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Expanding, and taking expectations, we get 

In *\ 

1 



]j^E(z»)-„E{z,r) 1 



n - 1 

Now, by definition, 

K(z„)^£(V)-z.. s 
so that 

£(z/)-K(z„) ±z} 



■h z < 
n 



Substituting from (134) and (141) in (140), we get 

l 



W-n-l \"L P - 



- it.- — nz 



(140) 



(14!) 



(142) 



thus showing that sJ is an unbiased estimate of <r, 2 . It follows 
that 

Est. K(z„) = ^ (143) 

2b.4 Sampling without Replacement 

We have already noted that in sampling without replacement, 
when selection probabilities are unequal, the probability of draw- 
ing a specified unit of the population at a given draw is not in 
general equal to the probability of selecting it at the first draw. 
It follows that the expected value of a variate will change with 
the successive draws. In this section we shall consider the theory 
of sampling without replacement for the simple case when the 
sample consists of only two draws. 

5 
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One device of overcoming the difficulty of changing expectation 
with the successive draws is to define z differently for the successive 
draws. Thus, let 



and 



NP, x 



(144) 



h (145) 



n(s- { ^ ) P, 

where y>{ and >>j are values of the units drawn at the first and 
second draws respectively. 

Clearly, 

JV 

= y N (146) 



Also, 



N 



E{z{) -- ^ P h 



y> 



N ( s ~i -p) P > 



= S'n (147) 

It follows that a simple arithmetic mean of z x ' and z a ' will provide 
us with an unbiased estimate of the population mean. 

An alternative estimate, in which z is defined independently of 
the order of the draw and which is unbiased, can also be formed. 



Let 

2 y* 

( s+i -i-py 

and consider the estimate 



z < - n ■ rrr, * - (,48) 



Z(»= S ) = i i *« (149) 
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Clearly, 



N 



£(*(.-«>) = i Z E{*<)Zi (150) 

where E (a t ) stands for the probability of including y x in a sample 
of two, and is given by 

E (a f ) = Probability that y i is drawn at the first draw 

+ Probability that y t is drawn at the second draw 
Using (125) and (126), we have 

£(<*,) = Pi + {s - j-^' p J /\ 

= }s + 1 - x-p] Pi (151) 

Substituting for E (a 4 ) from (151) in (150), we get 



£ (*<„-») = i 2] { s + ' - j J P } P < z < 



t=l 



= 2..', say (152) 

Substituting for z- x from (148) in (152), we have 

N 

E (zr„= 2 ,) = i / - v ■ 7 "- 1 — "5 — r — 

X ( 5 + ' - 1 -*,) '< 

= y N (153) 

thus showing that z (n=2) provides an unbiased estimate of the 
population mean y N . 

We shall next obtain the variance of z (n=2) . We write 

= l E \z z? + E zA - V 

= ■-, { E E(a<) z? + Z E(«fi,) *«*,} - y N 2 (154) 
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where E (a^) stands for the probability of including y>i and y>j in 
a sample of two and is given by 



= p, 



p, 



1 -p 



r + P t ■ 



1 -P. 



(155) 



On substituting for E (aj) from (151) and for E (a t aj) from (155) 
in (154), we have 



V(i (n .») = i 



L{* + l -r*,}'* 



N 



+ 



L"-{ 



+ 



'¥=>*=! 



I - /\ \-p, 



°} zizl \ 



■V (156) 



To obtain the estimate of the variance, we have from the 
definition of the variance 



Est. V(z (n =.J = r- ln=2) - Est. z.' 2 
Now, from (152), 



(157) 



.<*=1 
N 

+ ) ls + i 



It is easily shown that 



-pX s+l -i-p) p * r *>] 



(158) 



£ £(a K 



N 



S + 1 - 



1 ~P 



,) W 



= E( 5+1 -r-X) /> - 



(159) 
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Also, 



i>+'-,-\) (*+'-,_%) 



e \L ls + >- 



1 + ' 
1 _ Pi + i _ Pj \ 






! + 1 

1 - /", 1 - /• 



i =5^ J - 1 

(160) 
It follows from (157), (158), (159) and (160) that 

Est. V (z (n= . ;) ) = z= (n=2) - \ \j^ (s + 1 - j ^y) />,* 

■^' 1 - ^ 1 - p, j 



= r 



1 V * 2 



- ^ E ^T-r^V-n (l6,) 

,+, r t r, ^ _ p + , _ p J 

2b.5 Sampling without Replacement — General Case 

The formal general expression for an unbiased estimate of y H , 
for any sample size, should now be obvious. 
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Let 


z = - ny * 
' NE (a 4 ) 


(162) 



Then the simple arithmetic mean of z's provides an unbiased 
estimate of y N , for, 



*™-<L»Zo\ 



N 



^ n li £(ai) ' NEia,) 



= y N (163) 

To obtain the sampling variance, we write 
K(z„)= £(2„ 2 ;->V 



1 

' -y N ' 



n* E \L Z * + L ZiZ \-- 



i¥*i 



= \* j 2] e («»') 2 * 2 + 2] * (a ' a ' } * v ' | ~ -^ (i64) 

The expression appears to have been first given by Narain (1951) 
and Horvitz and Thompson (1952). 

Substituting for z\ from (162) in (164), we have 

which for n = 2 reduces to (156). 

An estimate of the variance V (z n ) is easily derived. We 
write 

Est. V(z H ) = *„* - Est. j> w « 
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■ «■' - » L *£> - i. E *%* (166) 



* 



The values of E (a t ) and E (a { aj) depend upon the choice of 

value:, for P ir ( _,'-''"' Y Explicit expressions have been 

given for n = 2 in the last section and expressions could be written 
in a similar way for any sample size. It will be noticed that if 
E (aj) is proportional to y^ the estimate z n reduces to a constant 
with zero variance. Values of yn will, however, not be known 
but values A^ of a character correlated with y\ may be known. 
Ii follows as a near approximation that the optimum values of 
Pi, would require that E (<xj) should be proportional to A{. The 
explicit solution of this problem is, however, difficult and will not 
be Jiscussed here. One result may be mentioned, namely, that 
it is possible to choose E (a t ) proportional to A x only if the 
latter are not too heterogeneous (Narain, 1951). 



* Yates anil Grundy (1953) have developed an alternative estimate of the 
variance V(z„), which appears to be better than the one given in (166). They 
use the fact that 

N 

2" {£ (aw) - £ (a,) £(„,)} = - E(a,) {I - £ ( 0< )} 

to recast the expression for the variance V(i n ) as a linear function of the 
squares of the differences of the z's. Thus, (165) can te written as 

„,- , 1 l "'-£(«() 2 , * £(a t tt,) - £( 0i )£(a i ) „„1 
A/ 2 L<=i E( a> ) i^l'i £(a ( )£(a,) J 

Substituting for v 4 in terms of z 4 from (162), and using the above result, 
they obtain 

V'Jn) = r-„ £' {£ fa,) £ (a,) - £(a ja/ )} (z, - Z,) s 
It is easy to see that an unbiared estimate of V(z„) is given by 

2n 2 <7 t y ( £(oia>) ) 

which, unlike (166), is seen to be a linear function of the sqiarcs of the 
differences between the z's in the sample. 
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Lastly, we mention one system of selection probabilities due to 
Midzuno (1950) which, while by no means efficient in the sense 
indicated above, has the merit of simplicity. Here the units at 
the first draw are selected with unequal probability, but at the 
second and subsequent draws they are selected with equal 
probability. 

It is easy to see that under this system 

= ^ + (1 - PJ N [_ ! + (1 - Pu ~ PJ N ~ 2 +■■■ 
«P i+ (l-P,) N i { +{i-p,_ (1-^)^1,} 

while 

E ( a ' a ' I n) = P< * E (a ' ' ai) + PhE K ! a ' } 

+ 0~P< 1 ~P h )-E (^\" N Z\) 

= P <N^.\ + P <N~\ +d-A-^) 

(n - 1) (it - 2) 
*(N-i)iN- 2) 



n - 1 (N -n 
N -\ 



{£_>. + .,> + ^j <■«> 



Incidentally, we note that under this system the probability of 
drawing a specified sample is proportional to the total measure of 
the units included in the sample. 
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APPENDIX 

Tables of Sg (P,Q)l Xl \ X2 \... 



w = I 




H> = 2 


V 
H> = 3 


Q 




Q 


Q 


(l) 




(2) (1*) 


(3) (21) (I 3 ) 


P (I) 1 




/• (2) 1 . 


(3) 1 . . 
P (21) 1 1 
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(I 3 ) I 3 I 
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(4) 








(31) 




1 1 




P (2 s ) 
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1 2 1 
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1 
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1 
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1 2 
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3 4 3 


3 1 
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IS 10 1 
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CHAPTER HI 

STRATIFIED SAMPLING 

A. SELECTION WITH EQUAL PROBABILITY 

3a. 1 Introduction 

We have seen that the precision of a sample estimate of the 
population mean depends upon two factors: (1) the, size of the 
sam ple, and (2) the variability or heterogeneity of the population. 
Apart from the size of the sample, therefore, the only way of 
increasing the precision of an estimate is to devise sampling 
procedures which will effectively red uce the heterogeneity. One 
such procedure is known as the procedureoF stratified sampling. 
It consists in dividing the population into k classes and drawing 
random samples of known sizes, one each from the different 
classes. The classes into which the population is divided are called 
the strata and the process is termed the procedure of stratified 
sampling as distinct from the procedure considered in the previous 
chapters, called unrestricted or unstratified sampling. An example 
of stratified sampling is furnished by the survey for estimating 
the average yield of a crop per acre in which administrative areas 
are taken as the strata and random samples of predetermined 
numbers of fields are selected from each of the several strata. The 
geographical proximity of fields within a stratum makes it more 
homogeneous than the entire population and thus helps to increase 
the precision of the estimate. In this chapter we shall consider 
the theory applicable to the procedure of stratified sampling. 

Stratified sampling is a common procedure in sample surveys. 
The procedure ensures any desired representation in the sample 
of all the strata in the population. In unstratified sampling, on 
the other hand, adequate representation of all the strata cannot 
always be ensured and indeed a sample may be so distributed among 
the different strata that certain strata may be over-represented and 
others under-represented. The procedure of stratified sampling 
is thus intended to give a better cross-section of the population 
than that of unstratified sampling. It follows that one would 
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expect the precision of the estimated character to be higher in 
stratified than in unstratified sampling. Stratified sampling also 
serves other purposes. The selection of sampling units, the loca- 
tion and enumeration of the selected units and the distribution 
and supervision of field work are all simplified in stratified 
sampling. Of course, stratified sampling presupposes the know- 
ledge of the strata sizes, i.e., the total number of sampling units 
in each stratum and the availability of the frame for the selection 
of the sample from each stratum. 

It is not necessary that the strata be formed of geographically 
contiguous administrative areas. Thus, in yield surveys, the fields 
may be stratified according as they are irrigated or unirrigated and 
separate samples selected from each. In a survey for estimating 
the acreage under crops, strata may be formed by classifying the 
villages according to their geographical area instead of on the basis 
of geographical proximity. The principles to be followed in strati- 
fying a population will become clear in the subsequent sections. 

3a.2 Estimate of the Population Mean and its Variance 

Let Ni denote the size, i.e., the number of units in the z'-th 
stratum and n* the size of the sample to be selected therefrom, so 
that 



and 



k 



Now the population mean to be estimated is given by 

k 
= ZPJHt (1) 

Since n 4 is a simple random samp^ from N- x , it is natural to take 

h pj ni (2) 
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as an estimate of the population mean and denote it by y w as it 
is the weighted mean with strata sizes as the weights. It is easy 
to see that this gives an unbiased etsimate of the population 
mean, since 

and, therefore, 

E ( y J = E { S Pd\\ = E PiE (y ni ) = S p,.f' Wi - y„ (3) 

\ i=\ > t=i i=l 

To obtain the sampling variance of y w , we have 
V(y w ) = E(y w -y N ) 2 

= E ( S PiK t ~ Z! PO'nA 

= E {ZpAy ni -y N )} 2 

= e { h Pi 2 (y ni - y Nl ) 2 + i p { p, (h-y Ni ) (h-y N ,)} 

= i:p ( 2 E(y„-y N: )*+ t A^£{(j„-V Wi )0" nj -JW ; )}(4) 
Since the sample in the z-th stratum is a simple random sample, 

E <t«-w = G, t -l t ) s > a (5) 

where Sj 2 is the mean square of the population in the z-th stratum 
defined by 



Ni 



S < 2== *,-ll>-^ )2 ^ 



i = l 



The value of the second term in (4) is clearly zero, since samples 
are selected independently from each stratum. We therefore have 






(7) 



The subscript '5" in (7) helps to indicate that this variance relates 
to stratified sampling and will be used whenever necessary. It will 
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be seen that the variance depends on Si's, the variabilities within 
the strata. The result suggests that the smaller the Si, i.e., the 
more homogeneous the strata are made, the greater will be the 
precision of the stratified sample. 

It can be shown by a slight modification of the Markoff 
theorem mentioned in Section 2a. 3 that y w is the best unbiased 
linear estimate of y N . The proof is left to the reader. 

3a.3 Choice of Sample Sizes in Different Strata 

The above expression for the variance of the estimated mean 
in stratified sampling shows that the precision of a stratified sample 
depends upon Wj's which can be fixed at will. Following the 
principle explained in Section 1.3, we can now so choose the 
/7j's as to provide an estimate of the desired precision for a mini- 
mum cost. Alternatively, for any given cost, we can choose the 
/7j's so as to minimize the variance of the estimate. The alloca- 
tion of the sample to the different strata made in accordance with 
either of these principles is said to be based on the principle 
of optimum allocation. The concept, as it is known to-day, was 
introduced by Neyman (1934). 

Just as the variance is a function of the sample sizes, so also 
is the cost of a survey. The manner in which the cost will vary 
with the size of the total sample and with its allocation among 
the different strata will depend upon the particular survey. In 
the simplest case, such as in sampling from punched cards for 
tabulating the results of a census on a sampling basis, the cost 
will be directly proportional to the number of units in the sample. 
In yield surveys in India, where the field work is carried out by the 
local staff in the course of their normal duties and the major item 
in the cost of a survey consists of labour charges on harvesting 
of produce, the cost of the survey is found to be approximately 
proportional to the number of crop-cutting experiments. Cost 
per experiment may, however, vary in the different strata depend- 
ing upon the availability of labour. In this situation, the total 
cost may be appropriately represented by 

C =£ <\«< (8) 
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where C{ is the cost per experiment in the z"-th stratum. When 
c { is the same from stratum to stratum, say c, the total cost of 
a survey is given by 

C = cn (9) 

Where travel, field staff salary and statistical analysis are to be 
paid for, the cost function will obviously change in form. We 
shall later on give examples of more complex cost functions 
appropriate to different problems. 

To determine the optimum values of «j, when the cost function 
is represented by (8), we consider the function 

where /* is some constant, and note that 

k 

1=1 

-f2/» < S ( V/^«-^A*S« 2 } 

k k 

= L ( P Vn t - VlXCi "'J + 2 L P ^ V '^ 

fc 

+ terms independent of n { (10) 

Clearly, V (y w ) is minimum for fixed C, or the cost C of a survey 
is minimum for a fixed value of V (y w ), when each of the square 
terms on the right-hand side of (10) is zero ; or in other words, 
when 

n.oc'A (i== i (2 fc) (11) 

V c i 
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Equation (11) shows, what is also otherwise obvious, that: 

(i) the larger the size of the stratum, the larger should be the 
size of the sample to be selected therefrom; 

(ii) the larger the variability within a stratum, the larger should 
be the size of the sample from that stratum; and 

(iii) the cheaper the labour in a stratum, the larger the sample 
from that stratum. 

To obtain the exact value of «i's, we evaluate l/vV> tne constant 
of proportionality, so as to satisfy the condition of fixed cost or 
fixed variance. In the former case, we substitute from (11) in 
(8) and obtain 









where C is the budgeted amount within which it is desired to 

estimate the mean with the maximum precision, giving 

i c 

r = t " < 12 > 



Hence 



1=1 



/>iS t C„ 



When Ci — c(i=1,2,...,k), and consequently the cost of the 
survey is proportional to the size of the sample, wj's are given by 

"<="-£'-- (14) 

<*1 

In other words, for a given size of the sample, the allocation in 
accordance with (14) yields the estimate of the mean with the 
maximum precision. This result appears to have been first dis- 
covered by Tschuprow (1923), but remained unknown until it was 
rediscovered independently by Neyman (1934). The allocation of 
the sample in accordance with this formula is, however, known 
as Neyman allocation in literature. 
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When the population mean is desired to be estimated with a 
given variance, say V , at a minimum cost, we evaluate the con- 
stant of proportionality by substituting for ni from (11) in 

k 

1=1 

and obtain, since p t = NrfN, 

k 

, 2J PiS t V c < 



k 



(16) 



Hence 



n Q 2J PiSi y/c t 
„ _ Pt^i «=' 



i~ I. 

When q — c, (17) reduces to 
£ PiSt 



(17) 



r.+ J^PA' 



(18) 



so that the minimum sample required for estimating the mean with 
fixed variance V is given by 

W ' l (19) 



i=i 

3a.4 Size of Sample for Estimating the Mean with a Given 
Variance under (a) Optimum (Neyman), and (b) Pro- 
portional Allocations 

We have seen that for Wj's arbitrary, the variance of the mean 
is given by 

k 

v <™ = L U - i) p ^ (2o) 
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Under Neyman allocation we have 



"i 



npfii 



(21) 



Substituting for «j from (21) in (20), we get 

-liL^) -nLp< S > 2 (22) 

where the subscript TV symbolises the variance of the mean under 
Neyman allocation. 

For proportional allocation of the sample among strata - 

rit = npi (23) 

Substituting in (20), we get 

-a-A)£'A*' 

k 

2] AS, 2 (24) 



N -n 
Nn 



where the subscript P symbolises the variance under the propor- 
tional system of allocation. 

It follows from (22) that for estimating the mean from a 
stratified sample under Neyman allocation with a given variance 
V , the size of sample required is given by 

( i' PiSX 
„ = lis .1 (25 ) 

K. + tfZ/A' 



STRATIFIED SAMPLING 91 

and that under proportional allocation, n is obtained from (24), 
being given by 



}JP& 2 



v. + b]Tp& 



(26) 



Equation (25) is seen to be identical with (19), as is to be expected. 

3a.5 Comparison of Stratified with Unstratified Simple Random 
Sampling 

We shall discuss the efficiency of stratified sampling first under 
proportional allocation, then under Neyman allocation and finally 
under an arbitrary allocation. 

(a) Proportional Allocation 
We have seen that 

k 

v{p » )p = G ~ jJ) H "' Si2 (27) 

The variance of the mean under unstratified simple random 
sampling may be written as 

^.)</s=-g~jv) ss f™ 

For purposes of comparing (27) with (28;, it is necessary to 
express S 2 in terms of Si 2 . ' 

Now the total sum of squares in the population can be split up 
into two parts, viz., (a) within strata, and (h) between strata, in 
accordance with the identity: 

i" £ ' (y„ - y N ) z = I' 1 (>•« - y Nl + P Ni - P N ) 2 

= 1" 1- iy<,-y»F + ENAym-ysY 

issl i*l («l 

This can be written as 

(N - 1) S* = 2' (N, - 1 ) S, 2 + £ N t (y N , - y N )* (29) 
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For purposes of simplification we w ill assume Ni to be large enough 
to permit the approximations 

On dividing by N, and making use of these approximations, we 
get 

k 

2 

or 



S° _=* 2 j»,S,« +Z Pi (y Ni - ?„)* 



Z Pi S* ^ S 2 - 2 Pi (y Ni - y N )* (30) 

Substituting the result in (27), we have 

V (y K ) P 2£ Q, ~ „) \ Si ~ £ Pi (J ' N ' ~>' nY I (3 ' ) 

Hence, subtracting (31) from (28), we obtain 

k 

v (y,) as - V (JJp = N x n " 2] Pi ( ^ Ni ~ S ' N? (32) 

The expression shows that the more the strata differ in their 
means, the larger is the gain in precision due to proportional 
sampling over unstratified simple random sampling. 

(ft) Neyman Allocation 

Here, again, we shall first express the variancs of the mean 
under Neyman allocation in a form suitable for comparison with 
the variance in unstratified simple random sampling. We shall 
make use of the identity : 

Z Pi (S t - SJ 2 s 2* ^S, 2 - ( 2' PiSX (33) 

where 

_ i 
»,„ = 2 pfii 

<-i 



STRATIFIED SAMPLING 93 

On substituting for ^ Z piSA from (33) in the expression for the 

variance of the mean under Neyman allocation given in (22), we 
obtain 



v(yJ N - ! 



* k "It 

J]P^ 2 ~1 £\(S,-5L)« (34) 



it 

N - n 



The first term on the right-hand side of the above equation 
represents the variance under proportional allocation. Hence 



k 

V{yJ P - V(y m )„ =\Y i Pi (S, - SJ 2 

4=1 



(35) 



We see that the larger the differences between the strata standard 
deviations, the larger is the gain in precision of optimum over 
proportional allocation. Further, on substituting for V(y w ) p from 
(3i), we obtain 



N~n ' * 



n J^pASi-S.A (36) 



N 
N 



i=i 



Since the first term on the right-hand side of (36) represents the 
variance of the mean of an unstratified sample of n, we may write 



V(yn) us - V(yJ„ ^ N Nn n \j^ Pi (y Ni -y N ) 



. <=1 



N 



<«i J 



+ m N -„ ;,A(S.-^ (37) 



The equation (37) shows that the gain in precision of Neyman 
allocation over unstratified simple random sampling arises from 
wo factors, viz., (a) differences between strata means, and 
{b) differences between strata standard deviations. 

The above result is exceedingly helpful in devising a scheme 
of stratification. It suggests that for efficient stratification, the 
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population should be so divided that the differences between the 
strata means and standard deviations are as large as possible. 
This is best done in practice by grouping together like units of 
the population. Thus, geographically contiguous units are usually 
more alike than those further apart. Consequently, the adoption 
of geographical proximity as the basis for stratification is expected 
to lead to a gain in precision apart from being convenient for 
purposes of organization of field work. On the other hand, 
experience shows that the gains made from geographical stratifi- 
cation are generally moderate. Another method of setting up 
strata is to use the information on some correlated character as 
the basis for stratification. For example, the size of farm is 
known to be correlated with a number of farm characters like the 
area under principal crops or the number of livestock ; stratifica- 
tion by size of farm in agricultural surveys is, therefore, expected 
to lead to substantial gains in precision. Example 3 . 1 at the end 
of Section 3a. 10 will serve to illustrate the magnitude of gains 
recorded from this type of stratification. 

(c) Arbitrary Allocation 

When a sample is divided arbitrarily among the strata, the 
variance of the estimated mean is given by the expression (7); 
whereas, when it is selected as an unstratified simple random 
sample, the variance is given by 

viyXs - Q - *) s* 

We therefore have 

k 

(38) 
Substituting for S 2 from (30), we write 

-l(k- »>*•■ 
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t 

+ (n-N)L P > (S '»<-?» )i (39) 

The second term on the right-hand side in (39) is always positive, 
but the first may be positive, zero or negative, depending upon the 
values of n\. It is positive when the sample is allocated according 
to Neyman allocation and we reach the result (37). It is zero when 

either 

«, = n Pi (40) 

or 

"i = « f^ 2 (41) 

giving us (32). As the allocation departs from (40) or (41), the first 
term may not only become negative but be larger in magnitude 
than the second, thus making a stratified sample less efficient than 
an unstratified sample. The result is important and suggests the 
need for care in the allocation of the sample among the strata. 

3a.6* Practical Difficulties in Adopting the Neyman Method 
of Allocation 

There are certain limitations to the use of the Neyman alloca- 
tion in practice which will now be pointed out. If more than one 
character is to be estimated from a sample survey, then the 
allocation of the sample into different strata on the basis of any 
one character, using the Neyman method, may lead to loss in preci- 
sion on other characters as compared to the method of propor- 
tional allocation. If, however, the characters are correlated, or 
if certain characters are more important than others, then gains 
in precision on the estimates of the more important characters 
can still be secured by using the Neyman method of allocation. 
However, the more severe limitation on the use of the Neyman 
allocation is the absence of the knowledge of Si's. One method 
of overcoming this limitation is to estimate Si's from a preliminary 
sample of ri (Sukhatme, 1935). These estimates will, however, 
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be subject to standard errors and it is, therefore, possible that we 
would be worse off than if we had used the method of proportional 
allocation. The problems to be considered are then, (a) how much 
would the variance increase, on the average, if the allocation is 
based on estimated values of Sj, (b) how does it compare with 
the variance from proportional allocation, and (c) how large 
should be the size of the preliminary sample in order that Neyman 
allocation may give a more precise estimate than proportional 
allocation ? 

Let si represent an unbiased estimate of Sj/v, based on a sample 
of size n', v denoting a constant, so that 

£(^=8, (/=l,2,...,t) (42) 

The allocation of the total sample among the different strata will 
now be made in accordance with the formula* 



Substituting in (7), we obtain 

/ N '=1 



(43) 






K2> Z>S WZ> 



1=1 



l V 



I IL^+L^i, -*Z>° 



'7^ = 1 

(44) 

This expression involves si and we are consequently not in a 
position to say whether this will give a smaller value or not as 
compared to that for proportional allocation, viz., 

^->*-G-jJ)I>A' (45) 



* Where, as in this case, the decision regarding the size of the additional sam- 
ple to be drawn from each stratum depends upon the results of the first sample, 
the procedure is essentially what is called sequential sampling. 
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We might, however, obtain the average value of (44) in samples 
of n' and examine how it compares with (45). 

Now it can be shown (Sukhatme, 1935) that if the variate under 
study can be considered as normally distributed and consequently 
Si is distributed as X, the average value of the right-hand side in 
(44) is given approximately by 



I 1 * 



(46) 



where 



' = ' +S? (47) 

Substituting for 6 from (47) in (46), we obtain 



2 



E { V (yj 



Il-.IL>*)- IE*- 



h 



k k 



\ 2 



il ( £ j^. ) - £ '."s." 



(48) 



which, on using (30), can also be written as 



+ J- . 

inn 
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The first part on the right-hand side denotes the variance of the 
mean under Neyman allocation when the S* are known. Con- 
sequently, when the Sj are estimated from a preliminary sample 
of size ri, this variance is seen to increase, on an average, by 



H piSt ) ~H piis 'i (50) 



Comparing (48) with the value of the variance under proportional 
allocation given in (45), we notice that the condition that the 
Neyman allocation may not, on the average, lead to loss of 
precision as compared to proportional allocation is 




in 
or 



k \ z * 1 * 

I] PiSt ) ~ H p * s > 2 \ ^ Zl pi (S< ~ §J2 



(51) 



(j* s <y 



k 



(52) 



- 2' PW 

(«i 

2£ Pi (S, - §„) 2 

The above result can be derived more simply by an alternative 
method given by Evans (1951). 

Let, as before, 

VS { = S< + €; 

where 

£(e,) = 0, £(«,*) = v a K(s.) 

and 

VS, = S, + e t 

where 

£(€,) = (>, £(e J s ) = v*K(j J ) 

Then Sijsj can be expressed as 
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On expanding the right-hand side and neglecting terms involving 
powers of e higher than the second and taking expectations, we 
obtain 

where Cj is the coefficient of variation of Sj given by v \/V(sj)ISj. 
Assuming Cj = C (j — 1, 2, . . ., k), we obtain 

E C;) - % ^ + c2 > < 53 > 

Taking expectations of both sides in (44) and substituting from 
(53), we have 

E \ v( ' yJ I "X * I It * 2S < 2+ 1 p < p * s > (| + c2) l 

- ; i>- 

t 

= ^cp»)p - i 2] p> (Si ~ §J2 
+ « C2 ((Zj^)-^^ s<2 } (54) 

Clearly, this expression will have a smaller value as compared to 
that under proportional allocation if the sum of the last two 
terms is negative, i.e., if 



S P< (S, - §J 2 
C- ^ 7 -^-^r-i (55) 
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From Sections 2a. 10 and 2a. 11 of the last chapter, we know that, 
for samples of ri, C 2 is approximately given by (j8 2 — l)/4«', so 
that the size of the preliminary sample should be such that 

2 Pi (S f - §„)* 



1=1 



in order that the Neyman allocation may give, on the average, 
a more precise estimate than the method of proportional allocation. 

When j8 2 == 3, the value of «' reduces to that given by (52). 

It will be seen that the larger the variability among Si's, the 
smaller will be the value of n'. Consequently, unless Si's are close 
to one another, even moderately small preliminary samples will 
give, on the average, more precise results than proportional allo- 
cation. If, however, the size of the preliminary sample is found 
to be so large as to make the preliminary inquiry not worth while 
and if the study of several characters is included in the sample, 
proportional allocation would be preferable. 

3a.7 Evaluation from the Sample of the Gain in Precision due 
to Stratification 

In comparing the precision of the stratified with unstratified 
simple random sampling in Section 3a. 5, we assumed that the 
population values of the strata means and standard deviations 
were known. Usually, however, this will not be the case. What 
is available is only a stratified sample and the problem is to 
estimate the gain in precision due to stratification. 

Let «u n it . . . , flfc represent the stratified sample. Then the 
variance of the sample mean is 

j=i 

and its estimate is clearly given by 

**-^j. = £G l -tf>v (57) 
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where S? is the mean square in the sample drawn from the i-th 
stratum. If the total sample had been selected by the procedure 
of simple random sampling without stratification, then the variance 
of the sample mean would be 

V(y„) us = N „"- S J (58) 

Its estimate cannot, however, be obtained by substituting the 
mean square for the total sample in place of S 2 . For, although 
within each stratum the sample is selected by the method of simple 
random sampling, the total sample cannot be considered to have 
been so selected from the population as a whole. The problem, 
therefore, is to estimate S 2 , given 



J'v K 


»' • • • ' 


y* 


and 


t 2 ..2 


V 2 


We have, 


from 


i (29), 








S 2 - 


1 

N - 




-us,* 


+ N 

^ N - 1 


L PA 



(59) 



Since S? provides an unbiased estimate of Si 2 , the problem of 
estimating S 2 reduces to the estimation of 

(60) 



* 


\ (J'm - 


y N ) 


from the 


sample. 




Let 






y-t- 


= y Ni + 


u 


where 







(61) 



£(«*)«<>, and E(e*) = ;V ^"< S, 2 
On squaring both sides of (61) we have 

y. t * *= y Hi * + u* + 2p H{tl (62) 

Taking expectations, we obtain 

£W= ^ + ^ <S ' (63) 
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Hence 

It follows that 

Again, from (61), we have 

k k k 

2 pj ni = 2 p,y Ni + 2 p^, 
<=i <=i <=i 



(64) 



(65) 



or 



* 
Pw = Pn + 2 PtU (66) 

1=1 

On squaring both sides, we obtain 

y. % = P N 2 +2 p,W + 2 p t p,*,*, + 2y N 2 PSi (67) 

Taking expectations and noting that E (e i e j ) = as the samples 
from the different strata have been drawn independently, we obtain 

* 
£(P„ 2 ) = yj + 2]~fe"' P * S ' m 

Hence 

k 

Est. (y N *) = y K * - ^ \^ />, V (69) 

Subtracting (69) from (65), we get 

k k k 

Est. Jy t (y„-y„)* = jj t {y %i -y.V-Jj t (1-/0 "j^V 

<•] <-i v-i 

(70) 
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From (59) and (70) we obtain 



1*1 J 

which can be written as 

(=1 li=. 

t It *J 

i=l i=l J 

On simplifying, we obtain 

k r k 

Est. S 2 = £p tSi * + N N _ { \J]p t (y. t -y.)* 
<«i L <=i 

-^^(1-^)^1 (71) 
On substituting in (58), we get 

k 

Est. V(y n )„s=° N Nn"H PiS: ' 

+ (N-\)n y^ *(>'•< -W 

-I]** 1 -***] (72) 

Hence, the change in variance due to stratification is estimated by 
the difference between (72) and (57), i.e., 
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A- k 

Est. {V(S'„)us ~ V(yJ s } = I J^ Pi s? ~ £ P ?f 

-t P ' il ~ P ' ) h t } (?3) 

• = < J 

Taking N/(N — 1)3^ 1, we obtain 

A- *' 

Est. [KCj),,)^ - V(yJ s } g* ] n £ /W - J] P ^ + 



" 2 TV - n 
Nn 



k 
X 



2>tf,-w-2>< , -">£ 



(74) 

The ratio of (73) or (74) to (57), expressed as a percentage, gives 
the estimate of the gain in efficiency due to stratification. 

These results assume a particularly simple form in the case of 
proportional sampling for which y w = y n . Equation (57) then 
becomes 

Est. K0v) P = V/Z/'"' 2 (?5) 

1=1 

and the first two terms in (74) vanish. The net reduction in 
variance due to stratification is, therefore, given by the last two 
terms in (74). On substituting ni/n for p x , this takes the value 

Est. V(y n ) us ~ Est. V(yJ P = *--» 

When the finite multiplier is assumed to be unity and Si 2 is 
constant, say Sj 2 = S w 2 (i=l, 2, ..., A:), the best unbiased 
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estimate of the latter is obtained by pooling the sum of squares 
within strata for the sample. We write 

k m 
Est. S„ 2 = --— k J^ J^ (y v -y ni )* = J. 2 : say (77) 

(=1 i 
since 

E 



*^-.V {££>«->■■>■} 

k ni 

t=i j 

J: 



n - A- 

= V 
Let 

i "< CP-, - J' J 2 = (*-!) «.v 6 2 (78) 

where « = «/&. Substituting from (77) and (78) in (72), we have 

E^- K(j>„)„ s ^ I 2 {(„ - * + 1) s m * + (At - 1) fis t *} (79) 

The quantities s w 2 and «j b 2 are called the mean squares within and 
between strata respectively, and are best calculated from what 
is familiarly known as the analysis of variance table given below : 



Source of Variation 


D.F. 


Sum of Squares 


Mean Square 


Between Strata 
Within Strata 


n-k 


E E (yu-hi)* 


hst 2 
s» 2 


Total . . 


n-\ 


E E (y it -yn) % 


s 2 
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Also, from (75), 

Est. V(y K ) P s= J ; 2 (80) 

An estimate of the reduction in variance is now given by sub- 
tracting (80) from (79) or directly from (76), and equals 

Est. V (y n ) us - Est. V (y w ) P = k ~ 2 X {ns t * - sj) (81) 

The ratio of (81) to (80) gives the relative gain in precision due to 
stratification and equals 



;'{¥-'! 



(82) 



The efficiency of stratification is sometimes calculated directly 
by comparing the overall mean square s 2 with s w 2 , the relative 
gain in precision being given by 

s 2 _ , (n - k) sj + (k - 1) ns t * _ 



k- 1 
n - 1 



(^-1) (83) 



The gain in precision estimated this way is «/(«— 1) times the value 
in (82), which is not likely to be df material difference in large 
samples, provided the sample is allocated in proportion to the sizes 
of the different strata. When the sample is not so allocated, neither 
(82) nor (83) is likely to be satisfactory. The exact expression 
given by the ratio of (73) to (57) should be used in that case. 

3a.8 Use of Strata Sizes for Improving the Precision of an 
Unstratified Sample 

Stratified sampling presupposes the knowledge of the strata 
sizes as well as the availability of the lists of sampling units for 
the different strata. The latter are not, however, always available. 
Thus, the classification of a population by age is known from the 
census tables although the lists of persons belonging to different 
age groups may not be available for the selection of samples from 
the different age groups. Consequently, it is not possible to know 
in advance to which stratum a sampling unit belongs until it is 



STRATIFIED SAMPLING 107 

contacted in the course of the survey itself. While the sample in such 
cases has necessarily to be selected by the method of unstratifled 
random sampling, we can always classify the selected sample by the 
strata and treat it as if it were a stratified sample. In this section we 
shall examine the gain in precision arising from such a treatment. 

If the sample is to be treated as if it were a stratified sample, 
then y w would be the appropriate estimate of the population mean. 
This is easily seen to be an unbiased estimate of the population 
mean, since 

E {}'„,) = E{E{y n .\nd} 

= E(y Ni ) 

Hence 

£(.v„)=*n (84) 

For fixed n u n t , . . ., njc, the variance of y w is given by 

* CJ- -»>■"'' <85) 

However n 4 (;' = 1 , 2, . . . , k), varies from sample to sample. 
Consequently, (85) is not directly comparable with the variance of 
an unstratifled sample. We can, however, examine how this method 
compares, on an average, with that of an unstratifled sample. An 
exact expression for the average value of (85) cannot be obtained. 
For large values of n, however, and for large N we may use the 
result (112) of Section 2a. 19 of the last Chapter and write 

Taking expectations in (85) and using (86), we have 

E{V(yJ us }^ £ {^ + ^ + O (J,) - JL},,*,. 

+°(10 < 87 > 



r ™-LUi -»)»*•' 
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and to the first approximation 

k k 

E{V(yJ us } ~ N ~ n n 2] PA 2 + I, Yj (1 -P^ S ' 2 (88 > 

It is seen that the first term in (88) is the variance of the mean 
of a stratified sample with proportional allocation. We, therefore, 
see that the adjustment of the results of an unstratified random 
sample as if it were stratified gives almost as high precision as 
a stratified sample with proportional allocation, provided the 
sample is large. The result is obvious otherwise also, for, a large 
sample is expected to be distributed in proportion to the sizes of 
the strata. 

3o.9 Effect of Increasing the Number of Strata on the Precision 
of the Estimate 

The variance of the estimate of the population mean from 
a stratified sample depends upon 

(i) the strata values of pi and Sj, and 

(ii) the sample numbers n\. 

We shall assume that m is proportional to p^ so that the variance 
will now depend only on the strata values of p x and S{, being 
given by 

K <^ = (i - *) !>• (89) 

The smaller the strata the more alike will presumably be the 
sampling units comprising them and the smaller, therefore, will 
be the values of Sj 2 . We may, therefore, expect that under 
proportional allocation the precision of the estimate will generally 
increase as the number of strata increases. 

For small departures from proportionality, the effect of increasing 
the number of strata is best studied with the help of (88). The 
first term in this equation, it will be noticed, is identical with 
(89) and will presumably decrease as k increases. On the other 
hand, the contribution of the second term to the variance of y w 
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will increase as k increases. For N large and Sj 2 equal to, say 
S w 2 , (88) may be written as 

E{V(y.) us } « \ {s„ 2 + k ~ - 1 S.*} (90) 

Now, S w 2 will ordinarily decrease as k increases, but (k — 1) S w 2 
will increase as k increases, at a rate ordinarily greater than the 
rate of decrease in Su, 2 . We conclude therefore that, for given 
n, a stage in the value of k may be reached beyond which strati- 
fication may not add to the precision of the estimate. 

3a.l0 Effects of Inaccuracies in Strata Sizes 

It sometimes happens that the knowledge of strata sizes though 
available is not exact, as, for example, when it is based on old 
census data which are out of date for use in current surveys or 
when derived from a sample. Thus, in a study of farm facts, the 
survey may be organized in two stages, first selecting a large sample 
for estimating the strata sizes and then a second sample out of the 
first for the main purpose of the survey. This latter procedure 
is called double sampling (Neyman, 1938). In this section, we 
shall examine the effect of inaccuracies in strata sizes on the 
estimate of the mean and its variance. 

Case I. Strata Sizes Fixed 

Let pi denote the true but unknown weight of the z'-th stratum 
and p^ the inaccurate weight which is known. The sample 
estimate of the population mean is then given by 

Est.j> N = Z Pi'y ni (91) 

For fixed Pi's, this is a biased estimate of the population mean, 
for, in general 

) = i Pi'y Ni =h Z P,P Ni (92) 

Pi/ 

showing that the estimate is biased by 

Z{p;-Pi)y Ni (93) 

<=1 
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To obtain the sampling variance, we write 



V f 2 p,'y mi 



; )= E U2p t 'y ni -E(Z Pl 'yJ) : V 

Pic'/ I <=1 ' Cl Pk) 

= E \{£p<'(K-~y»))\ P -\ 



* I Pi ) 

+ 2 Pi'p ) '(y. i -yN,)(y»i-pN l )\ '■ } 

\pA 

(94) 
For fixed pi's the second term is clearly zero, and we are left with 

Pi" 



vi 2p t 'h 



p» 



= Zp;*E{y ni -y N y 
1=1 



&•■•***•" 



(95) 



The mean square error will be the sum of (95) and the square of 
the bias term in (93). We have 



M.S.E. 



,* =1 P* / «-i 



h 



+ <l J (p t '-Pdys i > (96) 

If the sample were selected by the method of simple random 
sampling without stratification, the mean square error of the 
estimate would be identical with its variance, and would be simply 



v<S n ) us = 



N-n S 2 
N n 



(97) 
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As n increases, (97) will decrease and so will the first term in (96). 
The bias term is, however, independent of the sample size. It 
follows that (96) may assume a larger value than (97) beyond 
a certain n, making stratified sampling less accurate than simple 
random sampling. 

An example will help to illustrate the point. Suppose that accord- 
ing to an agricultural census taken in an earlier year, 80% of the 
holdings were below 5 acres. Information for the current year 
is not available but we will assume that the percentage of hold- 
ings below 5 acres has increased to 85. Suppose, further, that 
we have selected a stratified sample of n holdings allocated in 
proportion to the known sizes of the two strata. Then, clearly, 
the sample estimate of the population mean of the character 
under study will be calculated from 

y. = -WK f -20 y m , (98) 

The true population mean will, however, be 

y N = -85JX+ -15>v, (99) 

The expected value of the estimate in (98) will be 

E{yJ = -80; Nl + -20 y N , (100) 

so that the sample estimate will be biased by 

E (y.) - y N = - -05 y Ni + -05 y N , (101) 

The mean square error of the sample estimate in (98) will be 
composed of two parts, as shown in (96). Assuming that the 
population is large so that finite multipliers can be ignored, this 
will be given by 

M.S.E. (y m ) a* 1 (-80S! 2 + -20 S 2 2 } + {-05 (y Nl - j>„,)} a (102) 
n 

If we had selected the sample by the unstratified method of 
simple random sampling, the same estimate would be unbiased 
and its variance given by 

S2 £* I {-&5W+ ■ 15S 2 2 + -85 (y N -y N y+ ■ 15 (y N -y N Y} (103) 
n n 

Now, suppose, the actual values of S^, S 2 2 , y Nl and y Ni are as 
in the following table: 
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Stratum S ( 2 



I'm 



1 1 1 

2 I 2 



Then, 

M.S.E.(yJ = ' + -0025 (104) 

n 

and 

v(yn)us = l ' ] * 75 (105) 

The table below gives the values of (104) and (105) for five dif- 
ferent values of n. 



n 


M.S.E. (y w ) 


v(y„)us 


25 


•0425 


•04510 


50 


■0225 


•02255 


100 


•0125 


•01128 


200 


•0075 


•00564 


400 


•0050 


•00282 



It will be seen that for small n, the actual mean square error 
of the stratified sample is smaller than that of the unstratified 
simple random sample, but the superiority is lost after n = 51. 
With a larger size of sample, the bias assumes still larger 
proportions. It must, however, be pointed out that the bias will 
not be known in practice and consequently the variance of the 
mean of a stratified sample will continue to be estimated by the 
first term in (96), thereby under-estimating the variance. 

Case II. Double Sampling 

We shall now consider the case of double sampling where /?j's 
are estimated from a preliminary simple random sample and the 
character under study is observed on a sub-sample selected from 
the preliminary sample. Let Q denote the size of the preliminary 
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sample, Qi the number of units in the ;'-th stratum and in the size 
of the sub-sample chosen out of Qi (i — 1, 2, . . ., k). We have 

Est.^ = g< 

= Pi 
and 

It 

Em = n 
<=i 

k 

The estimate £ p(y n% ' s now clearly the unbiased estimate of 
y N . For, from (92), we have 

/ k \ Ik i Pi 

E 



/ k x Ik \ I' 

(sPi'y. i )=EE[ EpryJ •• 
(E P ry N ) 



- E 



= Epj Ni (106) 

i=l 

To obtain the variance of the estimate, all that we need do is to 
obtain the expected value of the terms on the right-hand side 
in (96) for variation in /?i"s in repeated samples of Q. We write 

\ i=i / >=i 

On expanding the second term on the right-hand side, we have 

y (t p >'y-) = t E ^ ^>r V+ Z><'-*w 

V i=i / i-i 1=1 

+ J^e( P ; - Pi ){ P ; - P yy Ni y NI (ics) 



i^/=i 
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Now from (71), (78) and (98) of Chapter II, we have 

£ta")=A'+Jl-? & V- 009) 

E(p;-py = N N Z Q / i([ Q Pt) ("<>) 



and 



E {{p t ' - A) (/>/ - P,)} = - JJ _ ^ q PJ>, (HI) 



On substituting from (109), (110) and (111) in (108), we have 



fc 



v 1 Af-e i 



1 e 



On combining the last two terms, we obtain 

k 



The term involving the differences between the strata means on 
the right-hand side of (113) can also be written directly from 
(107). For, the second term in (107) clearly represents the variance 
of the mean of a simple random sample of size Q drawn from 
a population of size N divided into k classes with all the N{ values 
in the /-th class equal to y Ni each, (/' = 1, 2, . . ., k), so that 
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e j £ (Pi' -p^ y»i\ = v \2] pty»i I 

_ n - Q i i y _ t 

~ N Q N-\ Li A>Ni N 

iv-e i f ,. ... 

)Pi(yNi—yN)* 



N-\ Q 



1=1 



Now, (113) can be rewritten as 

\i=i / i=i 

+ J]pi(y Nl -p N A (ii4) 

The first term on the right-hand side is clearly the variance of 
the mean of a stratified sample when the strata sizes are known. 
The effect of determining the strata sizes from a sample is thus 
to increase the variance of the estimate by 

(. i=i i=i j 

(115) 

When finite multipliers can be ignored, the effect is to increase 
the variance by approximately 

"a <"« 

where 

°S -ZPiQn-y*)* 017) 

i-i 

since the first term in (115) will be small relative to the second. 
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Compared to simple random sampling, on the other hand, the 
procedure will lead to gain in precision. Thus, for the case when 
nj is proportional to pjS{, and ignoring finite multipliers, (114) 
reduces to 









(118) 



If the sample were chosen by the procedure of simple random 
sampling without stratification, the variance of the estimate 
would be 

KCM = N ~ n S2 

N n 



Zp&f+aS 



t-i _ 
n 



The reduction in variance is, therefore, given by 

k 



(H9) 



(120) 



where the letters 'ds' stand for double sampling and, as before, 

k 

S w = 2 Pi&i- If Q is large relative to n, the reduction in 

4=1 

variance will approximate to the difference between the variances 
of an unstratified simple random sample and that of a stratified 
sample with Neyman allocation {vide Section 3a. 5). In other 
words, when Q is large, the procedure of double sampling will 
be approximately equivalent to stratified sampling when strata 
sizes are accurately known. 

This comparison of the precision of single with double sampling 
regardless of the cost of the survey is not, however, of practical 
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value. What is of interest is to know whether the reduction in 
variance would be worth the extra expenditure on the preliminary 
sample. Alternatively, we can consider the problem as one of 
choosing, for a fixed cost, say C , between two procedures of 
sampling, namely, (i) a single sample drawn by the procedure of 
simple random sampling without stratification, and (ii) double 
sampling. The problem clearly envisages three steps, namely, 
(a) determining the optimum design for each of the two procedures 
of sampling, (b) obtaining the variances of the estimates for the 
optimum designs, and (c) comparison of the two variances. 

We shall consider the simplest case in which the cost of each 
sample is proportional to its size so that u.^ ^u.1 cost of the 
survey, using the procedure of double sampling, is represented by 

cifi+^(i«.) ("2D 

and that of a single sample of size, say n', drawn by procedure 
(0 by 

c.ri (122) 

where c x is the cost per unit of the preliminary sample and c 2 
the cost per unit for the main sample. Obviously Cj will be 
smaller than r 2 , for unless this were so, a preliminary sample would 
be ruled out altogether. For procedure (i) the optimum design 
is clearly the one for which the size of the single sample is 
given by 



The variance of the estimate based on a single sample is, therefore, 
given by 

N- C ° 

P S 2 (123) 



N C ° 



or, neglecting finite correction factors, by 
S»c 2 



Co 



(124) 
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The variance of the estimate based on the procedure of double 
sampling given in (114) depends on Q and «i (/ = 1, 2, . . ., k). 
The optimum values of Q and n x are those for which this variance 
is minimum for given C . Owing to the complexity of the 
algebra, we shall attempt only an approximate solution by ignoring 
all finite multipliers and assuming that 

P<(1- Pi) 
Q 

is negligible in comparison with p?. Hence (114) reduces to 

This is to be minimized subject to the condition 

C = CiQ +c 2 £n i (126) 



<=i 



Using the method given in the previous sections, we form the 
function <f> given by 

*-L P, 7 + Q M + * (*e + <■ £"') (127) 

and note that the right-hand side can be written as 

= t ( vl - v^y + (;> Q - vv lG y 

+ 2 vfe 2] PiS, + 2a b VhO (128) 

i = 1 

so that for optimum values 

». = $* = 1,2,...,*) (129) 

and 



°* 



Q = --*-.. (130) 
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The value of n will depend upon whether the variance is 
minimized for fixed cost or the cost is minimized for fixed variance. 
In the former case, which is the one under consideration here, 
we obtain from (126), (129) and (130) 



k 



giving us 

1 c 

V/X (v'c,*» + Vc t Z P^ 
Hence 

n. = P f- 1 C ° k (132) 

VCj [Vci^ + VctZp^ 

and 

Q = T-h - , Co i- — r ( 133 ) 



^ Cl (Vc~a b + Vf.i AS,) 



Substituting for £> and /Zj in the expression for the variance given 
in (125), we have 



, k . ( Vq <> b + Vc 2 Z P&) 



(134) 



Now, for a fixed cost, double sampling would bad to higher 
precision if (134) is less than (124), that is, if 

Vci o> + y/c t Z p<S t ) 
'>., if 

Vc L a t + V^ Z P& < S V'cz 

i=i 

i.e., if 

(s -f^s,)* 

Cl<Ct !__!=! _Z (135) 
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where (s — E P&i) °b 2 w iH usually be a positive proper fraction 
for efficient systems of stratification. 
Taking, for illustration, the case when 

5 1 = S. = l(/=l,2, ...,*), a»=2 
so that 

5 2 = 5 

equation (135) reduces to 



1-5 

4 t2 ~~ 8 



C\ < a c 2 = „ c> 



In other words, if the cost per unit of surveying the preliminary 
sample is less than one-third the cost per unit of surveying 
the main sample, double sampling would be a more efficient 
procedure to adopt than simple random sampling without strati- 
fication. 

Example 3.1 

Table 3 . 1 presents the summary of data for complete census 
of all the 340 villages in Ghaziabad Subdivision. The villages 
were stratified by size of their agricultural area into four strata 
as shown in col. 2 of Table 3.1. The numbers of villages in the 
different strata are given in col. 3. The population values of the 
strata means for the area under wheat (y N .) and those of the 
standard deviations for the area under wheat (S w .) and for the 
agricultural area (S a .) are given in the subsequent columns. 

Calculate the sampling variance of the estimated area under 
wheat for a sample of 34 villages: 

(1) if the villages are selected by the method of simple random 

sampling without stratification; 

(2) if the villages are selected by the method of simple random 

sampling within each stratum, and allocated in proportion 
to (i) the sizes of the strata (Ni), (ii) the products NiS Wi , 
and (iii) the products NiS ai . 
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Table 3.1 

Strata Means and Standard Deviations of Areas for Villages 
in Ghaziabad Subdivision 



Stratum 
Number 



Size of 

Village in 

Bighas* 



Ni 



^iri 



&ai 



(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


1 


0- 500 


63 


1121 


563 


129-6 


2 


501-1500 


199 


276-7 


116-4 


2670 


3 


1501-2500 


53 


558-1 


I860 


276-1 


4 


>2500 


25 


960-1 


361-3 


982-2 



* I Bigha = | acre. 

I. Simple Random Sampling Without Stratification 
We have from (29) 



S 2 



1 

N~ 1 



N-\ 



■ & " ~l 

k k k ( JJ NJ> J I 



(=i ^i 



The relevant calculations are shown in Table 3.2. On substi- 
tuting, we obtain 

S 2 = .'_ [7994000 - 182000 + 55577000 - 39372000] 
= 70850 
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H 


ence 

VOX* 


N-n 1 

~ N n * 

= ,^°-, . x 70850 
340 X 34 

= 1875 


2. 


(i) Proportional Allocation 




We have 






V (y K ) P 
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= (340y X 34 X 7 " 40[)0 
= 622 

2. (ii) Neyman Allocation 

The allocation of the sample to the different strata will be in 
proportion to NiS Wi shown in col. 9 of Table 3.2. On substituting 
in (22), we get 



^(45W _ 79940()0 J 
[61158000-7994000] 



1 
""" (340) 2 

1 
~~ 115600 

= 460 



2. (iii) Allocation Proportional to N{S ai 

The allocation of the sample will be proportional to A^S,,. 
given in col. 11 of Table 3.2. On substituting 



n. = 



( i Nfi.) 



in the formula for the variance of the mean of a stratified sample 
given in (7), we get 
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v ^ = J* (£ ^a.) (£ n > k>) - * £ NiS - 

= (3 L 2 {34 X (100480) (21600) - 7994000 J 



= 115600 X 5584000 ° 

= 483 

Now the relative efficiency of any given procedure of sampling 
(B) compared to that of a standard procedure (A) for the same size 
of sample is defined as the ratio of the inverse of their variances. 
Thus 

1 

r.e. = Ba- = v * 

1 v B 
v A 

The values of the variance obtained above for the different 
procedures of sampling together with those of their relative effici- 
encies as compared with unstratified simple random sampling, are 
given in Table 3.3. The values of the relative efficiencies com- 
pared to proportional sampling are also shown in the table. 

Table 3.3 

Relative Efficiencies of Different Methods 
of Stratified Sampling 

Varirrp /f.E. compared R.F.. ccmpared 

Method of Sampling 7n- wf, to Unstrat.ficd to Froporticr.al 

laigJias; Sampling Sampling 



Unstratified Simple Random 
Sampling .. .1875 

Stratified: 

(i) Proportional . . .. 6?2 301% 

(ii) Neymar. .. .. 460 408% 135% 

viii) fl 4 °c N$ H .. .. 483 388% 12?£ 
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It will be seen that stratified sampling reduces the sampling 
variance to nearly one-third its value in unstratified simple random 
sampling. Further, Neyman allocation improves the precision 
as compared to proportional allocation. The allocation of the 
sample in accordance with the Neyman principle as applied to a 
correlated character is seen to be almost as effective in improving 
the precision as the Neyman method applied to the character 
under study. 

Example 3.2 

A yield survey on paddy was carried out in Kegalle District 
(Ceylon) in Maha 1951-52 (Koshal, 1953). Twenty-eight villages 
were selected, distributed in the various strata approximately in 
proportion to the acreage under paddy. Three plots of 1/80 acre 
were harvested in each village. The values of the means and the 
mean squares of the village means for the different strata are given 
in Table 3.4. Obtain the estimate of the district mean yield by 
combining the strata means in proportion to the number of 
villages in the strata. Calculate its variance and hence estimate 
the efficiency of stratification as compared to unstratified simple 
random sampling, treating the village means as the true means 
of the respective villages. 

Table 3.4 

Crop-Cutting Experiments on Paddy, Kegalle District (Ceylon), 
Maha 1951-52 

Means and Mean Squares of Village Mean Yields per Phi 



Stratum 
Number 


N, 


"< 


9m 

(Oz./Plot) 


(Oz./Plot) 2 


1 


189 


5 


369 


4330-9 


2 


242 


7 


301 


14812-4 


3 


146 


3 


368 


17309-0 


4 


178 


3 


171 


1658-5 


5 


287 


10 


305 


3452-7 
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The relevant calculations are given in Table 3.5. From col. 5 
we have 

Est.y N =y K =301-6 
To obtain the variance of y w , we substitute in (57) and obtain 

k k 



Es, v 0A - £ «*" - Z'-% 



= 298-23 -7-57 
= 290-66 



From (72), taking NI(N — l)s=; 1, we obtain 

r * * / k - 

Est. f(p.) us ^ ^" j2] m* + 2]^- 2 - ( Z/<*»< 



<«1 J 

= ( 2 8 ~ 10 ^2){ 7885 + 95300_9096 °- ,646 + 298 J 



= (0-034755) (10900) - 

= 379 
Hence 

Efficiency of stratification = -y-f^-y 

_ 379 
291 

= 1-30 or 130% 



stratified sampling 

Table 3.5 

Crop-Cutting Experiments on Paddy, Kegalle District, 
Maha 1951-52 

Calculation of the District Mean Yield and its Variance 
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Stratum 


N { n t 


y*t 


Pi 


PSnt 


W./ 


-V 


Number 


(1) (2) 


(3) 


(4) 


(5) = (3)x(4) 


(6)-(3)x(5; 


) (7) 


1 


189 5 


369 


•181382 


66-9 


24700 


4330-9 


2 


242 7 


301 


•232246 


69-9 


21000 


14812-4 


3 


146 3 


368 


■140115 


51-6 


19000 


17309 


4 


178 3 


171 


•170825 


29-2 


5C00 


1658-5 


5 


287 10 


305 


•275432 


840 


25600 


3452-7 




1042 28 






301-6 


95300 






Stialum 


Pih 2 




pfs? 


PiH 1 
"i 


PiW 


PiW 


Numher 


(8) = (4)x(7) (9)=(4)x(8) (10)=(8)-H2) 


(11)=(9)-K2) 


(12)=(9H(1) 


1 


785-55 




142-48 


1571 


28-50 


0-754 


2 


344012 




798-95 


491 •£ 


114-14 


3-301 


3 


2425-25 




339-81 


808-4 


113-27 


2-327 


4 


283-31 




48-40 


94-4 


16-13 


0-272 


5 


950-98 




261-93 


951 


26-19 


0-913 




7885-21 






1646-4 


298-23 


7-567 



B. VARYING PROBABILITIES OF SELECTION 
36.1 Estimate of the Population Mean and its Sampling Variance 

Lastly we shall consider the theory of stratified sampling when 
sampling units within a stratum are selected with replacement 
with varying probabilities of selection. Let 

A,G'=1,2, ...,N,; i=l, 2, ...,*) 
denote the selection probability assigned to the ,/'-th unit in the 
<-th stratum. Clearly, then, in virtue of the results in Section 
2b. 2, z m defined by 
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= l f I V (136) 

i 

will provide an unbiased estimate of the population mean for the 
/-th stratum, namely, y K( ; and its sampling variance will be 
given by 



<y t 



2 



V (*„,) = -£■■ (137) 

where 

«*," = 2? -P« (z« - *,. )' (138) 

2,.= f'-P«z IJ =^ W| (139) 

and 

2. = 2p&.=yt, (HO) 

An estimate of the population mean j> K will be the weighted 
mean z w given by 






4=1 

= i m* (Hi) 

(«i 

which is easily seen to provide an unbiased estimate of y N . For, 
E (*„) =Z!p t E(z ni ) 

4=1 

-"- 1 " 



I> *£*<*> 



= U PipKi 
I- 1 

= y K (142) 
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To obtain the sampling variance of z w , we have 
V (zj = E[z w -E(2JY 

= e ( i Pi z ni - i p.zX 

= E {ZPiiZn-Zi.)}' 

= E { Jtp* (2.. - z ( . ) 2 + i PiPi . (z ni - Zi ) 

X (2 ni , - 2,0 j 

^ Zp,-E (z ni - 2, ) 2 + i A>,AV £ (2„ - 2,. ) 

x£(z n/ - 2,,) 

since samples are drawn independently from the <*-th and the i'-th 
strata. Hence, 

in virtue of (137). 
Using Section 2b. 3, an estimate of V (z w ) will be provided by 



A. 

Est. V (2J = ^ ?* "1 



(144) 



where .s^ 2 denotes the mean square between z's in the sample for 
the /-th stratum, and is denned by 

i 

3b.2 Allocation of Sample among Different Strata 

The variance of the estimate, apart from the population con- 
stants pi and o{ z , is seen to depend upon the allocation of the 
sample among the different strata. The cost of a survey will 
likewise depend upon the values of «i. The principle of deter- 
mining the optimum values of wj, as stated in Section 3a. 3, is to 

9 
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maximize the precision for given cost or minimize the cost for 
given precision. We shall illustrate the principle for the simple 
case for which the cost of the survey is represented by 

C = i <yi, (145) 

where q is the cost of collecting the information per unit in the 
j-th stratum. 

Let 

4> = v(z K ) + v.c 

-i> ,J ^ + >(Z>) 

where /x is a constant. 

Clearly V (z w ) is minimum for fixed cost, say C , or C is 
minimum for fixed variance, say V , when ^ is a minimum. Now 
<f> can be written as 

* = Zl Wn ~ VtlC ' ni F + 2Vtl Ti Pi °-' VCi (I46) 

It follows th?t <f> is minimum when each of the square terms on the 
right-hand side of (146) is zero, or in other words 

«< = 4-^ (/-1.2.....A) (147) 

The constant of proportionality 1/vV iS determined so as to 
satisfy the condition of fixed cost or fixed variance. In the 
former case, we substitute for n x from (147) in (145) and obtain 

\ = - t Co (148) 

i=i 
Hence, from (147), we get 

"* = / * :\ (149) 

V^ ( E Pi"i. Vet) 
which is seen to be identical in form with (13) in Section 3a. 3. 
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When Ci = c, or, in other words, when the total size of sample 
js fixed, the optimum allocation is given by 

m = " -^- (150) 

£ Pi",* 

For the alternative approach in which the cost is minimized 

for given precision, the reader may verify that the value of «j is 

given by 

k _ 

£ Pi° iz Vci 

= W*_. i-i (,51) 

where K stands for the value of the variance with which it is 
desired to estimate the mean. Comparing (151) with (17), we 
notice that the optimum allocation is governed by the same 
considerations as those mentioned in Section 3a. 3 for simple 
random sampling. 

36.3 Variance of the Estimate under (i) Optimum Allocation, 
and (ii) Proportional Allocation when the Total Size of 
Sample is Fixed 

For n fixed, the optimum allocation is given by (150). Substi- 
tuting for «i from (150) in (143), we get 

V{z K \ = \ { i Pi o t .}' 2 (152) 

For proportional allocation we substitute n\ = npi in (143) and 
obtain 

V(zJ P == I Epau s < 153 ) 

n 4=1 

Now (153) can be expressed as 

1 



y(*jp ==„ 



ji/v«} 2 + i Pi fa. - 1 ] (i54) 



where 



1 



*~ = Epvu (155) 

It follows that the efficiency of optimum over proportional alloca- 
tion is due wholly to the variation among the strata standi: id 
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deviations. If th i u^ are all equal, the two systems of allocation 
become equally efficient. 

36.4 Comparison of Stratified with Unstratified Sampling 

If a sample of n is selected as an unstratified sample with 
replacement with selection probabilities Pi (I = 1,2, . . . , N), then 
we have seen that 



z„ = 



n 

i y y, 

n Lx NP, 



(156) 



provides an unbiased estimate of the population mean y N , and that 
its sampling variance is given by 

K(*„) = -V (157) 

where 

<y z z =Z P t (z t -*.. Y (158) 

and 

*.. = if/ , iZi=.P w (159) 

i*i 

If the sample of « is selected as a stratified sample with Wj 
units from the /-th stratum with selection probabilities propor- 
tional to Pi given by 

Pu = »' (7= 1,2, ...,N<) (160) 

ZP, 

N < 
where £ denotes summation over the Ni units in the i-th stratum, 

then 

z„ = E M., (161) 

provides an unbiased estimate of y N , with its sampling variance 
given by 

k 

K(zJ = 2]/>< 2 ^- (162) 
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where 

^ = 2 *P„ (z ti - K Y (163) 

For purposes of comparing (157) and (162), we note that 

P l =P ii S i P l 

= PuPi. (164) 



where 



Also 



P^^P, (165) 



y t 

Pi z<, (166) 



" P, " 
We may, therefore, write 



N 
(=1 

i=l 1=1 

(«i 1=1 <=\ 
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Hence, from (157) and (162), we get 

(168) 

Now the first term in (168) can be positive, zero or negative. It 
is zero when th? sample is so allocated among the different strata 
that 

either 
it <* P,. 

=*n%P, (169) 

or 

n { cc p 
r i. 

Pi p 

= « -* ~ (170) 

L* 1 p. 

The variance of an unstratified sample. in this case is reduced by 

k 

K «« - K * == 1 £ p < (p, 2 * - *■■)* (171) 

The first term in (168) is positive when the sample is allocated 
according to the Neyman principle of allocation in (150). We 
have for this case 



+ J {£'-(£*-•■■)'} <" 2 > 



The efficiency of a stratified sample will decrease as the alloca- 
tion will depart from the Neyman principle and a point may be 
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reached where the first term in (168) will not only be negative 
but larger in magnitude than the second term, thus making an 
unstratified sample more efficient than a stratified sample. 

For the special case when P im =/> i , (168) takes the form 

k 

i= l 

k 

+ 1 £ M*«. -*..)* (173) 

and in addition when the allocation is optimum, in accordance 
with the Neyman principle, the reduction in variance is given by 

fl/ 1/ > — " J \ „ t~ *. \2 ! 






3b.5 Evaluation of the Change in Variance due to Stratification 

In this section we shall evaluate, from a given stratified sample, 
the difference between the variance of an unstratified and a 
stratified sample. We write from (168) 

Est. { F„ S -K S }=2> 2 ^ 2 (J>, -^i) 

+>-fe'-"! <i75) 



j 



Now, from (137), 



whence 



i'i 
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Alco, from (143), 



i 



whence 

it 

Est. z.. 2 = V - ^^ 4f (I7;) 

Subtracting (177) from (176), we get 



U*i 



~Z> 2 vO*,- 1 ) (I78) 



On substituting from (178) in (175), we, therefore, obtain 

k. 



* 

.25 



+il£^*j-;£W..-') 

(179) 
When Pj. = />i, we get 

Est. [V us - K s } (fV!= „, = l n ^ A <V - J] P?°£ 

(180) 

which is seen to be identical in form with (73) after making N 
large in the latter. 
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CHAPTER IV 
RATIO METHOD OF ESTIMATION 

A. SAMPLING WITH EQUAL PROBABILITY 
OF SELECTION 

ia.l Introduction 

In developing the theory of simple random sampling in the 
preceding chapters, we have considered only estimates based on 
simple arithmetic means of the observed values in the sample. 
In this and the next chapter, we shall consider other methods of 
estimation which make use of the ancillary information and which, 
under certain conditions, give more reliable estimates of the 
population values than those based on the simple averages. Two 
of these methods are of particular importance. They are : (i) the 
ratio method of estimation, and (ii) the regression method of 
estimation. In this chapter we shall consider the former. 

4a.2 Notation and Definition of the Ratio Estimate 

Let 

y i denote the value of the variate under 

study for the ;'-th unit of the 
population, 

x t the value of the ancillary variate on 

the same unit, 

Y the total value of the y variate in 

the population, 

X the total value of the jc variate in 

the population, 



r, « * 



the ratio of y to x for the ;-th unit, 
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N 

f " ~ N / r ' the sim P le arithmetic mean of the 

i=t ratios for all units in the popu- 

lation, 

r n = - ) r ( the simple arithmetic mean of the 

ratios for the units in the sample, 

R N = v" = y the ratio of the population mean of 

y to the population mean of x, 

ind 

n 

_ y„ _ Ey A the corresponding ratio for the 

R " ~~ x„ ~ " 7. sample. (1) 

R n is said to provide an estimate of the population ratio R N , 
and the product of R n with X, given by 

Y R = R n ■ X (2) 

provides an estimate of the total value Y in the population. The 
estimate is known as the ratio estimate of the population total and 
its use presupposes the knowledge of X, the population total of x. 

To take an example, y may denote the number of bullocks 
on a holding and x its area, the ratio R n giving an estimate of the 
number of bullocks per acre of a holding in the population. The 
product of R n with the total acreage of the holdings gives an 
estimate of the bullock population on the holdings. Or, again, y 
and x may denote the values of the character under study in two 
successive periods, e.g., the acreage under a crop during the 
current and the census years. It will be shown in a subsequent 
section that by taking advantage of the correlation between y and 
x. the ratio method, under certain conditions, provides a more 
reliable estimate of the population value than the comparable 
estimate based on the simple arithmetic mean. 

4a.3 Expected Value of the Ratio Estimate 

At the outset it will be noticed that, unlike the estimate based 
on the simple arithmetic mean, in a ratio estimate the numerator 
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and the denominator are both random variables. The derivation 
of the expected value of R n , therefore, presents difficulties. 

Let 

yi = y N + f t 

so that 

y« = y N + '^ (3) 

where 

E(i n )=0 and E (< m *) = N j-"Y (4) 

Similarly, let 

so that 

x n = x N + i n ' (5) 

where 

£(O=0 and E(i n ") = N ~" ?•' (6) 

To obtain the expected value of R n , it is convenient to express 
it in terms of e and *'. We have, taking expectations, 

£ (*„) == £ ^ —4 ^ > (7) 



( 1+ S 



We shall now suppose that the x's are positive and n is suffici- 
ently large, so that 



< 1 
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Expanding* then 




(■ - 1)' 




as a series in «„', we have 




w *.•*!■ +£-;•+■£-& 




e E ' 2 € ' 3 £ ' 4 if' 3 
1 ,-, Y * Y 3 " T ~ Y * V, Y 3 1" - 


"I 
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(8) 

Further, we shall assume that the contribution of terms involving 
powers in i n and z n ' higher than the second to the value of E (R n ) 
is negligible, being of the order of Mn" where v > 1. Denoting 
to a first approximation the expected value of R n by E x (/?„), 
we may write 

M*j = *„£{i + ;;-^ + ^:-; : y (9) 



* In a paper rend before the meeting of the International Statistical 
Institute, 1951, J. C. Koop justified the expansion by using an ingenious device. 
He wrote 



n N 

Zyi^Eyi 


N-n 

Zy< 


so that 




«)'„ = Hy N - 


{N - n) y N _„ 


Similarly 




nx n = Nx N - 


{N - n) i w _ B 


Hence 




*„ - R N (l 


N-n y N -n 

H S'N 


Clearly, when the x 


*s are positive 


\N-n x N _, 
1 N *« 


'I < ' 


Expanding 




(l- N ~" 
\ N 


Jc N / 



"=_» \ l\ _ N ~ " X N-n\ 

y N M N x N ) 



by Taylor's theorem and working out expectation term by term, he reached the 
same expression for the expected value of R n as given in this and the next 
section. 
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Now 



** £•<"' + £•.•/ 



in virtue of (47) of Section 2a. 9, 



1 y • , L" -j) 

nA^Z-i e ' C ' nN(N-\) 



N ■) 



AOj A 7 - 



1 II?""' 

Af-n 1 



- j, M /-S>S. (10) 

where p is the coefficient of correlation between y and x, given by 

p " VE{y t -y H y-Blx t -X H )> <"' 

Substituting from (4), (6) and (10) in (9), we get 

= *k {l + ^T «V - PC.C.)} (12) 



where 
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and 

C = s » 

We notice that the expected value of R n is not the population 
value R N , showing that R n is a biased estimate of R N . Denoting 
to a first approximation the relative bias in a ratio estimate by 
B u we have 

Br - --— Rn - N - " (C, -pC,C.) (13) 

When C y =-- C x = C, the expression for B t simplifies and we get 
for large N, 

B, = \ (1 - P) 

Thus for C 2 = 0-8, p = 0-6 and n — 10, the bias is seen to be 
a little over three per cent, of the population value of the ratio. 
The bias decreases as n increases, showing that the ratio estimate 
is a consistent estimate.* For n large and p sufficiently high, the 
bias will usually be negligible. The bias vanishes altogether when 

cv = P c,c. 

i.e., 

S, . 

)>N — P g *N 

In other words, the bias vanishes when the regression of y on 
x is a straight line through the origin. This result is, in fact, 
general. For, let the regression of y on x be represented by, say, 

E(y\x) = fa (14) 

Summing both sides of (14) over all units in the population, we 
obtain 

y« = Px„ 



* The expression 'consistent estimate' is generally applied to those estimates 
from infinite populations which converge in probability to the population value 
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or, in other words, 

/9 = * w (15) 



It follows that 

E(RJ=EE 



(ill) 



Ifl 






An important point concerning the magnitude of the bias which 
will be clear later on is that, in large samples, the bias in a ratio 
estimate is negligible as compared with the standard error of the 
estimate. 

4a.4* Second Approximation to the Expected Value of the Ratio 
Estimate 

In deriving the expected value of R n in the previous section, 
we assumed that the contribution of terms involving powers in e n 
and e n ' higher than the second is negligible. We shall now retain the 
terms in e n and e n ' up to and including degree four, and proceed 
to obtain a better approximation to the expected value of R n . 

Taking expectations term by term in (8), and using E 2 (R n ) 
to denote the second approximation to the expected value of 
R n , we write 

F (R ) - R \l 4- £( *-' 2) - E(i ^ 4- E(i -'"" ) 

E(i n '*) E(i n ") E(i H l n ")l . 

where /i 10 = y N and /i i = x N . The evaluation of the terms on 
the right-hand side involves heavy algebra which is best dealt with 
by the method of bi-partitional functions. The relevant formulae 
have been tabulated by the author (1944) and reproduced in the 
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Appendix to this chapter. Using then (6), (10) and the formula 
in the Appendix, and writing in terms of the moment notation 
given by 



1 T «■■«■'- 

N Li ' ' 



we have 



l Jv — 1 n \ fi 01 z /iio.uoi/ 

(JV - n) (JV - In) 1 / /. 12 _ ^ \ 
"*" (N - 1) (N ~ 2) n * Uo/V MuiV 



(N -n) (JV 2 -6Nn + N + 6« 2 ) I 
+ (JV - 1)(AJ-2)(JV -3) « 3 

N(N-n)(N -n -\) 3 (« - I) 
+ (JV — 1 ) (AT — 2) (TV ' -1) « 3 



X (^ - ^°\)] (17) 

It is seen that the contribution of higher order terms depends, 
apart from n, on the values of the moments and product-moments 
of the two variates. To get an idea of its magnitude, we shall 
suppose that N is large and that, further, the population follows 
a bivariate normal distribution, so that 

/ii2 = o = fj-21 ; M03 = o = /j-so ; moi — -W 2 ; ^u = 3/i U /i j 

We then have 

x(*,- "" Y] 

= ** [l r J (C. 2 -pQC.) + ~ C.» (C, 2 ~ P C„C X )] 
= R N [l + ^ (C. 2 -pC,C.)(l + J C. 2 )] (18) 



10 
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To a second approximation, the relative bias in a ratio estimate 
in samples of n from a large population can, therefore, be 
expressed as 

B t = 5, (l + 3 - C. a ) (19) 

Equation (19) shows that the contribution of the third and fourth 
degree terms to the relative bias of a ratio estimate is 3C x a //j 
times the value of the latter to a first approximation. Unless 
n is small, the contribution can, therefore, be considered to be 
negligible. G. R. Ayachit (1953) has assessed the value of contri- 
butions to the bias from successive approximations by means of 
experimental sampling on a wide range of populations commonly 
met with in surveys, and found that the contribution of higher 
order terms is negligible. For appreciably large n, say 30 or 
larger, even the leading term is found to be of no consequence. 

4a.S Variance of the Ratio Estimate 

By definition, 

V(R.)=E{X n -E (*.)}• (20) 

From (8) we write to a first approximation 

R n = R N +R N ( f " - -." ) + R N ( *_• ! - bi') (21) 

N \y N x N J n " \x„ 2 y N x N J yjLi > 

Hence, substituting from (21) and (12) in (20), we have on 
expanding and retaining terms up to the second degree, 

y N * V y N x N J y ' 

Let V x denote the variance of a ratio estimate to a first approxi- 
mation. Taking the expectations term by term, we obtain 

V x (R.) = R„* -^ " I (c,' + <V - 2 P C,C.) (23) 
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or 

^(£) = -^--i( c - ,+c - , -^ c - c (24) 

When 

C/ = C. 2 = C 2 

the expression for the relative variance takes the form 

K '(*-)=-Jti" 2C, < , -'> (25) 

and, for large N, 

= 2 (relative bias) (26) 

Comparing (26) with (13), we see that the bias in a ratio 
estimate is of the order l/n and hence negligible, for n sufficiently 
large, as compared to its standard error which is of the order 

Wn. 

To obtain the variance of the estimate of the total, namely, 
Y R , we multiply (23) by N 2 x N \ so that 

Vx (Y R ) = N ~ n n Y* (C/ + C* - 2 P C,C.) (27) 

which can also be alternatively written as 

= N ( N ~^ js,i + * W « S# . _ 2 R N P S,S,} 

= N* { V (JV> + R N * V (*„) - 2R N Cov (y„ *„)} (28) 

An alternative expression for the variance of the ratio estimate 
which, in some ways, is more instructive can be obtained by 
expanding the expression within brackets in (27). We have 

/n x n sn x n 
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= p? r^-'i"" 

"*" v ' "~~""N- 1 






r " AT 

1 



Li=l 4=1 






- 2/? - ZI 

i-1 J 

vttf-1) v>-^ 2 ] < 29 > 



1 



and 



Hence, from (23) and (27), 

^^^iJlri-iii-ifZl "-^ (30) 

AT 

k, (iy = ( ^^ £ <* - ***<) 2 (3D 

i=i 

If the population is regarded as divided into k classes with 
the N{ units in the ;-th class having the value X{ each, (30) and 
(31) can be rewritten to read as follows: 

* Hi 

v ^-N-ll-^4LL^~ R ^ (32) 

«-i i«i 

and 

£2>,-w (33) 

*«1 I'l J 
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Clearly, the term under the first summation is proportional to 
the variance of y for a fixed value of x when the regression of 
y on x is linear, and the regression line passes through the origin. 
For, in this case, we have from (14) and (15), 

E (ji, | x t ) = R N x { 

Hence 



i=i j=i 



--= N t K(v„ |* ( ) 
or simply 

- N t V{y\i) 



We may, therefore, write (32) and (33) as follows: 



i~\ 



and 

k 



k,(w -%"_-,".; £"■ '""i* 



(35) 



It is, therefore, seen that the variance of a ratio estimate depends 
upon the relationship between the variance of y for a fixed x and 
the value of x. The situations of practical importance are those 
in which 

(a) V(y\x)= constant say y, or V ( y j a) = ^ 2 (36a) 

(b) V(y | jt) oc x say yx, or V (? j .x) = * (36 b) 



and 



(c) P(v 1 x) <x x 2 say yx 2 , or V ( y j x) = y (36 c) 



On substitution in (34) and (35) we obtain the approximate values 
given on the next page for the variance of a ratio estimate 
appropriate to the above three cases. 
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Vi (*„) 


Vi(Y H ) 




(a) 


N — n y 
N - 1 ' nx w 2 


N* (N-n) y 

N - 1 ' n 


(37 a) 


(b) 


N — n y 
N — 1 nX N 


NHN-n) y 


(37 6) 



N-n y £ N <* % N(N-n) y y t 
{C) N-ln' NX,* N-l ■ n Lt ' ' ( ? } 

We will later on show that when V (y \ x) oc x, the ratio estimate 
is the best unbiased linear estimate for a given set of x's. 

4a.6 Estimate of the Variance of the Ratio Estimate 

Just as s y 2 , y n , s x 2 and x n provide unbiased estimates of the 
corresponding population values, similarly s yx defined by 

5 " ~~" n - 1 

provides an unbiased estimate of the corresponding population 
value />S V S X . If the sample means and variances are independently 
distributed as they will, for instance, be in samples of n from a 
normal bivariate population, an estimate of the relative variance 
of a ratio estimate will be given by 



~ * (£) - V (£ + £ - &) 



(38) 



On simplification in the manner shown in the previous section, 
(38) reduces to 

Est - V > (£) = N ^T ■ y\* • nh L <* ~ **>' (39) 
We can thus take the estimates of the variances of R n and Y s to be 

Est. Vx (*.) = N ^ n • ± • „4 1 £ C» - W (40) 
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and 

Est. V X (Y R ) = " ( * ~ "> . A-, £ bu ~ W (41) 

The reader will note that these are biased estimates but the bias 
will be negligible if the coefficients of variation of y and x are small. 

One special case of a ratio estimate, for which the estimated 
variance takes a particularly simple form, may be mentioned. It 
is the case of a weighted mean in which the weights are in the 
nature of ancillary information, varying from one sampling unit 
to another, with yi of the form w^ and *i = wj, so that 

n 

*.=^- = ^- 4 (42) 

The sample estimate of the variance for this case is given by 

n 

E ^W=^"^M«-l)^ !( "- gi (43) 



and 



Est. V, (Y R )^ N {N n n) ■ l _ JT w<* (,,, - iJ (44) 



4a.7* Second Approximation to the Variance of the Ratio Estimate 

We shall first obtain an expression for the relative mean square 
error of R n defined as 



1 
R N 



■ t E(R,-R M )* (45) 



From (8), we have to a second approximation, i.e., neglecting the 
contribution of terms involving powers in * n and i n ' higher than 
the fourth, 

*»jz.A» = «■ _ '-' + i «l - !-.!-»-' + isis-'- - *"' 3 

■Rn Pn *n *'n 2 J'jv*n Pn^n *w 
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On squaring both sides, expanding the right-hand side and retain- 
ing terms up to and including the fourth power in £ n and k n ' 
and taking expectations, we obtain 



\ Jt N J \y N 2 x N > y N x N J 



\yN x N yN X N X N 



+ E (^'~ - ^ + 3i .\) (47) 

VW y N x N 3 x N < J 

We notice that the second approximation to the mean square 
error involves the addition of the last two terms in (47) to the 
expression as given in (22). Using the results from the Appen- 
dix, we obtain 

E /R„ - R N \ 2 = N-n 1 /fi m + Mo 2 _ 2/x,, \ 

2 (N - n) (N - 2«) I 
+ (N-\)(N-2) n' 1 

>< ( 2 ' ll = — M21 _ ' i ° 3 ^ 
Viofoi 2 MioVoi MoiV 

3 J N J- ii!^l+ N - 6 nN + 6 " 2) 

"i? (N - I) (N~ 2) (N - 3) 

X ( .".*,_ >»,+ "°<) 
\Mio"Moi Miofoi Mci / 



3(n-l)N(N - n)JN - « -1) 
+ « 3 (TV - 1) (N- 2) (TV - 3)" 

v />2oMo2+2/i n 2 6 MnMo2 , 3 Mo 2 2 

V MioMoi MioMoi Mm 



£) (48) 



If the population is large and follows the bivariate normal 
distribution, we have 

Mao = M21 = Mis = Mos = ° 

rtn = 3S. 4 , ft 40 = 3S/, /!„ = 3?S„ 3 S„ m I3 == 3pS„S. 3 

f*„=(l +2 P ») S, 8 S, 2 
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so that 

(R n - R s \* = 1 ( S • S, 2 _ 2 P S,S X ) 
\ R N J n IV "•" V v„.? w f 

+ 3 in - v> S " iS ' 2 - 6/>S ' S ' 3 + 3S *'l 
+ * 2 l (l ' 2p) VV V* 3 V) 

= 1 (S, 2 S, 2 _ 2 P S V S I | 

« <V V V N ) 

« 2 V (V V Vn 
2S, 2 2 P 2 S„ 2 4 P S„S X 



+ T% + 



2 






x n yN~ yN x n 

which can be expressed as 

(49) 

where K x (R n IR N ) denotes the relative variance of R n to a first 
approximation in samples of n from a large population. 

For the finite population, the effect will be approximately to 
multiply V x (R n l^ N ) by (N - n)\N. We may, therefore, write 

Now 

£ (J?. - R N Y = E[R n -E (R„)Y + [E (R„) - R N V 

= V (/?„) + (bias) 2 (51) 

Hence, deducting from (50) the square of the relative bias term 
given by (13), we obtain 

(52) 



+ 2 AC.- P cA (50) 
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When C x = C y — C, the expression simplifies to 

Vi (r n ) = 2 -^~^ + ^ {6 (1 - /,) + 5 (1 - p)*} (53) 

Since (1 — p) 2 will usually be negligible as compared to 
(1 — p), we have 

^G)-"'(«;){ , + » c '} (54) 

It will be seen that the expression for the second approximation 
to the relative variance is related to the first approximation in the 
same way as the expression for the second approximation to the 
relative bias is related to the first. We conclude that, unless 
n is too small, the first approximation may be considered as 
adequate. The result is due to Cochran (1940). 

4o.8 Conditions for a Ratio Estimate to be the Best Unbiased 
Linear Estimate 

We shall now show that when (i) the relationship between the 
mean value of y for a given x is linear with x and passes through 
the origin, and (ii) the variance of y about this line is propor- 
tional to x, then, for a given set of x's, the ratio estimate Y R gives 
the best unbiased linear estimate of the population total and its 
variance is given by 

N-n . y . N2 s 
N nX n " Xn 

Let equation (14), namely, 

E(y\x) = fo (55) 

denote the regression of y on x passing through the origin, and 

V(y\ X ) = Y X (56) 

denote the relationship between the variance of y for a given x, 
and x. We have seen in (15) that jS in this case represents the 
population ratio R N . 

It is known from Section 2a. 3 that the best unbiased linear 
estimate is given by a corollary of the Markoff theorem on linear 
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estimation (Neyman and David, 1938). The method consists in 
setting up a linear function of observations as the estimate of /? 
and minimizing its variance subject to the condition that the 
estimate is an unbiased estimate of /?. Suppose that the estimate 
of the population total Y is given by 

Y„ = Z \nj ni (57) 

where the y observations in the same class are assumed to have 
equal weight and Aj's are chosen by the application of the 
Markoff method. Now, the condition of unbiasedness gives 

E ( Z VjO = Y = i N t y Nl (58) 

Substituting from (55), we obtain 

Z Knjxt = Z Njxi 
or 

i(«A- NJx, =0 (59) 

t=i 

Now the variance of Y R for given w,, « 2 , . . ., n^ is given by 

V (Y R | n„ n 2 , ..., n k ) = E<( Z Kny n — Z K"S' Nl } 

1 V(=i i»i / 

U"l 

+ z K^wi (>'.( - >W (y*, - y N ) \ 

= Zn?K 2 V(y ni \x t ) (60) 

(«i 

From (56), we have 
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i.e., 

AT _ 1 

S ( 2 = yx i 



where Sj 2 is the mean square for the ;-th class. Hence 

Ni-nt 1 N< 

"^-1 n t ™ (6,) 

Substituting in (60), we get 

k 

V(Y R | «!, n 2 , ...,n k ) =y ^ V« 4 ^* __■ ^ x< 



(62) 



The Markoff method of estimation requires that Aj's are to be so 
determined that (62) is minimum subject to the condition that 
(59) holds. 

Let 

k t 

4> = y J] V». % t -Z \ x < ~ r £ ("& ~ *«) *< (63) 

where p is some constant. Equation (63) can be written as 

-f terms independent of A< (64) 

Clearly, V (Y R \n 1 ,n l , • .-."ic) is minimum when each of the 
square terms on the right-hand side of (64) is zero, or in other 
words, when 

A «-£-tf^i (-1,2,..., A) (65) 
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To evaluate p, we substitute for X t from (65) in (59) and obtain 



M 


Nx N 


2y 


y (N, - 1) n iX( 

Li (ffi - «.) 


whence 




K 





(/ = 1, 2 *) (66) 

Hence, substituting for A t from (66) in (57) and (62), we obtain 

Y R = ^ (67) 

i=i 
and 

V(Y R \ ni , nt , ...,«.) = ^ (68) 



E"^(^_ii) 



If the sampling in each class is assumed to be carried out with 
replacement, or alternatively, «j is small compared with Ni so that 
(Ni — 1)/(jVi — «i) can be assumed to be unity, (67) and (68) are 
seen to reduce to 

r, - «„ (|) m 

and 

V(Y R \n u n .»»)=y^f < 70 > 

showing that the ratio estimate under the conditions stated in the 
beginning of this section gives the best unbiased linear estimate, 
provided Nfs are large. 
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When, however, JVYs are not large, the estimate Y R will be only 
approximately given by (69) and the effect on the variance of Y R 
will be to multiply (70) by the usual finite multiplier (N — n)jN. 
For, estimating N{ from the sample, we have 



».-«(*) 



and hence 














N< - n ( = 


N 

N-, 


n 










On substituting 


from 


(71) 


in (67) 


and 


(68), we 


obtain 


Y R = Nx N • R„ 












and 

If 1 V 1 „ 






_ N ~ 


n 


W 2 V 





(71) 



(72) 



' \*R \ "1> "2» ■ • •» "t> tj ' ' ' nx 

We notice that the variance depends upon the set of jc's which 
happen to turn up in the sample. In repeated samples, to a first 
approximation, the average value of (73) is given by 

V(Y R ) = "ULzlO yX - (74) 

The slight difference between this expression and (31b) is due to 
the use of approximations in the derivation of both. 

4a.9 Confidence Limits 

We have just seen that when (i) the relationship between y and 
x is a straight line passing through the origin, and (ii) the variance 
of y about this line is proportional to x, the ratio estimate R n 
is the best unbiased linear estimate of the population ratio for 
a given set of *'s, with the sampling variance given by 

N — n y 

It is a well-known property of an unbiased linear estimate that 
if n is not too small and N is large, the probability that the 
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difference between the estimate and the population value will 
exceed a fixed multiple of the standard error of the estimate is 
approximately equal to the probability as determined by the 
normal law. Consequently, the confidence limits for a population 
ratio are obtained in the manner indicated in Chapter II, being 
given by 



*.±'(..oo> «J J^ 



(75) 



When, however, conditions (i) and (ii) of Section 4a. 8 do not 
hold, the exact distribution of a ratio estimate is not known 
to have been expressed in a simple form. For large samples, 
however, the distribution of R n !R N can be regarded as normal 
for all practical purposes, with the standard error given by 

^- (C.» - IpC.C, + C/)l 

We, therefore, expect the following inequality to hold on the 
average with probability (1 — a): 

£ ■-/,..-, ^(c.'-?pc.c, + c,«)» < i < £ 

+ <(«.oo, ^ n (C.» - IpC.C, + C,»)» 



yielding the following confidence limits for R N : 
*. 

i± /,«.«», .jr n ic.*-2pc.c, + c,y 



(76) 



For small samples, the following method is available. Let 
(x it vO be normally distributed. Consider a function 

u=y n -R l ,x n (77) 

Clearly, u will be normally distributed with variance 

S.» - I (S,» - 2JVSA + Rs^.*) (78) 
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We have worked out in Table 4. 1 the ratios of y S( to Jc^ and 
of V (y | i) to x Ni for the different classes. The ratio of y Nt to 
x Nt will be seen to be fairly constant, showing that the relationship 
between y and x is approximately linear. V (y | i) also appears to 
vary as x up to 1000 acres but not beyond it. It has, however, to 
be observed that the coefficient of correlation for the last class, 
namely, with villages having area larger than 1000 acres, is rather 
large and the calculated value V(y\i) cannot possibly give for 
this class a correct idea of the variance of y about the line 
y — R K x. On the other hand, any further division of this class 
to study the behaviour of the variance of y with x is also not 
feasible owing to the fact that the number of observations is few. 
As about 35% of the livestock population is accounted for by 
villages with agricultural area larger than 1000 acres, it appears 
advisable to study separately areas less than 1000 acres and those 
with larger acreage. The ratio estimate may be used to provide 
an efficient estimate of the livestock population for the first group 
comprising all the villages in the first six classes. 

Example 4.2 

Calculate for a sample of 64 villages, the sampling variance of 
the estimate of the total livestock population for villages with area 
less than 1000 acres based on (a) the simple arithmetic mean, 
and (b) the ratio method. Hence calculate the relative efficiency 
of the latter as compared with the former. 

For obtaining the variance of the estimate based on the simple 
arithmetic mean, we need the value of V (y) based on all the 
319 observations (N) with area below 1000 acres. This is given 
in col. 8 of Table 4.1. 

Substituting in the formula for the variance of the estimated 
total based on the simple arithmetic mean, we obtain 

~ J19 X 318 * 64 
= 10572000 
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Since the sample size is fairly large, the sampling variance of 
the ratio estimate of the total livestock population may be assumed 
to be given by 

where V (x), V (y) and p V'V(x) • Y(y) are the variance of x, 
the variance of y and the covariance of x and y, and 



*» 



fi 

E N iXfli 



Now, from Table 4.1, we get 

*" = 367-5 = °- 3 ° 86 
and, therefore, 

V = 0-09523 
Also 

V(x)= 39528 

FCv) = 8292 
and 

P VV(xY : V(y) = 12378 

Substituting these values in the expression for the variance of the 
ratio estimate of the total livestock population given above, we 
obtain 

V(Y„) = 319 * 255 X *!■? X [8292 - 2 x 0-3086 x 12378 
64 Jlo 

+ 0-09523 x 39528] 

= 1271 -0 X l\l [8292 - 2 X 3820 + 3764] 

= 1271-0 x 4430 
= 5631000 
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Alternatively, we can consider 



TV 



n 



as an estimate of the mean square deviation from the ratio line 
since the correlation coefficient between the agricultural area in 
a village and the livestock population in each of the six classes 
is very low and not significant. In this case, we get the variance 
of the total livestock population estimated by the ratio method as 



n 

N(N-n) x l n x ^j J^N.Vtvli) 



= 319 X 255 X }. X 4602 
64 

= 5849000 

This value is only slightly larger than the one calculated ahove, 
as one would expect owing to the small values of p within the 
classes and the close linear relationship between y and x. 

It will be seen that the variance of the simple arithmetic mean 
estimate of the total livestock population exceeds the variance of 
the ratio estimate by 88%, showing thereby that the latter is 88% 
more efficient than the former. This large gain in efficiency of 
the ratio estimate is to be expected in view of the high correlation 
between the agricultural area in a village and the number of 
livestock in it. 
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4a. 11 Ratio Estimate in Stratified Sampling 

Let R n( denote the estimate of the population ratio for the 
/-th stratum and Y R( denote the ratio estimate of the population 
total of y in the /-th stratum. Then, clearly, the estimate of the 
population total of y over all the strata is given by 

* 
«-l 

t , N, \ 

1=1 (. i=i > 

-= i R ni X N t x Nl (84) 

i=i 

Now 

E{Y*) = £ N,x Nt E(R nt ) (85) 

<=i 

Hence, from (12), we have 

N, - n, /S,. 2 _ S„S ;< 



^»^^,{. + V(fc-"K:)} 



(86) 



It follows that Y p is a biased but consistent estimate. To obtain 
an idea of how the bias diminishes with the size of the sample, 
we will suppose that the finite multiplier approximates to unity, 
n t — n\k and further assume that S ta ./jc W( , Styly Nl and p t are each 
of the same order from stratum to stratum, say C x , C y and p 
respectively. The relative bias in the estimate then equals 

k n (c.*- P c,c.) 

It follows that in order that Y R should provide a satisfactory 
estimate of the population total, the sample size within each 
stratum should be sufficiently large. 

The variance of Y„, to a first approximation, is given by 
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= E \ E N,*x N ;- (R„, - R Nt Y + 2 N t N t .Jt H fi„ t . 

\ t=\ i^r=i 

X (K, - R Nl ) (*„• - **,')} (87) 

Since to a first approximation 

and sampling is done independently in the different strata, the 
product term is zero and we obtain 



V t (Y K )= 2 tf.'W^i (*.,) (88) 



1=1 

k 



= N J^ Pi {N ' nt n,) ( V + Rh'S,,* - 2R NlP ,S„S,.) (89) 



«=i 



where p t = N t /N. Using (29), this can also be written as 



(=1 



The above formulae are based on the assumption that n t is large. 
This, however, is not always true in practice. To get over this 
difficulty, Hansen, Hurwitz and Gurney (1946) suggest a single 
combined ratio, namely, 

* 

S PJn, 

'-.;.___ (91) 

S P,x„ 

1=1 

and denote this ratio by R n „ and the estimate of the population 
total by Y Bt in order to distinguish them from the corresponding 
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estimates based on separate strata. To obtain the expected value 
of (91), we write 

k k 

E P,v„, = >W + «» an d S P,x„ t = x N + t,' (92) 

1=1 (=i 

where 

£(e„)=0, £(O=0 (93) 

k k 

Ei ^ = L \n"' ^ Eii »' 2) = L %? ^ 

<=i i=i 

(94) 
Then to a first approximation 

E (*»)=*" \l+ E f : ?- E ft :) } (95) 

Hence, the relative bias in R nc is given by 



E Nf —»t n 2 /' S 'i 2 _ PjSlfitA 

N t n t Pt \XJ y N x~) 



(96) 



To have an idea as to how rapidly the bias diminishes with the 
size of the sample, we will suppose that n t is proportional to N t 
and S tx , S ly and p t are constant. The relative bias will then be 
seen to be given by 

N P U C .*-P C > C 1 (97) 

It follows that even when the size of the sample within each 
stratum is small, a combined ratio estimate can give a satisfactory 
estimate of the population total provided the total sample is 
sufficiently large. 

To work out the sampling variance of the combined ratio, we 
have, to a first approximation 
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\ >N X N )'n*N / 

1=1 
_ 2 r Ntj-jij „ PtS^s,, i 

Z-J N,n t ' y N x N I 






k 

N 



(98) 

It is interesting to note that the sampling variance of the combined 
ratio has the same form as that of the ratio estimate based on 
separate strata except that there is now a single ratio R N in place 
of R Nl . 

The difference between the sampling variance of Y Rc in (98) 
and of Y„ in (89) is given by 

2] NP ' {N ' n ~ ^ (S (I 2 (V - R„ t 2 ) -2{R„- R Nt ) p^SJ 



X (tf„,S„ 5 - p,S„S„)} (99) 

It will be seen that (99) depends upon the magnitude of the varia- 
tion between the strata ratios and the value of 

(*n,S, x 2 - Pt S„S tl ) 

The latter will, however, be usually small, vanishing in fact when 
the regression of y on x is a straight line through the origin 
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within each stratum. It follows, therefore, that the combined 
estimate will have a lower precision than that based on separate 
strata. On the other hand, the bias in the former estimate will 
be smaller than in the latter. Unless, therefore, the population 
ratios in the different strata vary considerably, the use of a 
combined ratio may provide an estimate which has a negligible 
bias and whose precision is almost as high as that of the estimate 
based on separate ratios. 

Lastly, we shall determine the optimum allocation of the sample 
among the different strata when a ratio estimate is used. We 
shall consider the simplest case for which the cost of the survey 
is proportional to the size of the sample. Assuming that the 
cost of the survey is fixed at, say C , and that C = en, where 
c is the cost per unit in the sample, the optimum allocation is 
given by minimizing the variance of the ratio estimate given by 
(90) for fixed n, say //„. 



Let 



*- *z {»■ *r- «.*}■•- '(z> 



i- 



(100) 



where /* is a constant, and 



Nt 

s 

(=1 



2 (y t < - Rmx«y 



Clearly, <j> can be written as 

$ = Y\ S N 'St> _ y^- j + terms independent of n, (102) 

It follows that the optimum value of n t is given by 

n, oc N,S„' (103) 

This result is thus analogous to that for the simple arithmetic 
mean estimate, except that instead of the variance of y within 
a stratum, viz., Sty 1 , we now have the residual variance of y about 
the ratio line in the stratum, viz., Sty' 2 . 
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Example 4.3 

From the livestock data referred to earlier, it is proposed to 
draw a stratified random sample of 73 villages (amounting to 20% 
of the total) and to estimate the total livestock population for 
the entire subdivision. The villages having agricultural area up to 
1000 acres constitute the first stratum and the remaining villages 
the second stratum. Calculate the optimum allocation of the 
villages between the two strata if the method of estimation to be 
adopted is (i) ratio method with a common ratio for both strata, 
(ii) ratio method with separate ratios for the two strata, and 
(iii) simple estimation within each stratum. 

Also calculate the sampling variance of the estimated total by 
each of the above methods and hence compare their efficiencies. 

The relevant calculations for each method step by step are 
presented in Tables 4.2, 4.3 and 4.4. The tables are self- 
explanatory. The results are tabulated below: 



Number of Villages 
Method of Estimation i n the Sample Sampling Effidency 



Variance 
Stratum 1 Stratum 2 



(i) Ratio estimate with common ratio 

for both strata .. ..54 19 8707000 191-5 

(ii) Ratio estimate with separate ratios 

for the two strata .. ..54 19 8688000 192-0 

(iii) Simple estimate within each 

stratum .. ..53 20 16677000 100-0 



172 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 



Table 4.2 

Stratified Random Sampling with a Single Combined Ratio 
for Both Strata 

(Adopting Optimum Allocation Between the Strata) 
151-9 



Ho 520-4 



= 0-2919 



J?„ 2 =0 08521 



Stratum 1 Stratum 2 

Agricultural Agricultural 

Area Area 

0-1000 Acres > 1000 Acres 



(1) N, 
(2)»'CI0 •- 

(3) p t ^y(x\iTy(y]o 

(4) *« o -(3) .. 

(5) V(x 10.. 

(6) R N «.(5) 



A 7 . 



(7) Residual M.S. S, v ' 2 = .,"' , [(2) - 2 

TV,— I 

(8) S„' = VT7) 

(9) A'.S,,' = (1) • (8) .. 

(10) n,» 

(U)N,(N,-n t ) 



(4) + (6)] 



319 
8292 

12378 
3613 

39528 
3368 

4448 

66-7 

21300 

54 

84535 

6963000 



S.E. 
Y 

%S.E. 



<= 6963000 + 1744000 
= 8707000 
= 2951 

= (151-9) (364) 
= 55300 
2951 



55300 



• 100= 5-3 



45 

58402 

107673 

31430 

377255 
3214b 

28317 

168-3 

7600 

19 

1170 

1744000 



* Obtained by distributing 73, the total number of villages to be sampled, in 
proportion to N,S tt ' given in row (9). 
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Table 4.3 

Stratified Random Sampling with Separate Ratios 
for the Two Strata 

(Adopting Optimum Allocation Between the Strata) 
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(1) N t 

(2) Rn, =)'N t /x Nl .. 

(3) Rn? 

(4) V(y | /) 

(5) Pi'/V(x\i)-V(y\i) 

(6) (2). (5) 

(7) V(x\i) 

(8) /?^KUI0 = (3) • (7) 



Stratum 1 
Agricultural 

Area 
0-1000 Acres 


Stratum 2 
Agricultural 

Area 
> 1000 Acres 


319 


45 


0-3086 


0-2650 


09523 


07023 


8292 


58402 


12378 


107673 


3820 


28533 


39528 


377255 


3764 


26495 



(9) Residual M.S. S„" -= 

(10) S,/ 

(11) JV,S„'=(1).(10).. 

(12) «,t 

(13) N t (N,-n t ) 
(9) ■ (13) 



JV,-1 



{(4) -2-(6) + (8)} 4430* 



(14) V(Y Rt ) 



(12) 



6935000 



V(Yr) 

S.E. 
Y 



= 6935000 + 1753000 

= 8688000 

= 2948 

-= (151 -9) (364) 
= 55300 



•/.S.E. -« 



2948 



55300 



• 100 =5-3 



28464 



66-6 


168-7 


21200 


7600 


54 


19 


84535 


1170 



1753000 



* The steps leading to this figure are reproduced from example 4.2. 
t Obtained by distributing the total sample in proportion to Nfi,,' shown in 
row (11). 
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Table 4.4 

Stratified Random Sampling with Simple Estimate 
for Each Stratum 

{Adopting Optimum Allocation Between the Strata) 



Stratum 1 
Agricultural 

Area 
0-1000 Acres 



Stratum 2 
Agricultural 

Area 
> 1000 Acres 



(1) N, 




319 


45 


(2) ^-' S„» 




8292 


58402 


(3) S,,' 


.. 


8318 


59729 


(4) S«„ 




91-2 


244-4 


(5) N,S,„ 




29100 


11000 


(6) ii f * 




53 


20 


(7) N,W,-n t ) 




84854 


1125 


c« v<r*» - ™wr ■ 




13317000 


3360000 




V(Yr) = 16677000 






Y = 55300 








S.E. - = 4084 








/a "• t " 55300 


100 = 7-4 





* Obtained by distributing the total sample in proportion to N t S tt shown in 
row (5). 

The variance of the estimate (ii) is less than that of the 
estimate (i) as we should expect but only slightly so. That there 
is no appreciable gain in assuming separate ratio lines for the 
two strata is also borne out by the fact that the optimum distri- 
bution of the villages in both cases turns out to be the same. 
Compared to the simple mean estimate, however, the ratio method 
is found to be considerably more efficient. 

4a.l2 Ratio Method for Qualitative Characters: Two Classes 

We shall now consider one important application of the 
preceding theory to the case of qualitative characters. Suppose 
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the population is divided into two mutually exclusive classes with 
Ni and N a observations respectively, so that 

N, = Np, N t = Nq 

and 

Ni+N t --=N 

Assume that a simple random sample of n is chosen from iV, 
and that n x of the observations in the sample are in class 1 and 
n 2 in class 2. We shall consider the problem of evaluating the 
expected value and the variance of the ratio R n , defined by 

*> = l\ (104) 

Let yi(i— 1,2, . . ., N) be assumed to have the value 1 when- 
ever it falls in class 1, and if it falls in class 2; and let x { 
(i = 1, 2, . . ., N) be assumed to take the value whenever it falls 
in class 1, and 1 if it falls in class 2. It is then easy to see that 



R n = *_ y * = " x (105) 

and 

R N = «-v. - = C' (106) 



It follows that the mean value and the variance of R n can be 
obtained from the formulae derived in the preceding sections by 
substituting for x N , y K , S x 2 , S u 2 and p in terms of N, p and q. 
Now it is easy to see that 

N 

y K -£- ' = *!=/, (107) 



Zy< 


= " x 


i x t 


n 2 


N 




Z y t 


N t 


N 

Ex, 


~'N, 


i=i 
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N 

E )\ 


, 2 - Nyf 




s* - 


i"i 






N-\ 






Np - 


- Np* 






N 


- 1 




= 


N 
N - 


T ■ p ■ q 


Similarly, 








X N = 


q 




and 








T n n*1 


s. 2 = 


N 
N - 1 


pq 


Lasti 


y. 


E 


x t y t - Nx N y N 




pS x S, 


<=L 


N~] 






0- 


Npq 






~ N 


- 1 



(108) 



(109) 



(HO) 



(111) 



so that p — — \. On substituting in (12), we have 

W ~ Ar 2 1 + Nn \N-\ q + N- \)\ 

It follows that when N is large, so that the finite multiplier can be 
taken to be unity, the relative bias in the ratio is given by Ijng. 

The table below gives the values of n for different values of 
q in order that the relative bias in a ratio estimate may not 
exceed 2%. 

q .. -1 -2 -3 -4 -5 

n ..500 250 167 125 100 
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It is seen that n has ordinarily to be very large and particularly 
so when q is small, in order that the bias may be negligible. 

There is one other point which needs to be emphasised. We 
have seen that when the relationship between y and x is a straight 
line passing through the origin, the bias vanishes. This is not so 
in the present case, for when y is 1, x is and vice versa, and the 
regression line of y on .v does not pass through the origin. This 
explains the need for a relatively larger value of n as compared 
to that in the case of quantitative characters in order that the 
ratio of the numbers in the two classes may give an unbiased 
estimate. 

To obtain the first approximation to the variance of R n , we 
substitute from (107), (108), (109), (110) and (111) in (24), giving 



V ( M = N ~ " ' ( q 
Kl \R N J N-l n \p 

n \p q) 



N-n I /l , V 

N- 1 



~~ N — 1 npq 
4a.l3 Extension to k Classes 



(113) 



The extension of the previous results when the population is 
divided into k classes is straightforward. Consider the ratio 
«i/«j, where «j is the number in the sample in the /-th class and 
«j in the y'-th class, and assume that y takes the value 1 whenever 
it falls in class / and elsewhere. Similarly, let x assume the value 
1 when it falls in class j and elsewhere. We then have 

(1J4) 
(115) 
(116) 

(117) 
yv — i 

12 





R » ~ n] 


yn — A. 


*w=A 


s* - N 

** ~N~l 


A (1 - A) 


S» - N 


aO ~a) 
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and 

»S,S, = - /__ , w (118) 

so that 



P = - a I PiPl (119) 

Substituting from the above in (12), we have 



\nj H, \ N n \N - 1 p* 

, # . AMI 

"^}v-i W) 



-S;{'+Z:;-i-;} »-» 

It will be seen that the formula is identical with (112) except that 
q is now replaced by pj. 

To obtain the variance, we substitute from (115) to (118) in 
(24) and obtain 

v ( R *\ = N ~ n . l ( N -^ (1 ~Pt 
1 \RJ N n \N-\ p* 

N .P,(l_-P,) , 2N Pi p,\ 
"*" N - 1 p? "*" N - 1 PtPl ) 

tf - 1 n \ Pi + p, + i ) 

N-n 1/1 . 1 \ „_., 
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B. SAMPLING WITH VARYING PROBABILITIES 
OF SELECTION 

46.1 Ratio Estimate and its Variance 

So far we have considered the theory of the ratio method of 
estimation for samples chosen by the method of simple random 
sampling. We shall now give the basic theory of the ratio 
estimate when sampling is carried out with replacement with 
varying probabilities of selection. 



Let 



and 



Zi ~ NP t ~ }N " r € ' 



Vi = NPi = Xn + '' 









It is then easily shown that 

E (z^ = y N £ («() = x N 

•£(*»)=>„ E(v*)=x N 

N 
1 = 1 

N 
£(«.'!) = < = ' Y PAVi-Xvf 

n n Z_j 
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On substituting in (9), it follows that 

Also, from (22), we have 

n \y„ 2 x K * y N x„ ) 
This can be rewritten as 

nx N 

= «v {i ^ - w + v (£ ^ - **■ ) 



or 



It follows that 

V, (Y R ) = ^ U] P< (r, - J^l (126) 



or 



\ (y„) = * j 2] p, <* " ^^1 (127) 
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The estimates of the variances of R n and Y R are obtained 
directly from (40) and (41). We write 



Est. V t (U.) = I -\ --1 j £ (*. ~ R*v<f (128) 

and 

Est. V x (Y K )^ N * n \ j £ (z, - R n v t Y (129) 

Finally, we note that when Pi is proportional to xi so that 

Pi = XilNx N , we have 



y t _ y< 
np { *, 



Z i — ' »rr. — „ X N — fiXf, 
I -M 



NP ( 

Z n = ?n X N> V n ~ X N 
P* = Fn' Ps = ?N 

and 



7 R = Nt. = Nx N ■ K 



It follows that the sampling theory of the ratio estimate Y„ is 
identical with the sampling theory of the estimate z n . We there- 
fore have from Section 2b. 2, 

£(y ff -)=NE(z n ) 

showing that the ratio estimate for this case provides an unbiased 
estimate of the population total. Further, from (126), we have 

y(Y*) = N * ■ V • if Pi(r t -f„y 
and, from (129), 
Est 



^-T'.-.^'-'J 1 
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The method of forecasting acreage of principal crops in India 
provides a good example of the application of the theory presented 
in this section. Normally, area figures are collected by the village 
accountant, field by field, for all the villages within his jurisdiction. 
Such complete enumeration is, however, not available in time for 
making nre-harvest forecasts. These are consequently made on 
the basis of advance enumeration of a sample of villages selected 
with probability proportional to the cultivated area (including 
fallows) with which the area under a major crop is known to be 
highly correlated. The ratio method of estimation on the previous 
year's figures is used. 

Example 4.4 

Table 4.5 shows the total cultivated area during 1931 as also 
the area under wheat in two consecutive years 1936, 1937 for 
a sample of 34 villages in Lucknow subdivision (India). The 
villages were selected with replacement with probability propor- 
tional to the cultivated area (including fallows) as recorded in 
1931. The total cultivated area in 1931 and the total area under 
wheat in 1936 for all the 170 villages in Lucknow subdivision 
were known to be 78019 and 21288 acres respectively. Estimate 
the area under wheat for the subdivision for the year 1937 using 
the ratio method of estimation and calculate the standard error 
of the estimate so made. 

What would be the standard error of the estimate if the 
information for the previous year were not used ? 
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Table 4.5 

Values of Total Cultivated Area and of Area under Wheat 

in Two Consecutive Years for a Sample of 34 Villages 

in Lucknow Subdivision 



Serial 
No. of 
Village 


Total 

Cultivated 

Area in 

1931 

(Acres) 

'a 


Area under Wheat 

1936 1937 
(Acres) (Acres) 


/-_ 100 ° v 
a 

V 


1000 v 
a 




0-45894 


'' 0~45894 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


1 


401 


75 


52 


187 


130 


2 


634 


163 


149 


257 


235 


3 


1194 


326 


289 


273 


242 


4 


1770 


442 


381 


250 


215 


5 


1060 


254 


278 


240 


262 


6 


827 


125 


111 


151 


134 


7 


1737 


559 


634 


322 


365 


8 


1060 


254 


278 


240 


262 


9 


360 


101 


112 


281 


311 


10 


946 


359 


355 


379 


375 


11 


470 


109 


99 


232 


211 


12 


1625 


481 


498 


296 


306 


13 


827 


125 


111 


151 


134 


14 


96 


5 


6 


52 


63 


15 


1304 


427 


399 


327 


306 


16 


377 


78 


79 


207 


210 


17 


259 


78 


105 


301 


405 


18 


186 


45 


27 


242 


145 


19 


1767 


564 


515 


319 


291 


20 


604 


238 


249 


394 


412 


21 


701 


92 


85 


131 


121 


22 


524 


247 


221 


471 


422 
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Table 4.5— (Contd.) 



Serial 
No. of 


Total 
Cultivated - 
Area in 


Area under Wheat 
1936 1937 


1000 x 
a 


; 1000 y 
a 


Village 


1931 

(Acres) 

'a 


(Acres) 

' x' 


(Acres) 
'y' 


V 

0-45894 


z 




~ 0-45894 


(I) 


(2) 


(3) 


(4) 


(5) 


(6) 


23 


571 


134 


133 


235 


233 


24 


962 


131 


144 


136 


150 


25 


407 


129 


103 


317 


253 


26 


715 


192 


179 


269 


250 


27 


845 


663 


330 


785 


391 


28 


1016 


236 


219 


232 


216 


29 


184 


73 


62 


397 


337 


30 


282 


62 


79 


220 


280 


31 


194 


71 


60 


366 


309 


32 


439 


137 


100 


312 


228 


33 


854 


196 


141 


230 


165 


34 


824 


255_ 


265 


309 


322 






Total 




9511 


8691 




Crude Sum of Squares 




3166531 


2505925 




Crude Sure 


i of Products 




2727616 





Let a x denote the cultivated area in the /-th village and Xi and 
yi the areas under wheat for the years 1936 and 1937 respectively. 
Then P r the selection probability for the i-th village is given by 

£ ai = 78019. 
Also 

z t = y Q ■ jj and W4 



Pi = a^ A, where A 



X, A 

a, N 



For the sake of computational convenience 1000>>{/ai and 1000;q/aj 
have been calculated instead of Z{ and Vj. These are given in 
cols. 5 and 6 of Table 4.5 and denoted by /j and 1{, where 
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and 



. = 10O0N = z ( 
' A Z * 0-45894 



., = 1(XXW u, 

4 A Vi ~ 0-45894 



Now 

R _ 2*i _Zl i „ 8691 _ 

*" ~ /"- J,., -9511 - ° 9138 

Hence the estimate of the area under wheat in 1937 is given hy 

= (0-9138) (21288) 
— 19453 acres 
From Table 4.5, 

Jt h* = 2505925, 2W = 2727616 and £ /,'» = 3166531 
Hence 

£ (/, - RJif = i /. 2 - 2/i. i /,// + /? B 2 i A' 2 

= 165082 



or 



i (*-**>■ -doij^^-^ 2 



= (0-45894)* (165082) 

= 34770 
Hence 

- <£> <& • 3477 ° 

= 895600 acres 2 
.', S.E ■ Y B = "v/895600 = 946 acres 
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If the information for the previous year had not been used, 

the estimate of the area under wheat in 1937 would have been 

Y = Ni. 

= (0-45894) • N • E h 

__ (0-45894) (170) (8691) 
~ 34 



= 19943 acres 



and 



_n> i / a y \y _ (i/J 

n n-\ VlOOOJVV ) Li ' n 



= ,^7%, (0-45894)* (2505925 - 2221573) 

= ^ 3 (0-21063) (284352) 
= 1542700 acres* 



or 



S.E. Y = 1242 acres 

The increase in efficiency in using the previous year's infor- 
mation 

1542700 j\ 



(.895600 

- 72-3% 
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APPENDIX 
Expected Values of Certain Higher Order Product Moments 

We shall derive expressions for 

(i) £•(<„</*), (ii) /?(*„*„") and (iii) £(«.»«.'*) 
where 

e i ~ X i~ X N 

and consequently 

*n=y,-ys and e„' = x„ — x w 
Let 

f €,•€/"= ^/*..0 (1) 

We may then write 

= ^ 2 P«. oCb,f - Afc.+l, o +j 3 (2) 



Also 






~~ (■" Mo+o, 0+7 /*», (3 — ^H-a+l+e, a+j3 +7 ) 
~ uVV»+«. p+yP: a — #/*.+» t«, a+|3 +7 ) 

+ ^o+e. a+7 ^l. /3 + /*!>+«■ (3+7 A 1 ", a) 

+ 2 ty*.+ » + .. a+^+ 7 (3) 
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Armed with these results and the theorem on expectations in 
Section la. 9, the derivation of the expected values of higher order 
product moments becomes straightforward. 

Thus 

(4) 
t^t¥-t J 



(^ _ „) (at - 2/,) ftt 

(# - 1) (N - 2) n 2 



(5) 



It follows that 



N 
E(e n '*) = ^ (e, - 3e 2 + 2e 3 ) ^ 03 

(TV - n) (TV - 2») ,*„ 
(N - 1) (TV - 2) n s 
Similarly 

S(«.O=*K0(«.Ol 
Substituting from (4), we write 



(6) 
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= \ E \z W + S (e,e/» + 3WV + 3e 4 e 4 'e/*) 

+ £ 3 (e^'e, V + e,e/V) + Z W«*V 

= ' r«ii€ < e/» + e I i(« 4 «/»+3e < e l '*e/+3e 1 e l 'e/«) 
« L i i^i 

+ e 3 Z (3e < e,'e/e i '+3e 4 e i '*e,')+«« f e.e/e.'e,' 

= „4 T e » ^ ^^ + «• ^ («««'"+ 3C.C/V + 3W6/*) 

+ e t E (3 W^V + 3* 4 «/V) 

+ 4 Z *<*/*„' (Z €,' - e,' - «/ - e,')! 
- J, fe l Z c 4 «,'» + C 8 Z (c,e/«+ 3e < * 4 '»e/+3€ 4 e l 'e/*) 

w -I 

— e« Z («««•'«/«* +2 e 4 e/*e t ) 

Using the results (1), (2) and (3) above, we get 

E (*.«„") = ~i [eiAJ*!, + «, {- tyu ~ 3^, + 3 (JVVul*. 
- Jv> 13 )} + 3e, {4^,- 2N*wi*} ~ e t {6Nru~ 3AWoi}] 
= ^« [(*i - 7c, + 12c, - 6c«) Ah, 

+ 3 (e, - 2c, + ej AWm] (7) 
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= N -n T (N* + N -6nN + 6/i s ) 

n 3 L(N - \) (N - 2) (N ~3) ^ 

3(n-\)(N-n-l) 1 ... 

+ (N - 1) (N - 2) (N - 3) "'*»'*•■ J W 
It follows that 

E («„'«) = J 4 [(e, - 7e 2 + 12f 3 - 6e 4 ) A^ 01 

f 3 (f, - 2e 3 + e t ) WVo**] (9) 



or 

JiV - 1) (JV - 2) (N - 3) Mo4 



N -n [ (N 2 + N ~6nN ± 6/r>) 

« 3 L( 



3(«-l)(tf-i,-l) .I 

+ (AT- 1) (AT -2) (AT -3) ^ M J (I0) 
Lastly 

£(e„ s e„' 2 ) = ^ E [(i «,) j| « <e< '» +i («*•/* +2 .,./«/) 



i^*? 4 * 



2 « 'r ' 
1 '( f / 



= \ E \s uW* + i (2 w/ 2 + «,*«/* + 2, 

n ft 

+ 2t i f,f i 'f i ') + 2 (iU f i f k + 2 

(e,e t «/* + 2t i ( t e i '( l ' + ««*«/«»' + 2t < t,e/t t ') I 
= n \ [eiATft, + e, (A'Wos + 2AfVn 2 - 7JW 
- e 3 (2tfV,oMo2 + 4JVVu* - 12JV/0 

~«4 f (««»«/«*'+ 2«4*#«/«.')l 

= J* [«iATf4i + e t (A^m.0^0. + 2A«Mii* - ™ M «) 
- *, <2WW« + 4JVVu« - 121W 
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1 



= - 4 I ( e i ~ 7e 2 + Ue 3 - 6e 4 ) AV22 

+ (e 2 ~ 2e, + e.,) N 2 (?,&„ + 2 Hl *) j (11) 

_ N -n I" (N* + N - 6nN + 6« 2 ) 
~ « 3 [( 



.(N- 1) (N - 2) (N - 3) 
(w- l)(N-n- 1) 



(«-l)(^-n-l) -1 

" h (tf- 1) (A? -2) (AT - 3) A ^"" x <« + ^» ^J 

(12) 



CHAPTER V 
REGRESSION METHOD OF ESTIMATION 
5.1 Simple Regression 

In this chapter, we shall consider the regression method of 
estimating the population total (or mean) of the character r 
under study. Suppose, as previously, that the population is 
divided into k classes with, say, hi ^ units having the value .Vj 
each (; =1,2, . . . , k), and that a simple random sample of n 
is drawn from the population N. Suppose, further, that in 
repeated samples of n, the number of units having the value .\\ 
is fixed, say given by wj (/ == 1,2, . . ., A:). In simple regression 
we postulate a procedure of sampling in which n u n it ...,»/< 
units are drawn from their respective classes with replace- 
ment. Further, we assume that the mean value of y for a given 
x is linear in x and V (y | x) is constant. In other words, y is 
of the form 

yil = a + px t + €„ (I) 

where 

£(««|0=0 
and 

E (c^ | /) -~ constant, say, y (2) 

Summing up (1) over all the N units in the population, we have 



L 



Y - Na + p £ N { x, (3) 



When o and /J are estimated from the sample and the population 
total of jc is known, the right-hand side of (3) provides an 
estimate of the total. This estimate is known as the simple 
regression estimate. To distinguish it from the estimate of the 
population total based on the ratio and the simple mean methods, 
it will be denoted by Y h and the mean by yi- 

13 
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5.2 Simple Regression Estimate and its Variance 

We have seen in Section 2a. 3 that the best unbiased linear 
estimate and its variance are given by the Markoff method of 
estimation. Suppose that Yi is given by 

Y, = i » 4 AJ> nt (4) 

where Aj's are to be chosen so as to satisfy the conditions of the 
Markoff Theorem. The condition that Yi should be an unbiased 
estimate of Y gives 






On substituting from (1), we obtain 

I rt,A, (a + /Sx 4 ) = h N, (a + fix,) 

which can be written as 

i (n t X, - N t ) (a + px ( ) = (5) 

The second condition of the Markoff method of estimation is 
that the variance of the estimate should be minimum. Now the 
variance of Yi when « lf « 2 » • • • » «fc are fixed and sampling is 
carried out with replacement with constant variance y in each 
class, is given by 

k 

V(Y,\, h ,r h n k ) = Yj"* X ?t 

where 

Ni 

*—'" ■*<■ -y (6) 

Hence 

kl/i^, n,) = yi»A' (7) 

1 «-i 
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To minimize (7) subject to the condition (5), we shall use 
the Lagrangian method of multipliers and form a function <j> 
given by 

<£ = y E "A 2 -v- t to A, - N t ) (a + p Xt ) (8) 

where p is the Lagrangian constant. 

On differentiating <f> with respect to Aj, a and f} and equating 
to zero, we obtain 

^ = In^y - /xu, (a + fo) - (/ -1,2,..., k) (9) 



** «* -m i (ffiA, - JV ( ) - (10) 

to (=r 



and 



^ ~ - M i a- ( („a - ^> = o in) 

From (9) we have 

M« + to> = «'+/»'* (|2 

2y y 

where 

«'- ^ and /*'=-- f (13) 

Substituting from (12) for A t 's in (10) and (11), we obtain 
" («' + JS'JE.) = N (14) 



and 



"-*'*. + ^ Vn.x.* = Nx„ (15) 

i»i 
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Solving for a' and j3\ we get 

p = .^.(**_rA>... (16) 



E n, (x 4 - x„) 2 



4-1 



and 



a' = A/y f- - f-^-*") 1 (17) 

I" 27 111* -*.)»] 

On substituting for P' and a' from (16) and (17) in (12), we 
obtain 

"•""j- 4 " iZ*-*S {Xt ~* J \«=*- 2 «('») 



Hence, from (4), 

27 «tVn ( (*i - *,) 
Y, = AT<j>.+ , " 1 1 (x w -*„)> (19) 

27 « 4 (*< - *„)" 

Estimating 7 from (3) by 

N& + NxJ 
and equating with the right-hand side of (19), we have 

a = y, - j8*„ (20) 

and 

* 
27 nJ> Hi (x, - x.) 

/3 = 4 °» (21) 

2" «« (x, - x H f 

«»i 

To obtain the variance of Yi, we substitute for Aj from (18) 
in (7). We then have 

y{Y,) = y jtntf 
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1=1 Z «, (*■ - x„Y 

Clearly, the middle term is zero, giving us 

K(r,) = N>yj [ + J^-*-) 1 ) (22) 

which can also be written as 



V (K, 



/V f, + («,-*)') (23 ) 



where m± is the sample mean x n , nit denotes the second moment 
of the sample about its mean and ^ the population mean 
of x. 

Pooling (6) over k classes gives 



(24) 



Y 






From (20) and (21), we have 


the identities 


a 


^ ?N- P* N 




and 






J8 
or 


2" U y t , (x, - x s ) 

£ Wi (jfi - * W ) J 

= 27 Z(* -*w) 





(25) 
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where the summations in both numerator and denominator are 
carried out over all the N pairs fa, _yy), 

= P ° a ' , say (26) 

On substituting for a and J3 from (25) and (26) in (24), we get 

N 



y = 



r n n 



•v - x N y 



= V (1 - ,< 2 ) (27) 

We may, therefore, write (22) as 

V(Y,\n„n» ...,n k )^N*o*{\ - p=) 



x< /; 



1 f (x w x„V "| (28 ^ 



2 1 ;,, (X { ~ X n Y 



)'= i 



It will be noticed that the variance consists of two terms. 
The first term represents A^ 2 times the residual variance of the 
mean of a simple random sample of n, estimated from the 
regression line, when /S is known; while the second represents 
the increase in the variance of the estimate when P is determined 
from the sample. As will be shown in Section 5.4, the latter 
contribution is of an order \/n 2 , so that if n is large, the variance 
of the regression estimate may be regarded as being given by the 
first term only. It should be pointea out, however, that the 
sampling is assumed to be carried out with replacement. For 
a simple random sample drawn without replacement, exact results 
are not available but it is surmised that the effect will be approxi- 
mately to multiply the above expression by the finite multiplier 
(N - n)/N. 

5.3 Estimation of the Variance of Simple Regression Estimate 

To evaluate (22) we require the estimate of y. A straightforward 
method of finding this is to substitute for a and j3 their sample 
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estimates in (24) and calculate the expectation. Consider then 
a quantity Q given by 

Q = Z Z {Jiy - y. - $ (*« - x n W (29) 

and calculate its conditional expectation for fixed n lt n 2 n^. 

This is best done by expressing Q as a function of the e's, which 
are defined by (1). 

From (1) we have 

K = « + ^« + *., (30) 

whence 

2* nty., = na + 0nx,, + 2 «,€., 
i.e., 



Z n<i 



"i 



J. = a-f &f„ + '- n (31) 



Also 



2" "dm (X t - X„) 
2 n ( (x i -- x n f 



S m (a -I- px t + «„,) (*, - *„) 
2" « s (X, - x„) : 
t t 

i «, (*, - x„) ! 2 n, (x, - x n Y 



2 n^nt (x ( - x n ) 
= IS + "\ (32) 

2 «i (•*< - x,y 
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On substituting in (29) from (1), (31) and (32), we get 

* ■* ( / 2' " r £„\ (*, - *.) E n, (x, - X,) €„ 

«-££ {(■«-"■;- )- /"■; .„ 

,=, _, ( \ I 2 ", (*, - x„f 

(33) 
Setting i; ni (xi — jf n ) 2 == nm 2 and expanding the right-hand side, 



we obtain 



"-LL 



e 



fi 



r= 1 
'7 



= 1 i 



f * ) S 

^ Ui - x„) 2 ] 2; «. (a-, - x n ) i„ t 



k nj 

4- 



« 2 /M 2 2 



t= i j 



k nj 



-*££ (■--^- 



<-i i 






«- 



- (a-,- - x n ) £ n, (x. - x„) i„ s 

x 









1*1 j 
it nj 



-££«■>-: Z>--+£ 






if 4 '"! J 
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Taking expectations of both sides in (34) and noting that 

£( V) = Y 

£(*.,•) = y 

and 

E (i ni i ni ) = 
we obtain 

E (Q) =-- (if - 2) y (35) 

It follows that 

Est. y - (jf ? 2) (36) 

On substituting in (22), we obtain 

Est. V{Y l \n i ,n 1 , ...,«») = V 

n — i 

(37) 



5.4 Expected Value of the Sampling Variance of Simple 
Regression Estimate 

The expression for the sampling variance given in (23) or (28) 
depends upon the x's that have turned up in the sample, and 
so cannot be used for purposes like comparing the precision of 
the regression estimate with other estimates. We therefore 
proceed to obtain the expected value of the variance over all 
samples of size n. 

Since the first term in (23) is independent of the x's, the 
problem reduces to that of determining the expected value of 

Without loss of generality we may assume ^ to be zeio. 
Obviously, the expected value of m?\m t can be determined 
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only approximately, since both the numerator and the denominator 
are random variables. Following Section 4a. 3, we may write 

where y-% denotes the second moment of x in the population. 
The expected value of the terms in m? (m 2 — f^) 3 /^ 4 and higher 
powers will be of an order smaller than 1/n, and can be neglected 
if 77 is assumed to be reasonably large. We, therefore, write to 
terms of order l/n z 

m?(m 2 — m 2 )] 



■*0)- £ Cl)-M* * } 



+ l{ m ' {m <f l " y \ (3») 



The values of the expressions on the right-hand side have been 
tabulated for ready application (Sukhatme, 1944). A reference to 
these formulee gives 

E (»,.«,) = N, t [<* - ^ + *■> - ( « - 7e « + **> ~ *«>] 

- +Nw[ ( *r e>) -3 <*-*• + *>] 
where 

n(«-l)_(»- 2)... (»-;+!) 

e ' ~ N(N - 1) (,V - 2). . .(N ~j + 1) 

Neglecting terms of order smaller than 1/n 2 and retaining terms 
in IjN and 1/N* for completeness, we obtain 



E (mfrnt) = f« („i " ^v + ^ 



+ K 



N 2 J 
(I _ 4 _ J + 1° _ 6 \ (40) 



Similarly, on neglecting terms involving 1/n 8 and higher powers 
of l/« in the formula for E(m?mf) as tabulated by the author 
(1944), we have 
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Substituting in (39) from (40) and (41), and using the known 
result that 

we have 

*£)-C-i) 

*{ |+ '-j + 5 +2 *(J-»)} «> 

where 

fc-g and & -». 

If the x's can be assumed to be normally distributed, so that 
Pi = and j3 2 = 3, we can write the expression for E (mf/m^ 
in the exact form as 

'©-:(■ -r-.-^ 

The variance of Yi to terms in I In 2 is thus approximated by 

and to terms in l//i by simply 

rfy,)-^^-^ (45) 

n 

To obtain the variance of the mean pi, we have only to divide the 
expression on the right-hand side of (44) or (45) by N*. 



204 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

5.5 Weighted Regression 

In developing the preceding theory for simple regression, we 
have assumed that: (a) the regression is linear, (b) the deviation 
from the regression line has a constant variance, and (c) sampl- 
ing within a class is carried out with replacement. These 
assumptions may not hold in actual practice. In this section, 
we shall extend the theory to the case where the relationship 
is linear, the deviation from the regression in any class has 
a known variance and sampling within a class is carried out 
without replacement. The extension is due to Hasel (1942) and 
Cochran (1942). 

Let Y w i denote the weighted linear regression estimate of Y and 
suppose that it is represented by the following linear function of 
observations : 

Y„ = S "iAJv, (46) 

where Aj's (/ = 1, 2, . . ., k) are to be so determined that: (i) Y w i 
is an unbiased estimate of Y, and (ii) its variance is minimum. 
Now, the first condition gives 



E(Y Kl ) = Y 



i.e., 



E n t X, (a + p Xl ) = £ N, (a + fix t ) 



or 



i (H.A, - N<) (a + fix t ) = (47) 

The variance of Y w i for fixed x's is clearly given by 

t 






<"1 






(48) 
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where 



W,=2 SW<-nd (49) 



and 



^ ~ N< - 1 

To minimize (48) subject to condition (47), we form the function 
<$> given by 

k k 

* = Zl "^ _ ^ Zj (/7 ' A( " N,) ( " + PXi) (50) 

>=i 1=1 

On differentiating <j> with respect to Aj, a and /? and equating to 
zero, we obtain 

It s 2 "^ - ^ (a + M = ° ( ' = '.2 *') (5» 



whence 



A, =■ /, (a + px t ) ■ ^ (52) 

^ = - ,* i ("A - N,) = (53) 



and 



Sri ' 

Z = - ** 2" *« ("A - .V t ) - (54) 

Substituting for Aj's from (52) in (53) and (54), we obtain 
a.'W + p'Wx„ = N (55) 



and 



°-'WZ K + p £ WiX * = Nx„ (56) 

*«1 



where 



a' - *". IT - "| (57) 
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and 

t 

W = S »«, x w = i ^l w - (58) 

Solving (55) and (56) for a' and /3\ we get 

-, _ N(x N -xJ _ N(x„-xJ „ 

27 »<x? - wv 

and 

tf yV*. (x N - xj _ A*" Nx u (x N - XJ 



27 v»VV — fPx. 



(60) 



where 



27 v^x, 2 - WXJ 



(61) 



On substituting for a' and j8' in (52), we obtain 

^-^l^'^^-M (62) 

Hence, from (46), we have 

k 
i«i 

which may be written as 

Y.i = A [p. + (x„ - xj] (63) 

where 

L' 

<-l 

and 



(64) 



(65) 
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To obtain the variance of Y wh we substitute for A ( 's from (62) 
in (48) and obtain 

v(rj=% [ ] + ( \7 J ] (66) 

It can be verified that when sampling within a class is carried 
out with replacement and V[y\x) is a constant, formula (63) 
and (66) reduce to those appropriate for the simple regression 
estimate. For, we have in this case 



7 y 



•*•» -*■« 



K 



and 



P 



k 

E "J*,, (Si - x n ) 

k 

E n, (x t — x„f 



and on substitution we find that (63) and (66) reduce to (19) and 
(22) respectively. 

An examination of the expression for Y w i in (63) shows that 
a knowledge of the true weights W{ is not necessary for calculating 
Y w \\ numbers proportional to w± are sufficient for the purpose. 
The variance of Y w \, on the other hand, requires a knowledge 
of the true weights W{. This raises a practical difficulty, since 
the true weights W{ are rarely known. Often, however, the 
relationship between the variance of y for a given x, and x can be 
guessed, and numbers proportional to wi can be known. It is, 
therefore, important to investigate the form which the variance 
of Y w i takes for certain well-known relationships between V(y \ x) 
and x. We shall consider only the simplest situation where 
V (y | x) is proportional to x. 

Let 

V(y\ x )=yx (67) 
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It follows then from (49) that 
n, tf 4 -l 



w t 



V(y\x) N.-n, 
yx t N t — n t 



(68) 



where 

Xi Nt - rif 
and 



•>/ = ": - N ,r[ (») 



w = 
y 



On substituting in (66), we have 

V (Y wl ) = N*y I" i,. + fc ( * w ~ *» )2 "1 (71) 

|_ £ ",' (x, - xj* J 

which now depends only on the known numbers Wi and the 
constant y. 

5.6 Estimation of the Variance of Weighted Regression Estimate 

We shall consider this problem for the case where the variance 
of v for a given x is proportional to x. Since the variance of the 
weighted regression estimate for this case is given by (71), the 
problem reduces to that of the estimation of y. 

As in Section 5 . 3, we shall start with the quantity Q defined by 

Q = H Ti t [- v « -**-& < A '< - *•> ] 2 (72) 

and proceed to calculate its expectation for a given set of x's. 
A straightforward method of doing this is to express (72) in 
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terms of ey and x's, and then take expectations. Now e^ is 
defined by (1), namely, 

Vi, = a + fix, + £,-, 

where 
and 



£U« 2 I0= ^O'U) 



where 



S< 2 . W, - ii, 





N t -n t 

N, - 1 


y 




m>/ 





Also, from (74), 



where 



<=i_ 



(73) 



From (1), we have 

y„ ( = a + fo + e.. (74) 



(75) 



1=1 1=1 (=1 <=] 

whence, dividing by W, we have 

Pw = a + P*>c + e„ (76) 



(77) 



14 
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Further, from (65), 



W'sJ 



1 
W's* 



I 



, j S Wt'xjn. U W ( 'y n( 

2^ Wi (x, - xj y ni 

J] W,' (*, - xj (a + fix, + e ni ) 
~ 1- (■ "I 

£ fiw,' (*, - x K Y- + 2] »»'.' (*,- *„) c„ ( 



(78> 



On substituting for y^ from (1), for y w from (76) and for 
$ from (78) in (72), we obtain 



"w * w 



- (-v* - xj ( p + ^ 2 2_, m '«' (^ -*-)««< 
* "i r 
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* *i 

+ L L * ■ wl.s (x < - *-? 

1=1 > 

ff ) 

+ / , WiWk'injn,, (Xi -*„) (X„ -X K )\ (79) 



2 
W's* 



1 



<^»»i 
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On taking expectations and noting that 

E M = I: 

and 

E(i ni ij = 

we have 



™-{£*!t!--S->] 



(80) 



It follows that an unbiased estimate of y is provided by 
Q_ 



Est. y = — 2 - (81) 



Now, let 



K in 

i 

E Wi ' ' 



, w » «-i=i J (82) 



and 



L 



27 <(*< -x„)y Hl 



r= f " - ,-, w (83) 

then Q can be expressed as 

Q = WsJV-V (84) 

and we have 

Est. V(Y Kl ) = - 1 2H i (85) 






- J > 2 
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When sampling is carried out with replacement and 

V(j\x)=y 
then 



rt 4 

Wi » y id y n 
y 




2 E {y t , - 


-K) 2 


~ 2 _ «=i ) 

"» n 


- 


zfyvixt- 


Xn) 


r = i=1 ' 




Bst -y = n-2 = 


ns„, 2 0-r 2 ) 
« — 2 



and we have, as previously, 

Est. V{Y,) = N2 °™V-r*) J", + (*«- s *-) f J (86) 

5.7 Comparison of Weighted with Simple Regression 

The sampling variance of the weighted regression estimate, to 
terms in \\n, is obtained from (66), being given by 

N 2 
V(Y Kl ) = w (87) 

where 

W = E w< 

i = l 



Li s< 2 n ( - », 



while that of the simple regression estimate to the same degree 
of accuracy is from (22) given by 

V(Y,) = ^ (88) 
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However, (87) and (88) are not directly comparable. To make 
them comparable, we shall suppose that sampling is carried out 
with replacement, so that we may take 



tf< 


. — I 






N< - i 


— j 






Equation (87) then becomes 






V (Y Kl . 








where 








*,« = < 


Ni 






and 








n^i) 


« 






V{Y,) 






Now, let 








<T 4 2 = y 


+ 8 (O 






so that 








E {8 (a, 


2 )} = 0, £{8 (a. 


2\)2 .. 
') — 


V («,.»» 


and 








k 

Li o\* 


^r(i + 8 


®) 




nroviH**f 


-£?(■- 

1 = L 


8(a, 2 ) 

y 




l-** \J T 1UVU 

1 y I 


< ! 







(89) 



(SO) 



(91) 



•••) (92) 
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Taking expectations, we obtain 



Li a) ) - y 



+ - 

y y 



CV 
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(93) 



where C 2 ,? is the square of the coefficient of variation of erf. 
The average value of (90) is, therefore, approximated by 



<V(Y Kl )\ 
\v(Y,) J 



i + cv 



(94) 



The result is due to Cochran (1942). It shows what is indeed 
obvious, that if the er^'s do not change very greatly, simple 
regression may be used without appreciable loss of precision. If, 
on the other hand, of's vary very considerably, the use of the 
simple regression will lead to loss of efficiency. 

Example 5.1 

Table 5 . 1 summarizes the data for a simple random sample of 
64 villages drawn from the total of 319 villages referred to in 
Example 4.2. Assuming that villages within a class are of the 
same size, equal to the mean value per village in that class, 

Table 5.1 

Summary of Data Relating to Agricultural Area (x) and Number 

of Livestock (y) in a Simple Random Sample of 64 Villages 

Selected from the Population in Table 4 . 1 



Serial 
No. of 
Class 


Area of 
illage 
(*) 


"i 


ni 

£y t , 

i 




1 


63-73 


2 


16 


256 


2 


155-33 


5 


333 


26895 


3 


245-68 


18 


1810 


281314 


4 


344-40 


16 


1991 


330113 


5 


491-56 


13 


1815 


287079 


6 


767-49 


10 


2352 


605510 


Tola! 




64 


S3I7 


1531167 
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use the method of linear regression to estimate the livestock 
population and its variance under each of the following two 
assumptions : 

I. V(y\x) = yx 

and, II. V (y \ x) = constant, say y; and sampling within each 
class is with replacement. 

Method I 

The relevant formulae for the regression estimate of the popu- 
lation total and its variance are given by (63) and (85). To 
evaluate these we require the values of x w , y w , s wx 2 , s wy 2 and the 
estimate of /?. The calculations leading to these values are given 
in Table 5.2. From this table we obtain 

_ _ Total of coK 5 
x * ~ Total of col. 7 

= 294-24 

. Total o f col. 9 

y « ~" Total of col. 7 

= 102-72 

S Wi (Xi — xj" 

s 2 = (= ' 

W 

_ Total of col. 16 
Total of col. 7 

_ 7952 
~ -27297 

= 29131 
s„ = 170-7 






. 2 =, J£i_ 



W 
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_ 4646-4 -2880-2 
~ -27297 

= 1766-2 
•27297 

= 6470-3 

V, = 80-44 

k 

S "i y»i{Xi —x K ) 

r = ^ 

s s W 

2314-6 

"" (13731) (• 77297) 

8479-3 
1373! 

= -6175 

i 

E ^Jn, (Xi - xj 

P = W's 2 

_ 2314-55 
7952 

= -2911 
Hence on substituting in (63), we have 
r„, = 319 [P. +0 (*„-*.)] 

= 319 [102-7 -f- -2911 (367-5 - 294-2)j 
= 319 [102-7+ '2911 (73-3)] 
= 319 [124-0] 
= 39556 

Also, on substituting in (85), we get 

F«r viv \ (3 19) 2 (6470-3) (1 - -3813) r (73-3)'"| 

tax. V(Y Kl ) =- 78-319'i L 29131 J 
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= 101761 x 51-1136 [1 + -1844] 

= 101761 x 60-5389 

./„, _ 'OO V6F54 _ 778 
/ n a.t. r Kl ]24 f24 

= 6-27 

Method II 

The relevant formula are given by (19) and (86) respectively. 
We have 



P* 


8317 
64 

= 129-95 




X n 


24902 

~"' 64 

= 389-09 
1 2 .v« (Jfi - x„) 




: 


2 "< (*i - xj~ 

644382 
r ~ 2455455 

== 0-2624 




Hence 


on substituting in (19), 


we have 


Y, 


= 319 [129-95 + 0-2624(367-5 - 389-1) 




= 319(124-28) 






= 39645 




Again 






s 2 


n 

1531167 - 1080768 

~ 64 





= 7037-5 



and 
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t 
2J n { x? — nx„ 2 

__ (»i_ 

n 

_ 2455454-7 
64 

--= 38366-48 



k 

2' nj> ni (x ( - x n ) 

i»l 

wax 



n 



644382-12 
64 

= 10068-47 



(1 -r-)s* - v i _,•*, = ,- , -i - *«"" 



•x„ 






= 7037-5 - (10 ° 68 - 47)2 
38366-48 

= 4395-2 

Hence, on substituting in (86), we get 

V(Y) - 319- - 4395-2 . /- (367-53-389-09)^ 

nr,) ~~ J1V 62 V 38366-5 ) 

= 319 2 x 70-89 x 1-01212 

= 101761 x 71-75 

Compared to the value of 60-54 of the sampling variance of the 
estimated mean obtained by Method I, Method II is seen to give 
a value of 71-75, which is larger by about 20%. This must be 
traced to the rather large variability among o-^'s, vide Table 4.1. 
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Table 5.2 

Computations Leading to the Values of the Regression Estimate 
of the Livestock Population and its Variance 



Serial 
No. of 
Class 


"< 


Ni n. 


iW-D 


N t -n, 


Wt'Xi 


*i 


w,' 


j*«i 




0) 


(2) 


O) 


(4) 


(5) 


(6) 


(7) 


(8) 


1 


2 


11 


20 


9 


2-2222 


63-73 


•03487 


8-00 


2 


5 


48 


235 


43 


5-4651 


155-33 


•03518 


66-60 


3 


18 


84 


1494 


66 


22-6364 


245-68 


•09214 


100-56 


4 


16 


60 


944 


44 


21 -4545 


344-40 


•06230 


124-44 


5 


13 


77 


988 


64 


15-4375 


491-56 


•03141 


139-62 


6 


10 


39 


380 


29 


13-1034 


767-49 


•01707 


235-20 


Total 


64 


319 






80-3191 




•27297 




Serial 
No. of 
Class 


*>i'yni 


i 


00) 
"i 


(HW 


x i~ x x 


(9) (13) 


(*i -•*«,) J m> 4 


'(Xi-XuY 




(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


1 


0-2790 


256 


128 


- 4-5 


-230-51 


- 64-31 


53135 


1853 


2 


2-3430 


26895 


5379 


189-2 


— 138-91 


-325-47 


19296 


679 


3 


9-2656 


281314 


15629 


1440-1 


- 48-56 


-449-94 


2358 


217 


4 


7-7526 


330113 


20632 


1285-4 


5016 


388-87 


2516 


157 


5 


4-3855 


287079 


22083 


693-6 


197-32 


865-35 


38935 


1223 


6 


40149 


605510 


60551 


1033-6 


473-25 


190005 


223966 


3823 


Total 


28-0406 






4646-4 




2314-55 




7952 



5.8 Comparison of Simple Regression with the Ratio and the 
Mean per Sampling Unit Estimates 

The sampling variance of the simple regression estimate of the 
population total to terms in Ijn has been shown to be 



V(Y t ) = #V 



(1 -V) 



(95) 
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The sampling variance of the ratio estimate under comparable 
conditions of sampling with replacement is obtained by dropping 
the finite multiplier from (28) in the previous Chapter, and will, 
therefore, be 

AT 2 
V (Y R ) = ■" (s 2 - 2R NP o,o. + *„V) (96) 



while that of the mean per sampling unit estimate is given by 
V{Ny, 



■J = *W <*> 



Comparing first the simple regression with the mean per sampling 
unit estimate, we notice that the regression estimate is always 
more accurate than the arithmetic mean estimate. Comparing 
next the simple regression with the ratio estimate, we observe 
that the former is more accurate than the latter if 

s 2 - 2 - r hp <j » <j . + w > v - ct ,v 

i.e., if 

pV - 2R K pc,<r i + R„W > 
i.e., if 

< J *,-R 1 flP>0 (98) 

which is always true, unless 

Hence the regression estimate is always more accurate than the 
ratio estimate unless the regression of y on x is a straight line 
passing through the origin, in which case the two estimates will 
have equal variance. 

The data for 319 villages referred to in Example 4.2 provide 
the material for the comparison of the two methods. Substituting 
for values of a y 2 , p, a x 2 and R„ from col. 8 of Table 4.1 in 
formula? (95) and (96), we obtain 
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V(Y,) a*(\ -p») 

V(Y R )' °, t -2Rrf*j, m + 'R 1 ,h,* 

4416-3 
"" 4416-6 

3* 1 

There is thus little to choose between the simple regression and the 
ratio methods of estimation, since the regression of the number 
of livestock on agricultural area is almost a straight line passing 
through the origin. 

5.9 Comparison of Simple Regression with Stratified Sampling 

The regression method of estimation achieves the same purpose 
as stratification by size of the sampling unit, namely, to eliminate 
the effect of variation in the size of the sampling unit from the 
standard error of the estimated character. A comparison of the 
two methods is, therefore, of interest. 

We have seen that the sampling variance of the estimated total 
in stratified sampling is given by 



Ni L 






This, however, is not the appropriate variance to compare with 
the variance of the simple regression estimate. The appropriate 
variance for comparison would be the variance of a simple 
random sample whose units can be classified by strata, and which 
can then be treated as if it were selected by the method of 
stratified sampling, the sampling within each stratum to be with 
replacement. This is directly obtained from (87) of Chapter III, 
being given by 



r o - :) z> + : z> 

In simple regression we further assume that the true regression is 
linear, with constant residual variance. If the ci p s, therefore, are 
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approximately constant, say equal to a^ 2 the expression (99) will 
reduce to 

">' (' + -*i ') 

This is the variance which is comparable with the average variance 
of the simple regression estimate, namely, 

*£■■<'->■>(•+:) <•<>■> 

Now the value of a y 2 (1 — /> 2 ), as it represents the residual variance 
about the regression straight line, can never be less than a w 2 . 
It follows therefore that the stratified sample will, in general, 
furnish a more accurate estimate than the simple regression 
method. The relationship between y and x is also not always 
found to be linear in practice, in which case the efficiency of 
the regression estimate is further reduced. For, while stratified 
sampling with suitably chosen strata can take care of any type 
of relationship, the regression estimate can eliminate only the 
effects of the linear component of the relationship. Stratified 
sampling has an added advantage, in that the estimate for this 
procedure is an unbiased estimate for any type of relationship 
between x and y, and for any size of sample. It would, therefore, 
seem that provided the population is divided into an adequate 
number of strata, so as to make o-J small, we may expect 
stratified sampling to be superior to the regression method of 
estimation under most practical conditions. 

5.10 Double Sampling 

The regression estimate of the population mean of y pre- 
supposes that the population mean of x, namely x N , is known. 
However, x N is not always known although in many inquiries it is 
possible to estimate it from a second sample of the population 
without appreciably adding to the cost of the inquiry. The 
procedure is known as double sampling. In this section, we shall 
give the form of the regression estimate in double sampling and 
its sampling variance. 
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Let, as previously, the population be divided into k classes 
with A^i units having the value jq each (7 = 1,2, ...,k). We 
shall suppose that n denotes a simple random sample of N on 
which both y and x are observed, and that in repeated samples 
of n, «!, tit, ■ . . , «k units are drawn from their respective classes 
with replacement. Further, we shall suppose that a second random 
sample Q' is drawn from the remaining N — n, say N', units 
of the population and that only x is observed on this sample. 

Now if x N were known, then the simple regression estimate of 
y N would be given by (19), namely, 

yi=y.+b(X n -X.) (102) 

where 

k 

This can be rewritten as 

9i =y» + b% (x N .-xJ (103) 

Since Q' is a random sample of N', 5c Q ' provides the best unbiased 
linear estimate of x H ,. Hence 

yu^y. + b-iX^-Xj (104) 

where ya s denotes the estimate of y N based on a double sample of 
n and Q'. 

It is easily shown that y ds is an unbiased estimate of y K . We 
write 

E CP„ | «,, if, if*, C) =E(y n ) + ~ f E{b (x Q > - x B )} (105) 

Now from (31) and (32), we obtain 

E(yJ *** + &. (106) 

and 

E(b)=p (107) 
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Also 



E (bx .) = E 



I 



\ Z n» (-V, 



**Y\Q' 



where Q{ represents the number of units in the ;-th class in the 
sample Q\ 

E I Ti " { q' ; '" ,r ' (v ' * j + £ j Ti " j '-> (x '~ x - ] % x > | 



E «i (*, - *„)- 



V 1 A'.' V* - A'.' 

2_, "« w' ^' N ' X * (Xi "' * n) + Z_l "' J ' N ' (A "' ~ *"' A'' *' 



2" "i (*< — A n ) 2 
1 = 1 

Substituting J N . ----- a + 8a\, we get 

f E n, (a ! Bx t ) (.v.. - xj] r i .V/jcn 

= #V (108) 

On substituting from (106), (107) and (108) in (105), we get 

N' 
£ (yd, I "i. " 2 . • ■ •. n k , Q') = a -f Px„ + N (x„' — x H ) 

= a -f- £*„ + £ (x w — xj 

- >N (109) 

thus showing that j^ is an unbiased estimate of y N . 

J5 
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To obtain the variance, we write 

v(h) = e [{h+b% (x Q .-x H ) -y N f] 

= £(v„ 2 ) + %* E {b* (x e - - x„y} 

+ 2%E{yJb(x Q > -x n )\ ~y N 2 
Now 



i#>=t 



i¥^i=i 






(110) 



Next 



+ (° + £v„) 2 



(111) 



£ (^) = /J» + £ (b - ft 
On substituting from (32) and taking expectations, we get 



£(**) = /P+ te '- 



(112) 



and 



E(yJ>) = £ 






[S no'm (x i -x n )') j 
[i ".fo-Jj* jj 
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... t _. 1 . |(2]".>'Ni 

«2" «,(*< -*»n\i=, 



J 






■*.) 






X< 



= (« + /»JEj-j8 

= E(y m )-E(b) (113) 

Substituting from (111), (112) and (113) in (110), we therefore 
have 



,.) = ];+(« + us* + J£J> + -r — - 1 



V(y t 

" ) Zn t (x-x 

E(x Q '- Xn y 



+ 2 ~ ' (a + jtt.) /» • £ (x c - - x„) - V (1 14) 
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Lastly, 

E (-V - -v,,) 2 = E (x Q - — x N ' + x N > - x n f 

= £{(x Q - - x N -r + {x N - - x n f) 

A" 
= E (-V - x N 'f + N ,. 2 (x N - x n f 



= (ff ~ tf) &*,»' + $P, (*w - *.) s ("5) 



where 



;, .iW = AT _ 1 2j (-Vi ~ 



**')* 



Also 



^ £. (x - — x„) — ^ (av — .v„) 



XfJ X„ 



016) 



On substituting from (25), (115) and (116) in (114) and simplifying, 
we get 

AT 2 f 1 1 



Viy it ) = y 



•i , (x N -x„y ■ 

S n, (x t — xj 



+ N ( ' - Ms 2 . 

^ AT* Vg' N') * ]N 



x r -'-- 
) 27 ». (*. - *») 2 

U=l 

For A/" and A/' large, (117) reduces to 



+ S ' 2 f- 



+ /P (117) 



+ P* (H8) 



27 n« (*, — *J a 
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It will be seen that the variance is composed of two terms. 
The first term is clearly the variance of the simple regression 
estimate when x N is known, while the second represents the 
increase in the variance of the estimate when x N is determined 
from a sample. When Q' — N' or, in other words, when x N is 
known, we are left with the variance of the simple regression 
estimate. 

The variance of the estimate y^ s is seen to depend upon the 
.x's in the sample. Its average value is easily deduced following 
the method adopted in Section 5.4. Thus, for large TV and 
ignoring terms of order higher than I In 2 , we have from (42), 

£ f <*„-*•>■ 1 > (119) 

Also 

re 2 „, i 

(120) 




On substituting from (119) and (120) in (118), we get 

E { V(y i ,) } ^l[l + 1 n+ ^] + p2 V (12,) 

For large N, an alternative and more efficient estimate than 
the one given by (104) can be formed. This is defined by 

y'u =*. +6(V4.-*.) ( ,22) 

It is easily shown that this is an unbiased estimate of the 
population mean, for, 

E (y'«.) = (a + 0x.) + PE (x Q ' +n - x n ) 

= a + j3x„ + j5 (x w - x„) 

= a + Px N 

=h ( ,23 > 
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To obtain its variance, we write 

V(y'<.) = E {y n - a - flx N + b (x Q . + „ - x„)}* 

= E {>•„ - a - /?x„ + (b - P) (x - +n - X„) 

+ )8 (*«,■+. - x N W 
^ E{y„-a- /?x„} 2 + E{(b- j8)» (x Q . +n - x„) 2 } 

+ ?E (x Q - + „ - x„) 2 

= I + y £ [ ? Q '"" ~ *" )2 ] + ? E (-Vh. - **) 2 

(124) 

If we assume a normal distribution for the x's, we have, from 
(43), 

E ("(*«'+» -*,.)* "I 

ji'M^-*.) 2 ] 

= £{(x . u -x„) 2 }-£ r,..-- 1 - } 

|2>«(*i-*„) 2 ( 

= C " G'i- )% - 3 (,25) 

By a method similar to that adopted in Section 5.4, it can, 
however, be shown that (125) will be true in general even without 
assuming normality, provided terms of higher order in \jn are 
ignored. Hence 

which is seen to be smaller than (121). The expression was first 
given by Cochran (see Jessen, R. J., 1942). 

The estimation of the variance of either estimate presents no 
difficulty. Thus, to estimate the variance of ya s , we note that 

0' 
.2 £ \*i ~_ X q'> 
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is an unbiased estimate of S a X|W ,, from (112) 6 s is an unbiased 
estimate of 

£ n i {x ( - x n f 

from (115) 

Est. (*„ - x K y = *g \(x e . - *„)» - Q, - ^,) ,v', l0 j 

and the estimate of y is given by (36) in Section 5.3. On making 
the substitutions in (117), we get the desired estimate. 

Similarly, we have from (126), 

Est ■^•j = -- i ^2){i + ^;.----43| 

+ Q±r7, {*''-„:- 2) (,27) 
5.11* Successive Sampling 

In using the method of regression we have so far assumed that 
ancillary information is available for all the units in the sample 
for which the character under study is observed. This is not, 
however, always the case and the formula given above need to be 
extended to make use of the information contained in additional 
units recording only the character under study. This is the case, 
for instance, when the same variate is observed on two successive 
occasions in time, there being in the units observed some which 
are common to both occasions and some which are exclusive 
to each occasion. The observations on the earlier occasion are 
used as ancillary information to improve the estimate of the 
population value on the second occasion. We shall assume the 
population to be large. 

Let the character be observed on Q' + n x units on the first 
occasion and n x + n 2 units on the second occasion, of which /^ 
are common to the first occasion. We may, as in (122), form 
a regression estimate of the mean on the second occasion based 
on the n x units, viz., 
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where y denotes observations on the second occasion and x 
those on the first occasion. Another independent estimate of the 
population mean on the second occasion is available on the basis 
of n 2 units observed on the second occasion only, viz., y ni . Any 
unbiased linear combination of the two estimates can be written as : 

y = (1 - <!>) z + #„, (129) 

where «A is any positive number less than 1. To obtain the best 
overall estimate, we may choose </- so as to minimize the variance 
of (129), i.e., minimize the expression 

(1 - <ff v (z) + + 2 v (P„) 
We have easily 

^0"»,) = ~<l>)V(i) (130) 

Thus 

* = vifij+Yi» < 13I) 

where, from (126), 

V(z)~ -* (1 -p 2 ) H + ^ • ' 1 -t- /52S " 2 

y (z) = Bi u P j |_ j + Q , + ni ^ 3 j + Q , f ^ 

and 



K (PJ = 



H. 



2 



When information is available for more than one previous 
occasion, the estimate on the current occasion can be worked out 
through a recurrence formula based on precisely the same argu- 
ments as given above for two occasions. Denote by y^ the best 
available estimate of the population mean on the h-th occasion, 
using observations up to the h-th occasion. We write 

y* = (i - "A*) z» + <A„j„", (132) 

where 

Z„ = JV„ + b K „_! (J',_! — .f„. (i ) 

>V» = mean on the A-th occasion of n\ units common to 
the (h — l)-th occasion 
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x„> = mean of the same n\ units on the preceding occasion 

y n » h = mean on the /i-th occasion of n\ units not common 
with the (h — l)-th occasion 

bu, a i = regression coefficient of values of the h-th occasion on 
values of the (h — l)-th occasion based on the n\ 
common units, 

it'u 

£'(*-.v ft ) 2 

As before it will be seen that 2h is the regression estimate of the 
population mean /x^ on the h-Xh occasion, using observations on 
the (h — l)-th occasion as ancillary information. Another 
independent estimate is provided by y n - k and we choose >p h so as 
to minimize the variance of the above combination. For presenta- 
tion of the exact theory it will be assumed that units in the 
sample are common only between consecutive occasions, but the 
results will, in practice, be still true if it can be assumed that 
observations more than one occasion apart do not provide any 
additional information. Minimizing the variance with respect to 
<l>h> we have 

0»^Cv.-»)=(l -<h)V&) (133) 

Now, using (124) and putting y = Sh 2 (1 — p 2 h,h-d, we write 

n*») = -? +ve\ ^- 1 ~ x ' 1 > )2 I +jP M _ 1 £Ov- 1 -,*»_,)• (1 34) 



n , 



2:(x-.v ; ,) 2 j 



Assuming independence of £ (x — *«',)* and (JV-i— -Vn',,) 2 . which 
will necessarily be true in case of normality, we have 

+ S i ° ^-^ E (A-, -X.- k Y + /3\.»-i V (A_,) (135) 
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But 

= K(y M ) + S ^ - 2Cov(y,. 1 ,i,. l ) 

C2 C2 

- ^ - *»-, J,"" 1 (136) 

since 

Cov (v,,.,, x.- t ) = V(y kl ) =~ ^, x J/" 1 (137) 

" & i 

The validity of (137) follows from the well-known result that the 
correlation between any unbiased estimate and an efficient estimate 
tends to the square root of the ratio of their variances. The 
approximation involved will affect only terms of order (1/n'h) 3 in 
the expression for V (f^). The result is, however, exact if units 
are common only between two consecutive occasions, for, we 
have in that case 

Cov 0>„ „ x K > h ) 

= Cov [{(1 - 0». j) =».., + <p h !>>„»„_,}> *»'J 

-= ^.., Cov (>•„''„_,_, *V*)> since Cov (z„_ I( *„.,) - 

= <l>* i ^ {(?«"*-, - M» i) (*,,'„ - >'»"„_, + >'„"„-., - /x»_,)} 

= *» .^(v„"„-,) 
since 

£ Qv Vl - ^.O (v (i - >>,_,) - 
Thus 

Cov (y„_ lt x„;) = 4>»-i %'" 1 (138 ) 

" »-l 

Hence we have, from (133), (135), (136) and (137), 

X In' ~ *« ^ I + A- « S » 2 ^ _1 1 ( 139 > 
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Writing 

equation (139) can be expressed as 

(i -w f ' ~"> ' i " + p V'M = ^ 1 (Hi) 

which provides the recurrence formula for the evaluation of tjt h 
(remembering that </>i = 1) and hence of the estimate (132). In 
practice, the correlation coefficients Ph, h-i mav nave to be evaluated 
from the sample. The recurrence formula (141) is due to Narain 
(1953). The general theory has also been investigated by Yates 
(1949), Patterson (1950) and Tikkiwal (1951), but the regression 
coefficients 8^ h-, have been assumed known in their approach. 

Finally, we shall consider the question of replacement. What 
fraction of the sample should be replaced on each occasion in 
order that the estimate on the current occasion may have the 
maximum precision? We shall first consider the case of two 
occasions and assume that: (a) the total size of sample /?, -f « 2 
is fixed on each occasion, say equal to M, and (b) n x is sufficiently 
large so as to neglect terms in \\n-f in the expression for V (z). 
Substituting for 4> from (131) and for V (z) and V (y n ) in the 
expression for the variance of y, we obtain 

V{y) = (1 -<A) 2 V(z)+4' 2 V(y n ) 
V(yJ V(z) 



V(y„) + V(z) 



(142) 
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Clearly, the optimum value of the fraction to be replaced is 
obtained by minimizing V (y) with respect to n 2 /M. Differenti- 
ating with respect to n 2 \M and equating to zero and noting that 
(n x + n 2 )jM = 1 , we obtain 

"* ' (143) 



M 1 + y'l - p 2 

It will be noticed that the fraction to be replaced depends upon 
the value of p. The larger the value of p, the larger is clearly 
the fraction to be replaced. n 2 /M attains the minimum value of 
£ when p = 0, showing that the fraction to be replaced should 
always exceed £ provided, of course, cost and practical considera- 
tions warrant such replacement. For moderately high values of 
p like -5 to -7, the optimum value of the fraction to be replaced 
works out to about 3/5 of the size of the total sample. 

Now, in general, on the A-th occasion, the variance of y^ will 
be seen to be given by 

by virtue of (133), i.e., 

= +u y (144) 

Let h be sufficiently large so as to justify the use of the limiting 
value of ijj h obtained by putting l /, h = l /, h _ 1 in (141), and further 
let n'h = n' and n\=n for all ft. Differentiating (144) with 
respect to n"/M, where M —n' + n", and using the limiting value 
of </», viz., 

- (1 - P 2 ) + a/c - P 2 ) { 1 - P* + v -£} 

>l> = - 



2 M p 



we obtain 



tf_ 1 
M 2 



(145) 
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thus showing that the replacement fraction to be used after a 
sufficiently large number of occasions is | (Tikkiwal, 1951). 
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CHAPTER VI 
CHOICE OF SAMPLING UNIT 

A. EQUAL CLUSTERS 

6a. 1 Cluster Sampling 

A sampling procedure, as pointed out in Section 1 . 4, presupposes 
the division of the population into a finite number of distinct and 
identifiable units called the sampling units. Thus a population of 
fields under wheat in a given region might be regarded as 
composed of fields or groups of fields on the same holdings, 
villages, or other suitable segments. A human population might 
similarly be regarded as composed of individual persons, families, 
or groups of persons residing in houses and villages. The smallest 
units into which the population can be divided are called the 
elements of the population, and groups of elements the clusters. 
When the sampling unit is a cluster, the procedure of sampling 
is called cluster sampling. When the entire area containing the 
population under study is subdivided into smaller areas and each 
element in the population is associated with one and only one 
such small area, the procedure is alternatively called area sampling. 

For many types of population a list of elements is not available 
and the use of an element as the sampling unit is therefore not 
feasible. The method of cluster or area sampling is available in 
such cases. Thus, in a city a list of all the houses is readily 
available, but that of persons is rarely so. Again, lists of fields 
are not available, but those of villages are. Cluster sampling is, 
therefore, widely practised in sample surveys. 

The size of the cluster to be employed in sample surveys 
therefore requires consideration. In general, the smaller the cluster, 
the more accurate will usually be the estimate of the population 
character for a given number of elements in the sample. Thus, 
a sample of holdings independently and randomly selected is likely 
to be scattered over the entire area under the crop, and thereby 
provides a better cross-section of the population than an equi- 
valent sample, i.e., a sample of the same number of holdings, 
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clustered together in a few villages. On the other hand, it will 
cost more to survey a widely scattered sample of holdings than to 
survey an equivalent sample of clusters of holdings, since the 
additional cost of surveying a neighbouring holding is small as 
compared to the cost of locating a second independent holding 
and surveying it. The optimum cluster is one which gives an 
estimate of the character under study with the smallest standard 
error for a given proportion of the population sampled, or more 
generally, for a given cost. In this chapter, wc will give the 
relevant theory which can provide guidance in the choice of 
a sampling unit in a sample survey. 

6a.2 Efficiency of Cluster Sampling 

We shall first consider the case of equal clusters and suppose 
that the population is composed of N clusters of M elements 
each, and that a sample of n clusters is drawn from it by the 
method of simple random sampling. 

Let 

yij denote the value of the character for the 7-th element, 
'= 1, 2, . . ., M) in the /-th cluster, (/ = 1, 2, 
...,N); 

Vi. the mean per element of the /-th cluster, given by 

M 

^ = mL y « (,) 

1*1 

y N , the mean of cluster means in the population, 

defined by 



N 
1 



■ -JZ> < 2 » 



y„ the mean per element- in the population, defined 

by 

N M 

~ y - = WmLL y « (3) 

i-1 >-l 



240 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

and 

y n _ the mean of cluster means in a simple random 

sample of n clusters, given by 



y n . 



= the mean per element in the 
sample. 

Clearly, y n , is an unbiased estimate of j>.., and its variance is 

V(S '« ) = N Nn nS * (5) 

where 

N 

S >' = N-l £&■-?»■? < 6 > 

= the mean square between cluster means in the population. 

If an equivalent sample of nM elements were independently 
selected from the population, the variance of the mean per element 
would be 



T ,._ , NM-nM S 2 

F( - V - )= NM 'nM <?> 



where 



S 2 



N M 

NM-lLL^-^ (8) 

= the mean square between elements in the population. 

Now the relative efficiency E of any two estimates based on 
samples of equal size is defined as the ratio of the inverse of 

their variances. It follows that the efficiency of a cluster as the 

sampling unit compared with that of an element is given by 
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E = 



V()\ M ) 




v(h.) 




NM - nM 


S 2 


NM 


nM 


N -n 


C 2 


Nn 


S 2 




MS,,' 
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(9) 



(10) 



If we set up an analysis of variance for elements in the popu- 
lation, as shown in Table 6.1, this efficiency will be seen to be 
equal to the ratio of the overall mean square between elements 
to that between clusters in the population. 

Table 6.1 
Analysis of Variance 



Source of Variation 



Degrees 

of 
Freedom 



Mean Square 



Between clusters 



Within clusters 



Total population 



TV- I 



N(M-l) 



NM-l 



M V^ 

N 1 L-l 

N M 

.V M 

L L *. 



i 



h-u-yO* - s u ' 



NM~\ 



•n-yN.y =----s a 



Example 6.1 

To show how efficiency changes with the size of a cluster, we 
give a numerical example from data relating to the use of 
clusters of different sizes in estimating the area under wheat. 
Table 6.2 gives values of the mean square between survey 
numbers in a village (S z ) and the mean square between clusters 
(MS b 2 ) pooled over 11 villages in the Meerut District (India). 

16 
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The clusters were formed by grouping consecutive survey numbers 
in a village. The character studied was the area under wheat. 
The mean squares are given separately for clusters of size 2, 4, 
8 and 16 survey numbers. The last row of the table gives the 
values of the efficiency obtained by dividing the mean square 
between survey numbers by that between clusters within villages. 

Table 6.2 
Efficiency of Clusters of Size 2, 4, 8 and 16 Survey Numbers 



Mean Square (Acres) 2 




Size of Cluster 






2 


4 


8 


16 


Between clusters within villages 


138-6 


180-7 


245-1 


333-9 


Between survey numbers within villages 


108-3 


108-3 


108-3 


108-3 


Efficiency 


0-78 


0-60 


0-44 


0-32 



It will be seen that the efficiency decreases rather rapidly with the 
increase in the size of the cluster, clusters of 2 being only about four- 
fifths as efficient as individual survey numbers, those of 4 about three- 
fifths, while those of 16 are only one-third as efficient as individual 
survey numbers. In other words, the sample of clusters of size 16 
will have to be three times as large as the sample of individual 
survey numbers in order to give an estimate of equal precision. 
If clusters are random samples of M from a population of NM 
elements, and consequently composed of elements which are not 
more alike than those of other clusters, then the mean squares 
between and within clusters will behave as random variables and 
their expected values will each be of the same order. 

For, 

E (Mean square between clusters) 



= E 



N 1 
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Now substituting from (35) in Section 2a. 5, we have 
E (Mean square between clusters) 



NM - M S 2 
NM ' M 




= S 2 
Similarly 

E (Mean square within clusters) 




E j NjM 



Af 



LL^-^ 



N M 

i ! ^ v^ 



TV (M - 1) r 



1 {»«(>..• +"V») 



- "* (v w . 2 + ^ • ^ )j 

= S 2 (12) 

It follows that if clusters are random samples of the population, 
they will, on the average, be as efficient as the individual elements 
themselves. 

6a.3 Efficiency of Cluster Sampling in Terms of Intra-Class 
Correlation 

In practice, a cluster cannot be regarded as comprised of a 
random sample of elements of the population. Usually, elements 
of the same cluster will resemble each other more than those 
belonging to different clusters. Thus, the variation in yield 
between different portions of a field will tend to be less than that 
between different fields. Consequently, the variance of an estimate 
based on cluster sampling will ordinarily exceed that based on an 
equivalent sample of elements selected independently. The manner 
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in which the variance of the estimate increases with the size of 
the cluster can best be elucidated with the help of the concept 
of intra-class correlation between elements of a cluster. 

Let p denote the intra-class correlation defined by 

n = £{0'</->V)(>'u-Jv)} -,it> 

The numerator in (13) can be written as 

E {(Ja ~ Pi. + Pi. ~ Pn. ) (Jit - Pi. + Pi. ~ P N . )} 
= E {(y it - y t . ) (y ik ~y t .) + (y ik - y t .) (y u - p N . ) 

+ O'i; - Pi. ) (Pi. -P N .)+ (Pi. - Ph. ) 2 } 
= E {(y it - y t . ) (y ik - j> 4 . )} + E (P, - y N . ) 2 (14) 

since the expected value of the two middle terms is clearly zero. 
To evaluate the first terra of (14), we first work out the expectation 
for a given /. We have 



E {(y,! - PJ (y ik -PJ 10 

M 

= M(j-l)ll ( *'- J> '- )0 '"--*- ) 



(M-l) 



J~o [{!>''- *->} ~ !><<-*• )a ] 



M(M 



1 
M (M - 1) 

M 



[0 - (M - 1) S 4 »] 



(15) 



Next, taking the expectations for varying /, we obtain 

N 

e {(y it - p t . ) 0«- Pi. )} = - N ^j m 



M 



(16) 
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where 

N 

The values of the second term in (14) and that of the denominator 
in (13) are known, by definition, to be (JV — 1) S b 2 //V and 
(NM — 1) S 2 /NM respectively. We thus have 

N - 1 S,„ 2 

N & " M 
P = — M-1-, " (,7) 

"NM 

When clusters are randomly formed, the expected value of S w 2 
and MS5 2 will each be equal to S 2 , and 

' = ~ NM^ (,8) 

Now, by definition, S 2 , S b 2 , and S w 2 are related to each other by 
the identity 

{NM - 1) S 2 - (JV - 1) MS, 2 + N{M - - 1) §„* (19) 

Hence, eliminating first S^ 2 from (17) and (19), we have 

AW-1 . S 2 r I 2 

* M(N-\) M\ TV ' P J v ; 

and next eliminating Sb 2 from the same equations, we get 

§ " 2 = NM nM ^ si (1 ~ p) (21) 

The variance of the mean of n cluster means is now obtained by 
substituting from (20) in (5). We have 

V (y ) = N - ~ " ■ S * 

N-n NM-l S 2 ( 1 , 

= -*- ■MW-l)'nMV +{M - 1)p ] (22 > 



246 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

and from (10) the relative efficiency is given by 

MJN-l). 1 

NM - 1 {1 +(M - \)p} K i} 

For TV large, the formula? (17) and (19) to (23) can be approxi- 
mated by the simpler expressions 

e 2 
P ~ ^~ (24) 

S^V + ^-'S, 3 (25) 

S, 2 ~ ^{l +(M-l)p ) i (26) 

SJsiS*(\-p) (27) 

^^"•'mI'+^-'^I < 28 > 



and 



**T+&—i )t , < 29 > 



Formula (22) for the variance of the mean of n cluster means 
can be expressed more simply by introducing an alternative nota- 
tion. Let the variance of the mean of a single cluster be denoted 
by a b 2 , so that 

N — 1 
< = - N S, 2 (30) 

that of a single element in a specified cluster by a w *, so that 

and that of a single element chosen from the population by a 2 , 
so that 

01 - ^w 1 s ° (32) 





P = 


„*{°* - 


~ M- 


:o 




<r 2 = 


= *>* + *, 


2 






*S = 


-*{'+<"- 


-i) 




fX„. - 


M - 1 
A/ 


■ <7 2 • 


(i 


and 
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On substituting for S b 2 , S w 2 and S a from (30), (31) and (32) in 
(17), (19), (20), (21) and (22), we have 



(33) 
(34) 
(35) 

(36) 



The formula for the variance of the mean of n cluster means 
in this form was first developed by Hansen and Hurwitz (1942). 
It is made up of three factors. The first factor is the finite 
multiplier (N — n)/(N — 1). The second factor is the variance of 
the mean based on nM elements selected with replacement at 
random. The third factor measures the contribution to the 
variance of cluster sampling. If M = 1, this factor is unity and 
we are left with the finite multiplier and the sampling variance 
of the mean per element based on nM elements selected inde- 
pendently at random. If M is greater than 1, (M — 1) p will, 
therefore, measure the relative change in the sampling variance 
brought about by sampling clusters instead of elements. In 
practice, p is usually positive and decreases as M increases, but the 
rate of decrease is small relative to the rate of increase in M, so 
that ordinarily increase in the size of a cluster leads to substantial 
increase in the sampling variance of the sample estimate. 

The point can be well illustrated with the help of data given 
m Table 6.3. Table 6.3 gives values of p and (M — 1) p 
calculated from the data in Table 6.2. It will be seen that p 
decreases as M increases as expected, but the rate of decrease 
in p is slow as compared to the rate of increase in M. For 
clusters of size 16, the relative increase in sampling variance is 
seen to be a little over 200%. 
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Table 6.3 

Relative Change in Variance with Increase in Size of Cluster 



Size of Cluster (M) 


2 
0-28 


4 


8 


16 


p 


0-22 


018 


0-14 


(M-\)p 


0-28 


0-66 


1 -26 


210 



Although p is usually positive, there are situations where it can 
also be negative, as, for example, in the problem of estimating 
the proportion of males in the population using the household 
as a sampling unit. The intra-class correlation between sexes of 
different members of a household is clearly negative. Consider, 
for instance, households of size 4, consisting of a husband, 
a wife and two children. The households can be classified into 
three classes: those in which both children are males, those in 
which one child is a male and the other is a female, and finally, 
those in which both children are females. On the assumption 
that the proportion of male children is one-half, we would expect 
both children to be males in 25% of the households, one child 
to be male in 50% of the households, and no child to be male 
in the remaining 25%. These relative frequencies pi (/ = 1, 2, 3), 
together with the values of the proportion of males in the 
different classes viz., y\_, are presented in Table 6.4. In this 

Table 6.4 

Relative Frequencies and Proportions of Males 
in Households of Size 4 



Descrip- 
Class tion of 


Fre- 
quency 
Pi 


Proportion 
of Males 

yt. 


h (y<r 


-i)' 




(h.-i) 2 


Household 


4 




4 




1 2 male 

children 

2 1 male 

child 

3 No male 

children 


i 
i 
i 


* 
i 
i 


i 
1 
i 




A 

1 

a 

7 
32 




A 


Total population 




i 


i 


A 
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table v,j = l r if the y-th member in the /-th class is a male, and 
yij = 0, if it is a female. 

Since the population under consideration is an infinite population, 
we write 

S*.= c» =£{*,-£ (*,)}» 







3 

■i- i 


2 to, - 

' 4 


-i) 2 










i 

= 4 










Also 
















e 2 


= <7„," ~ 

7 

"" 32 


4 


4 


>'< 


,) : 


and 
















C 2 


1 




-i) 2 







(38) 



(39) 



32 



(40) 



The values of \ £ ( yij - |) 2 , \ £ {y^ - y t f and (.v,.- \f for 

the different classes, and those for the whole population repre- 
senting cr 2 , a w 2 and <7b 2 are a ' so shown in Table 6.4. On substi- 
tuting in (33), we obtain 

„ _ (A) - (*) (A) _ _ ' 
p _ i _... _ 6 

The result is otherwise obvious also. For, the correlation between 
the sexes of husband and wife is — 1, but that for every other 
of the remaining five pairs is zero, since the sex of husband or 
wife will not determine the sex of their children, nor will the sex 
of one child determine the sex of another. The average value 
of the correlation between sexes of different members in a house- 
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hold of 4 consisting of a husband, a wife and two children is, 
therefore, — £. 

The relative change in variance in adopting the household as 
a unit of sampling in place of an individual is, therefore, 
(M — 1) p or —50%. In other words, the household will be 
approximately twice as efficient as a single person for estimating 
the sex ratio. It is, of course, recognized that households will not 
all be of the same size and composition, but results from actual 
observations show that a household will be considerably more 
efficient as a unit of sampling than a single individual for the 
character under consideration. The same situation may hold good 
for characters like the proportion of persons in a family above 
a certain age. In general, however, p will be positive and we may 
expect the variance to increase with the size of the cluster. 

6a.4 Estimation from the Sample of the Efficiency of Cluster 
Sampling 

Data for the complete population are seldom available in 
practice. What is available is only a sample of clusters and the 
analysis of variance of the elements in the sample. The problem 
arising in practice is, therefore, to assess the relative efficiency of 
cluster sampling from the sample data alone. 

Let the sample consist of n clusters. Then the analysis of 
variance for the sample will take the form of Table 6.5. 

Table 6.5 
Analysis of Variance for Sample 



Source of Variation 


Degrees 

of 
Freedom 


Mean Square 


Between clusters 


n~\ 


n —1 i—l 


Within clusters 


n(Af-l) 




Total sample 


nM-\ 


N M 
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In a random sample of clusters, s b * and s w 2 will provide 
unbiased estimates of the corresponding values in the population, 
viz., S& 2 and S w 2 . s 2 will not, however, be an unbiased estimate 
of S 2 , since the elements on which it is based cannot be consi- 
dered to be a simple random sample of elements from the 
population of NM units. An unbiased estimate of S 2 is, however, 
easily obtained from (19) by substituting for S b 2 and S w 2 the 
values s^ and s w 2 . We thus have 

hsL * ~ NM-l (41) 

Hence substituting from (41) for Est. (S 2 ) and writing .sv for S5 2 
in (10), we obtain 

Est. (Relative Efficiency) 

(N - \) Ms t * + N (M - l)s,„ 2 
(NM ■"-'!) Msf 



~ l +( M - 1 \ -V (42) 

-- M ^ V M ) Ms b * K ' 

for large N. 



Example 6.2 

Table 6.6 gives the analysis of variance of the area under 
wheat for a sample of 44 clusters selected from 1 1 different villages 
in the Meerut District (India). Four clusters were selected from 
each of the 1 1 villages and each cluster consisted of 8 conse- 
cutive survey numbers. Estimate the relative efficiency of the 
cluster as a unit of sampling compared with the individual survey 
number. The total number of clusters in a village may be 
assumed to be large. 

On substituting the values from Table 6.6 in (41), we obtain 
for large N, 

Est. S 2 



V 2 


+ 


M -\ . 


2 


251 
8 


•4 


+ 8 7 (H2. 


.8) 



130-1 
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Hence 

Est. (Relative Efficiency) 

= 130<1 
251-4 

= 0-52 

Table 6.6 

Analysis of Variance of Area under Wheat 

Degrees 
Source of Variation of Mean Square 

Freedom 



Between villages 


10 


290-1 


Between clusters within villages 


33 


251 -4 = Ms,, 2 


Between survey numbers within clusters . . 


308 


112-8 = jV 


Total . . 


351 





6a. 5 Relationship between the Variance of the Mean of a Single 
Cluster and its Size 

So far we have considered the relative efficiency of clusters and 
elements as sampling unite. The more general problem is that of 
estimating the variance of the estimated character from a sample 
of clusters of any size, given the variance of an equivalent sample 
of clusters of a particular size. This is possible only if we know 
the relationship between the mean square between means of 
clusters of given size S5 2 and M. Several attempts have been 
made to work out such a relationship. The first one was due to 
Fairfield Smith (1938). 

He argued that: 

If the cluster were to consist of a random sample of elements, 
S b 2 would be equal to S 2 /M. 

Owing to the fact, however, that for most populations encountered 
in practice elements of a cluster will be positively correlated, 
clusters will differ in their average values more than when they 
are composed of randomly selected elements. S5 2 will, therefore, 
ordinarily exceed S 2 jM . 
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He proposed the following relationship: 



253 



(43) 



where g is a constant, less than 1, to be calculated from the 
sample. He found the relationship to be satisfactory on yield 
data from uniformity trials for different size plots. 

Example 6.3 

Table 6.7 shows the values of the mean squares between plots 
within fields for plots of five different sizes, viz., equilateral 
triangles of sides (a) 33', (b) 25', (r) 15', (d) 10' and (e) 5' each. 
The data relate to the crop-cutting survey on wheat conducted 
in Kangra District (India) during the year 1945-46. Altogether 
76 fields were selected for the survey and in each, 10 plots, two 
of each of the above sizes, were marked at random. 

Table 6.7 
Yield Survey on Wheat, 1945-46 {Kangra) 

Values of Mean Squares between Plots within Fields 
for Plots of Different Sizes 



Size of Plot 

M 

(Sq.ft.) 


Mean Square between Plots 

within Fields 

(Md./Acre) 5 




Observed 




Fitted 




471-5 


0-51 




0-56 




270-6 


0-83 




0-75 




97-4 


1-21 




1-26 




43-3 


2-14 




1-91 




10-8 


3-63 




3-88 





Examine whether the linear relationship 

log S„ 2 = log S 2 - y log M 

proposed by Fairfield Smith describes the data adequately. 

The equation obtained by fitting the linear curve by the method 
of least squares to the data observed is given by 

logS fc 2 = 1-117 -0-511 log M 
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The theoretical values of S5 2 as calculated from this equation 
are given in col. 3 of Table 6.7. It will be seen that the fit 
is satisfactory, showing that Fairfield Smith's law adequately 
describes the data. 

Fairfield Smith's law, however, leads to one logical difficulty. 
On the assumption that the total mean square between elements 
in the population is known and the mean square between means 
(per element) in clusters of size M is given by the relationship 
proposed above, an expression for the within cluster mean square 
can be derived directly from (19). We get 

(NM-])S*-(N-l)M ^ 
S, 2 =-- N(M-l) (44) 

Equation (44) shows that variability within clusters is a function 
of N, the size of the finite population, although strictly it should 
have been independent of it. For TV large, however, Su, 2 becomes 
independent of N. being given by 

§ « 2 = Ji. i S * < L ~ M ~"> (45 ^ 

where S 2 will now represent the total mean square in the infinite 
population of which the finite population is itself a sample. 
Equation (45) also shows that if we regard the population itself 
as a single cluster and M is consequently very large, the within 
cluster variance S^ 2 will approach S 2 as expected. 

If instead of assuming the relationship given by (43) we assume 
the one given by (45) which satisfies the condition of S w 2 being 
independent of the size of the population, the expression for the 
mean square between clusters can be written as follows: 

- N (M - 1) ~~-_ j (1 - M-") S 2 } 
= SS < NM -l] (46) 
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which in the limit tends to S 2 /Afs. S^ 2 now depends on N and 
in fact increases with it when g < 1, which is logical, since the 
variance of cluster means for clusters of a given size when 
clusters are widely separated should be larger than the variance 
observed when they are close together. 

Jessen (1942) showed that although Fairfield Smith's original 
formula, namely (43), describes the yield data extremely well and 
the refinement suggested by him, namely (46), even improves the 
relationship, most economic characters relating to farm data 
follow a slightly different law. He postulated that the mean 
square among elements within a cluster is a monotone increasing 
function of the size of the cluster given by 

S„, 2 -= aM" (b>Q) (47) 

where a and b are constants to be evaluated from the data. 
The same relationship was independently suggested by Mahalanobis 
(1940). Consequently, assuming this law to hold for the mean 
square within clusters, the expression for the mean square between 
cluster means is obtained as shown below: 

„ , {NM - 1 ) S 2 - N(M-\) aM" 

S »" = M{N-\) (48) 

The constants S 2 , a and b are evaluated from the data. For 
this purpose, we require: (1) an estimate of the mean square 
among elements in the population, and (2) an estimate of the 
mean squares between elements within clusters for at least two 
values of M . If we regard the total population as a single cluster 
containing NM elements so that 

S a = a (NM) b 

then we have 

„ , (NM - 1) a (NMf -N(M-Y) aM" 

S ' ~ M(N-\) (49) 

The above relationship now depends on only two constants and 
can, therefore, be estimated from the variance among elements 
in the population and the variance within clusters for any one 
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value of M. Hendricks (1944), however, pointed out that the law 
may not hold good for large sizes of clusters. This was also the 
finding of Asthana (1950), who has fitted Jessen's law to describe 
the mean square within clusters for acreage under wheat for 
a large number of villages. He found that the observed value 
of S w 2 when the sampling unit is formed by the whole of the 
population (village) was consistently, though only slightly, below 
the fitted line showing that the law probably did not hold good 
for large sizes of clusters. When the law was fitted to the within 
cluster mean squares corresponding to sizes 2, 4, 8 and 16 only, 
that is excluding the cluster formed by the whole population, he 
found that the fit improved. 

Example 6.4 

Fit Jessen's law to the within cluster mean square values for 
clusters of sizes 2, 4, 8 and 16 survey numbers and the one 
formed by all the survey numbers in the village, given in Table 
6.8. 

Table 6.8 

Values ofS w 2 in Clusters of Different Sizes (Acres) 2 





M 




Observed Values 


Fitted Values 






2 




78-10 


81-53 






4 




84-28 


84-25 






8 




88-92 


87-05 






16 




93-50 


89-95 






NM = 


1176 


108-33 


110-22 





The clusters were formed by grouping consecutive survey numbers 
in a village. The character under study was the area under wheat. 
Jessen's law as fitted to these values will be found to be given by 

log §„* = 1 -897 + 0-0473 log M 

The theoretical values as calculated from this law are given 
beside the observed values in Table 6.8. It will be seen that 
the law adequately describes the data. 
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6a.6 Optimum Unit of Sampling and Multipurpose Surveys 

We have seen that ordinarily cluster sampling will lead to loss 
of precision. On the other hand, cluster sampling helps to reduce 
the cost of a survey. In this section we shall consider the problem 
of determining the optimum size of cluster which will provide the 
maximum information for the funds available. 

We shall assume that clusters are equal in size. The cost of a 
survey based on a sample of /; clusters will, apart from over-head 
costs on planning and analysis, b: made up of: (a) costs due to the 
time spent on enumerating all the elements in the sample, nM in 
number, including the time spent on travelling from one element to 
another within clusters and costs on transport within clusters, and 
(b) costs due to the time spent on travelling between clusters and the 
cost of transportation between clusters. The cost of a survey can, 
therefore, be expressed as a sum of two components one of which is 
proportional to the number of elements in the sample and the other 
proportional to the distance to be travelled between clusters, i.e., 

C = c x nM + c 2 d 

where Cj represents the cost of enumerating an element including 
the travel cost from one element to another within the cluster, 
< 2 that of travelling a unit distance between clusters and d the 
distance between clusters. It has been shown empirically that 
the minimum distance between n points located at random is 
proportional to w* — /r* (Mahalanobis, 1940). Jessen by means 
of experimental work has shown that the approximation w works 
well in practice (1942). The equation for the cost of a survey 
can, therefore, be expressed as 

C = Cl nM + <yi* (50) 

where c t will now be proportional to the cost of travelling a unit 
distance. 

We have already seen that if the variance within clusters is 
assumed to follow Jessen's law, then the variance of the estimated 
mean per element based on a sample of n clusters of size M 
each is given by 

v(y».)= N N n - s £ (5,) 

17 
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where S b 2 is as defined in (48). Substituting in (51) for S b a the 
value from (48), we have 

V Cv„. ) s l n {S 2 - (M - 1) aM^j (52) 

where the finite multiplier is ignored. The problem is to choose 
n and M so that the variance given by (52) is minimized for 
a specified cost. We will give the solution as it was first presented 
by Jessen and then attempt an algebraic solution. 

The investigation carried out by Jessen related to a survey 
of farm facts concerning number of livestock of different types, 
acreage and yield of corn and oats and income and expenditure 
on the farm. Samples of seven different sampling units were 
taken. The sampling units considered were (1) the individual 
farm, (2) quarter section, 5 4 , (3) half section, 5 2 , (4) full section, 
5, (5) two adjacent sections, 25', (6) 4 adjacent sections, 45 and 
(7) 36 sections, 365. Using the equation of the cost function, 
Jessen calculated for each of the different sampling units the 
total number of clusters n which could be covered for different 
combinations of two different levels of the total expenditure, 
three different values of c t and two different values of c 2 . The 
two levels of the total -expenditure specified were $ 1000 and 
$ 2000 and the values of c t assumed were proportional to 1, 4 
and 8 and those of c 2 to 1 and 2-5. Table 6.9, reproduced 
from Jessen's paper (1942), shows the numbers of sampling units 
which could be covered under each of the several cost situations. 
Substituting the value of n thus obtained in the equation for the 
variance, namely (52), he calculated for each of the 7 different 
sampling units the percentage standard errors of each of the 
18 items under study. The results relating to the cost situation 
in which the total expenditure was fixed at $ 1000 and c x is 
proportional to 1 and c s proportional to 1 are reproduced in 
Table 6.10. It will be seen that for all except two characters, 
viz., number of sheep and number of eggs, the quarter 
section has yielded about the lowest standard error showing 
that, for the specified budget and c x and c t as given, 5 4 is 
the optimum size of the sampling unit for the collection of 
farm facts. 
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Jessen made similar calculations for different cost situations. 
Results obtained on six sampling units S 4 , S 2 , S, 2S, 4S and 365 
are summarised in Table 6.11. Thus, row 1 of the table shows 
that when C is equal to $ 1000 and c 2 = 1 and c 2 = 1, for 
10 out of 18 characters under study, the half section S 2 will be the 
optimum unit of sampling. Row 3 of the table similarly shows 
that for the same total budget and c 2 remaining the same, but 
c v increased to 8 times its value, the quarter section S 4 would be 
the optimum unit for 16 out of the 18 characters. The result 
indicated that the size of the optimum unit of sampling decreases 
as Ci, the cost of enumeration, increases. This is confirmed by 
examination of other parts of the table. Similarly, the table 
shows that the increase in c 2 calls for the use of larger sampling 
units. We also see that a large budget requires small clusters. 

From the study of similar results for 1939, Jessen recommended 
the use of the quarter section as the optimum unit of sampling for 
this kind of survey involving the collection of information on 
several items. This is an important finding since it points to the 
possibility of obtaining information on several related items in the 
compass of a single survey using the same optimum unit of 
sampling. This is also the experience in India with regard to the 
use of the village as the unit of sampling in agricultural surveys 
which has the additional advantage of being administratively 
convenient (Sukhatme, 1950; Sukhatme and Panse, 1951). The 
degree of accuracy attained necessarily varies from character to 
character in a given sample of clusters of the optimum size, but 
this can be adjusted using different intensities of sampling for 
different groups of items in the questionnaire. Thus, we may 
divide the questionnaire into three parts, information on part 1 to 
be collected from only half the total sample, that on part 2 
from say three-fourths of tbe sample and on part 3 from the 
entire sample. The items may be so grouped that information 
on all will be available with about the desired precision. Such 
sample surveys which include within their scope the collection 
of information on more than one item are called multipurpose 
surveys. 

We shall now give an algebraic solution of the problem origin- 
ally due to Cochran (1948) of choosing M and n so that the 
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variance given by (52) is minimized for a given value of the 
total cost, say C = C . 

We form the function 

<f>=V (>•„. ) + /i ( Cl nM + c 2 «* - C ) (53) 

where ft is the Lagrangian undetermined constant. We next 
differentiate with respect to n, M and n and equate the results 
to zero. Thus, on differentiating with respect to n and noting 
that 

(54) 
we get 

- V n + ijl ( Cl M + ic 2 «"i) = (55) 

Similarly, on differentiating with respect to M and equating the 
result to zero, we have 

lit +Wi=0 - (56) 

And finally differentiating with respect to n and equating to zero, 
we have 

Cl nM + <;„«* = C (57) 

On eliminating \x. from equations (55) and (56), we obtain 



IV M 

i>M ' V 



1 + \2c~m) 

Now solving equation (57) as a quadratic in n*, we get 

, - c 2 + {c t a + 4 Cl CoM)i 
n "~ '2cjii~ 



(58) 



(59) 
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On substituting for w* in (58) and simplifying the algebra, we 
obtain 

"v ■ 1 ~ ~ ' + (' + "Iff 

Now it can be seen from (52) that 

V ' b'M 

is independent of n. Equation (60) can, therefore, be solved 
directly for M. An explicit expression for M is, however, difficult 
to obtain and the solution has, therefore, to be obtained by trial 
and error method. On substituting the value of M so obtained 
back in (59), we obtain the optimum value of n. 

Since V decreases as M increases, we may expect the left-hand 
side of (60) to be approximately constant whatever the value of 
M. An examination of (60) also shows that the left-hand side is 
independent of the cost factors while the right-hand side involves 
M only in combination with the cost factors. It follows therefore 
that M will respond to the variation in c\, c t and C in such 
a way that c x CM\c? is approximately constant. It follows that 
M will be smaller if (1) c, increases, i.e., the cost of enumerating 
an element increases ; (2) c 2 decreases, i.e., travel becomes cheaper ; 
and (3) C is large, i.e., the amount of money available for the 
survey is large. The algebraic solution thus confirms the calcula- 
tions deduced from the actual data reproduced in Tables 6.9- 
6.11. 
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Table 6.9 

Numbers of Sampling Units which can be Covered, given 

Several Cost Situations, Two Expenditure Levels, 

and Seven Different Sampling Units 

Unslralified Sample in the State of Iowa 





No. of 

Farms/ 

Sampling 

Unit* 


Mileage at 2e/Mile 

Length of Farm Visit 

15 60 120 
Min. Min. Min, 


Mileage at S e 


/Mile 


Sampling Unit 


Length of Farm Visit 




15 
Min. 


60 

Min. 


120 
Min. 




A. Total Expenditure 


if SJ000 








Individual farm 


1000 


1644 


650 


371 


1088 


517 


315 


Quarter section 


0-914 


1745 


699 


401 


1140 


551 


339 


Half section 


. 1 ■ 828 


1073 


392 


218 


764 


336 


192 


Section 


. 3-656 


624 


213 


116 


475 


186 


105 


Two sections 


. 7-312 


347 


113 


60 


278 


102 


56 


Four sections 


. 14-624 


187 


59 


31 


156 


54 


29 


Thirty-six sections 


. 131-616 


21 


7 


4 


17 


6 


3 




B. Total Expenditure < 


>f $2000 








Individual farm 


1-000 


4012 


1452 


803 


2886 


1223 


712 


Quarter section 


0-914 


4293 


1569 


871 


3057 


1314 


769 


Half section 


. 1-828 


2494 


852 


462 


1900 


744 


421 


Section 


3-656 


1388 


451 


241 


1112 


407 


225 


Two sections 


7-312 


749 


235 


124 


623 


217 


118 


Four sections 


. 14-624 


396 


121 


63 


338 


113 


61 


Thirty-six sections . 


. 131-616 


44 


14 


7 


38 


13 


7 



* Computed from the sample survey data. 
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Table 6.10 

Relative Standard Errors (% of Item Means per Farm) 
Estimated for Samples of Different Sampling Units 
and Taken at Random within the State, 1938 

(Expenditure of $1000. IS-minute Questionnaire and 2e per Mile) 
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Items 






Sampling Unit 








Individual 
FaTm 


^4 


S* 


S 


25 


45 


365 


1. 


Number of swine .. 


2-67 


2-82 


2-74 


2-90 


3-36 


4-II 


9-99 


2. 


Number of horses .. 


1-83 


1-93 


1-87 


1-98 


2-27 


2-80 


6-87 


3. 


Number of sheep .. 


9-61 


9-76 


8-80 


3-16 


7-74 


7-44 


7-44 


4. 


Number of chickens 


1-61 


1 -70 


1-66 


1-78 


2-07 


2-57 


6-34 


5. 


Number of eggs yesterday . . 


3-17 


3-21 


2-90 


2-69 


2-55 


2-45 


2-45 


6. 


Number of cattle 


2-55 


2-67 


2-55 


2-65 


2-98 


3-62 


8-66 


7. 


Number of cows milked 


. 1-98 


2-07 


200 


209 


2-37 


2-88 


6-79 


8. 


Number of gallons of milk . 


. 2-34 


2-45 


2-32 


2-39 


2-64 


315 


7-17 


9. 


Dairy product receipts 


. 2-99 


311 


2-93 


2-97 


3-24 


3-79 


8-55 


10. 


Number of farm acres 


. 1-54 


1 -63 


1-57 


1-64 


1-87 


2-28 


5-58 


11. 


Number of corn acres 


. 1 95 


2 06 


1-98 


208 


2-37 


2-87 


6-88 


12. 


Number of oat acres 


. 2-36 


2-59 


2-66 


3-05 


3-78 


4-91 


12-76 


13 


Corn yield 


•82 


•90 


•94 


109 


1-36 


1-78 


4-73 


14. 


Oat yield 


. -84 


•88 


•84 


•86 


•96 


1-15 


2-71 


15 


Commercial feed expenditures 6-23 


7-06 


7-60 


914 


11-78 


15-71 


43-07 


16, 


Total expenditures, operator 


3-96 


4-36 


4-51 


5-21 


6-48 


8-46 


22-36 


17. 


Total receipts, operator 


, 3-16 


3-49 


3-64 


4-23 


5-29 


6-93 


18-39 


18. 


Net cash income, operator . 


. 3-54 


3-82 


3-84 


4-26 


5-13 


6-57 


16-82 
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Table 6.11 
Summary of Sampling Unit Efficiencies 

Number of Items Most Efficiently Estimated by the 
Six- Grid Sampling Units, 1938 and 1939 



Expenditure, \ 
Rate and Quest] 
Length 


lileage 
onnaire 




Sampling Unit 




s* 


S, 


S 2 


S 45 


365 




Expenditure 


of $1000 








I. 2e/l5 min. 


1938 
1939 


6 

6}; 


10 


i 


1 

2 


1 

2 


II. 2e/60 min. 


1938 . 

1939 . 


13 

. 14 


3 

2 




1 

2 


1 

2 


III. 2e/120min. 


1938 . 

1939 . 


16 
16 






1 

2 


1 

2 


IV. 5e/15 min. 


1938 
1939 


1 

4 


12* 

9 


21 
3 


1 

2 


1 

2 


V. 5e/60 min. 


1938 
1939 


6 

7i 


10 

81 




I 

2 


1 

2 


VI. 5e/120min. 


1938 . 
1939 


114 
12 

Expenditure 


4* 
4 

of $2000 




1 

2 


1 

2 


VII. 2e/15 min. 


1938 . 

1939 . 


.- 7 
8 


9 

8 




1 

2 


1 

2 


VIII. 2e/60 min. 


1938 . 
1939 


16 
. 15 


V 




1 

2 


1 

2 


IX. 2e/ 120 min. 


1938 . 

1939 . 


. 16 
. 16 


V 




1 
2 


1 

2 


X. 5e/l5 min. 


1938 . 

1939 . 


5 
6 


11 

8 


2 


1 

2 


1 

2 


XI. 5e/60 min. 


1938 . 

1939 . 


• 12* 

12 


3* 
4 




1 

2 


1 

2 


XII. 5e/120min. 


1938 . 

1939 . 


• 12* 
14 


3* 
2 




1 

2 


1 

2 
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B. UNEQUAL CLUSTERS 

6b.l Estimates of the Mean and their Variances 

Let the i-th cluster consist of Mi elements (7=1, 2, . . ., N) and let 

N 

M „ = 2 Mi denote the total number of elements and M=M /N the 

average number of elements per cluster in the population. Then the 
mean of the character per element in the ;-th cluster will be given by 

Mi 

*• = k £ yi> m 

and the mean per element in the population by 

N M : N 

E E y u E MJ'i. 

y = '-> £.'.-._ = '- (62) 

E M t M 

Several estimates of the population value of the mean per 
element can be formed from a random sample of n clusters. 
We shall first consider the simplest, viz., the simple arithmetic 
mean of the cluster means given by 



n 

IE 



(63) 



It is easy to see that this estimate will not give an unbiased estimate 
of the population value, for 



n 




= y H . 

* y.. («> 
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unless Mi and y>{ ± are uncorrelated. It is likely, however, that 
for large n and for a population for which Mi's do not appreciably 
vary from one cluster to another, this estimate may not be 
materially biased. 

Since y n , is a biased estimate, the error in y n , will consist of 
two components: one arising from the sampling variations about 
its own mean, viz., the unweighted mean of the cluster means 
in the population; and the other arising from the bias compo- 
nent. The expected value of the square of the total error in y n 
is called the mean square error. To evaluate it, we write 

y». - P.. = Jv - Jv + Jv. - y.. (65) 

where y N _ is the simple arithmetic mean of the cluster means, 
given by 

N 
1 



y* = N / , y<- 



L 



i=l 



Squaring both sides of (65) and taking expectations, we obtain 
M.S.E. (y„.)= V(y n .)+(bms? 

= ^.-«.S.' +( y N -- y y (66) 

where Sf, 2 is defined in (6), namely, 






An unbiased estimate can also be formed. The simplest would 
be the arithmetic mean based on cluster totals given by 

n 

; ; *'=iiZ>«v (67) 

It is easy to see that it is unbiased, for 



n 
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N 

= »m' nL m ' k 

= y.. (68) 

The sampling variance of this estimate can be written as 

V(y„:) = -"-" • I S b '* (69) 



where 

s " AT-lLl * N Li 



M 



w-"i 



£ ("# - >-)" 



=i \ 



It will be noticed that the variance of y n ,' depends upon the 
variation of the product A/jj>i., and is, therefore, likely to be larger 
than that of y n _, unless Mi and y^ vary in such a way that their 
product is almost constant. 

A third estimate which is biased but consistent is given by 



K = E n Mth - (*) 

EM, 

It is a weighted mean of the cluster means and is the ratio of 
two random variables. We have already seen that this estimate 
is a biased estimate, but is consistent, the bias decreasing with 
the increase inn. A first approximation to the variance of this 
estimate is given by replacing y% by Afjj'i. and Xi by Mj in equation 
(30) of Chapter IV. We obtain 



N -n 
Nn 



S b "* (72) 
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where 

s > n = N-yiLfrV<--w (73) 

i-l 

which, as we have seen, is a satisfactory approximation to the 
actual variance provided n is large. 

The variance of the ratio estimate is smaller than that based 
on the simple arithmetic mean of the cluster totals provided p is 
larger than C.V. (Mj)/2 C.V. (Mi^i.)and consequently the estimate 
y n " is expected to be more efficient than y n ,' in large samples, 
whenever Mj and Mrf^ are highly correlated. 

66.2 Probability Proportional to Cluster Size: Estimate of the 
Mean and its Variance 

The basic theory of sampling with varying probabilities of 
selection has been given in Sections 2b -2, 2b. 3, 2b A and 2b. 5 
of Chapter II. In this section we shall give its application to 
cluster sampling. 

Let P\ denote the probability of selecting the /-th cluster 

N 

(i = 1 , 2, . . . , N) at the first draw, z ?% being 1 , and define a 
variate z by 



M ( y tl 



*„ = , f ~f (74) 



whence 

Then it is easily shown that the expected value of z{. is equal 
to the population mean j>... Denoting the expected value of z». 
by i.., we have 

*. = £ ?u 

_Y p M i y t . 
~ Lx ' M P t 



— y.. 



(75) 
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It follows that 

£(z„.)=z.. =;>.. (76) 

When the selection probability is proportional to the size of the 
cluster, in other words, when Pi = Afi/Af . the variate z becomes 
identical with y, and f n . = j> m- . We thus reach an important 
result, that a simple arithmetic mean of the cluster means, under 
a system of sampling with probability proportional to size of 
cluster, gives an unbiased estimate of the population mean y ... 

To obtain the sampling variance of z n _, we proceed exactly 
step by step as in Section 2b. 2 and reach the same expression 
as in (136), namely, 

V (z„ ) = ""* (77) 

n 

where a bz 2 stands for the variance of a cluster mean, defined by 
°,J = E P, (z, - z. Y- (78) 

i=l 

The estimate of the sampling variance of z n , is also given by 
the same expression as shown in (143) in Section 2h.3, namely, 

Est. V(z n .)^ Sh ? (79) 

where s bz z is the mean square between cluster fj.'s in the sample, 
defined by 

When Pi = Mj/A/o, we have z n . = y n ., 

V(z..) = °£ (81) 

where 



'0 
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and 



s 



2 



Est. K(z„.)= » n (83) 

where 

n_ 

v = „zi £ <*• -■*■■>* (84) 

66.3 Probability Proportional to Cluster Size: Efficiency of Cluster 
Sampling 

It can be shown that the relative change in variance with a 
cluster as a unit of sampling in place of an element under the 
system of sampling with probability proportional to size of cluster 
is given by an expression similar to that in the case of equal 
clusters, viz., {M — 1) p. To evaluate p, we start from equations 
(13) and (14) and write 



P = "if/;, _ ,-■ m ( 85 ) 



E {(.v, - y,. ) (y lt -y t . )} + £ (p,.-*.. ) 2 
By definition 



£0\ -j>..) 2 -^ 2 (86) 

Further, let 

£{(^-^.) 2 |'}=^ 2 (87) 

and 

£0'«-J>..)*=^ (88) 

To obtain the expected value of the first term in the numerator 
of (85), we use the identity 



( *fi )2 Mi 

I (jij-yJln = o s 2M^-.v,) 2 



+ f' (y^-y,.) (y lt -h) 



which can be written as 



Mi 

S {(y<- y, f 1 + M t (M t - l) e {(j,,- h. ) (**- K )\i>o 
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Hence 

E {(y,- Pi. ) O'it- >\ ) I '} = - jj l __ x (89) 

Taking the expectation of the expressions on both sides of (89) 
for variation in /, we obtain 

N 

i~i 
Assuming of to be constant and equal to a w -, we have 

N 

Now the expression 



(91 



N 

Li Mr- 



i 

N L-i M, - 1 



may be satisfactorily approximated by M/(M — 1 ). We therefore 
have 

E{(y t -y t .) (>■*-?,.)} = - jj/'l j (92) 

Hence, substituting from (86), (88) and (92) in (85), we have 

- -^ + 
p = M-\ 1 (93) 

Also 

*=***+<** < 94 ) 

Hence, eliminating o w * from equations (93) and (94), we have 

Si a * = i fi{\ +(M- 1)p) ( 95 ) 

It follows that the sampling variance of the mean of n clusters 
(on an element basis) selected with probability proportional to 
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their size is given by 



K(P„.)=- 



1 
nM 



<r 3 {l +{M - l)pj (96) 



If a simple random sample of nM elements had been selected 
independently with replacement, the variance would have been 

v (yji) = % (97) 

so that the relative change in variance is given by 

( ' 6 W 7) -<*-■)' <"» 

66.4 Probability Proportional to Cluster Size: Relative Efficiency 
of Different Estimates 

In Section 2b. 2 of Chapter II we remarked that the method 
of sampling with selection probabilities proportional to the size 
of the clusters may give marked reduction in variance of the 
estimated means compared to the method of simple random 
sampling of clusters. In this section we shall make the relevant 
comparisons. 

Of the three estimates appropriate for simple random sampling, 
namely, y n ., y n .' and y n ", it is necessary to consider only the 
first and the last, since the estimate y n ,' will generally be less 
efficient than either y n _ or y n ". We shall, therefore, make 
comparisons under two heads: 

(A) that of z n . with y n ,, and 

(5) that of z n . with y n ". 

We shall assume that sampling is carried out with replacement. 
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(A) Comparison of z n , with y n 

We have seen that z n , is an unbiased estimate of y mi with its 
variance given by 

1*1 

The estimate y n _, on the other hand, is a biased estimate of the 
population value. In comparing it with z n _ we have, therefore, 
to consider its mean square error which, ignoring the finite 
multiplier and replacing N — 1 by N, is given by 

N 

M.S.E. CF, ) = ^ £ (J " ~ ~ ys - Y + (J ' N - ~ y - )2 (100) 

i=i 

Using the identity 

£ (y<. - P.. f s s 0\ - p s . ) 2 + N (J-n. - P.. ) 2 

• = 1 i"=l 

equation (100) can be rewritten to read 

N 

M.S.E. (y n .) ~ n l N £b\-P ..f + (l - ^)(^.->'..) 2 (101) 
The difference between (101) and (99) works out to 

N 

M.S.E. 0v ) - M.S.E. (z„. ) = ~ „ly 2j (S* " ^ ~ *■■ } ' 



(-i 



+ (l -^)(^.-^.) 2 (102) 



In order to examine this difference we shall group together 
clusters of the same size and write the first term in (102) as 
shown below: 

18 
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where the summation £ is taken over the Ni clusters of size Mi 
each, and the summation £ is taken over the k groups, where 

i 

k 

S Ni = N. We shall restrict the discussion to the case where 
EiPjAMd^y.,. Clearly, 



Ni 



will then represent the variance of y^_ and may be denoted by 
V (J>j. | Afj). Equation (103) can now be put in the form 



N 

nN La \M 



1 T(^-K)(y t .-y..Y 



= -JvZ>(f -O^ 1 ^ (104) 

and is seen to depend upon the relationship between the variance 
of the mean of a cluster of given size and the size. If the 
clusters were randomly formed, the variance will be inversely 
proportional to the size of the cluster. Owing to the fact, 
however, that the elements of a cluster will be correlated, the 
variance will seldom decrease quite as fast. We shall examine 
the difference for three special cases: 

I. V(y h \ AT,) = a constant, say y 

II. v(y,\M { ) - ^ 
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and 

III. V(y,\Afd = J-t 
Case I. — 

Clearly the value of (104) is zero, giving us 

1' 



M. 



S.E. CP„. ) - M.S.E. (z„. ) = (l - * ) (J V . - J-.. )■ (105) 



which is always positive, so that z n , is expected to be more 
precise than the estimate y n _ for this case. 

Case II— 

Equation (104) can be approximated by 

N 

nN 






y 
nN 



y 



nN Li Ni \M i / Mr, , M { ~ M 



l+ ""xT~) 



nNM 



1=1 

y yrM, y 006) 
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which is again positive, so that for this case also we can expect 
z n . to be more efficient than y n .. 

Case III.— 

It can be shown that, following the approach in Case II, 
equation (104) can be approximated by 

(107) 

so that for this case also we would expect z n . to be more efficient 
than y n ,. 

These results are in fact obvious from an examination of the 
first term in (102). This term, ignoring the sign, represents the 
covariance between M{ and (.pj, — y_ m ) 2 . Now, ordinarily (Pi.— j>.. ) 2 
will decrease as A/j increases so that the covariance will be 
negative and consequently the expression on the right-hand side 
of (102) will be positive. 

(B) Comparison of z n . with y n ," 

The mean square error of y n ," when the finite multiplier is 
ignored and n is large is given by 

N 

M.S.E. (y n ») - ^ 2-1 M* <*. - *- )2 < 108 > 

Deducting from this the M.S.E. in (99), we obtain 
M.S.E. Ov") - M.S.E. (z„. ) 

Restricting again the discussion to the case in which E (y^ )=y.., 
we notice that the relative precision of y n " and z n . depends upon 
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the relationship between the variance of y^ and M{. 
Case I. — Let 

Equation (109) can then be written as 



M, 



It follows that z n . is more efficient than y n ". 
Case II.— Let 

The right-hand side of (109) reduces to zero, showing that the 
two estimates are of equal precision. 

Case III.— Lei 

V(y t .\M t ) = ^ 2 

Equation (109) then takes the form 
M.S.E. Ov') - M.S.E. (z„. ) 

-Jm-L^ -*>(i) 



r V (Mi - MY (1H) 

nNM* Lj v ' 
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Thus for this case, in contrast to the previous two, the estimate 
i n . is expected to be less efficient than the ratio estimate in 
simple random sampling. 

Example 6.5 

Table 6.12 gives the number of villages and the area under 
wheat in each of 89 administrative areas* in Hapur Subdivision 
of Meerut District (India), and Table 6.13 gives the analysis of 
variance on a village basis. It is required to estimate the total 
area under wheat in the subdivision using an administrative 
circle as the unit of sampling. We shall assume that a sample of 
20 circles is to be selected. Calculate the sampling variance of 
the estimate of the total area under wheat for each of the 
following procedures of sampling and estimation: 

(a) equal probability, mean of the cluster means estimate, 

(b) equal probability, mean of the cluster totals estimate, 

(c) equal probability, ratio estimate, 

(d) probability proportional to the size of the circle, mean of 

the cluster means estimate. 

Also calculate the variance of an equivalent sample with the 
village as the unit of sampling and compare the relative efficiency 
of the various methods. 

(a) Equal Probability, Mean of the Cluster Means Estimate 

M.S.E. (MJv) 

= (299)* {g^o ' 88 < 6499209 ) +(387-35-328-02)*} 

= 89401 (2862-9 +3511-75) 
= 5699 xlO 5 acres 2 



• These areas are known as Patwari circles in the local terminology. 
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Table 6.12 

Number of Villages and the Area under Wheat in the 
Administrative Circles of Hapur 



279 



Circle 
No. 
(0 


Number of 

Villages 

(M ( ) 


Area under 
Wheat 
(Acres) 
Wi. ) 


1 

Circle 
No. 
(') 


Number of 

Villages 

(M<) 


Area under 
Wheat 
(Acres) 
(Mih. ) 


1 


6 


1562 


29 


2 


583 


2 


5 


1003 


30 


4 


1150 


3 


4 


1691 


31 


3 


670 


4 


5 


271 


32 


2 


499 


5 


4 


458 


33 


4 


714 


6 


2 


736 


34 


4 


1081 


7 


4 


1224 


35 


1 


389 


8 


2 


996 


36 


7 


2675 


9 


5 


475 


37 


3 


868 


10 


I 


34 


38 


2 


1412 


11 


3 


1027 


39 


2 


445 


12 


4 


1393 


40 


5 


706 


13 


3 


692 


41 


2 


642 


14 


1 


524 


42 


4 


2050 


15 


1 


602 


43 


6 


2530 


16 


3 


1522 


44 


1 


247 


17 


4 


2087 


45 


2 


421 


18 


8 


2474 


46 


2 


687 


19 


2 


461 


47 


3 


941 


20 


4 


846 


48 


1 


710 


21 


3 


1036 


49 


1 


387 


22 


4 


948 


50 


10 


3516 


23 


4 


1412 


51 


5 


2002 


24 


3 


438 


52 


9 


3622 


25 


5 


2111 


53 


2 


1400 


26 


2 


977 


54 


2 


1384 


27 


3 


814 


55 


3 


830 


28 


1 


319 


56 


8 


167 
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Table 6.12— Contd. 



Circle 
No. 
(/) 


Number of Ar 
Villages 


57 


3 


58 


2 


59 


5 


60 


2 


61 


2 


62 


2 


63 


2 


64 


3 


65 


4 


66 


1 


67 


5 


68 


4 


69 


3 


70 


5 


71 


7 


72 


3 


73 


2 


74 


7 



Area under 
Wheat 
(Acres) 
(Mji. ) 



I 



Circle 
No. 
(') 



Number of 

Villages 

(Mi) 



Area under 
Wheat 
(Acres) 
(A*«?t. ) 



622 


75 


4 


669 


591 


76 


1 


1187 


273 


77 


2 


852 


781 


78 


1 


51 


1101 


79 


1 


1265 


799 


80 


8 


1423 


601 


81 


2 


794 


928 


82 


1 


1604 


1141 


83 


3 


1621 


1208 


84 


2 


1764 


1633 


85 


6 


2668 


902 


86 


1 


1076 


1286 


87 


1 


348 


1299 


88 


4 


1224 


1947 


89 


4 


1490 


741 
574 








Total 


299 


98078 


2554 









Table 6.13 

Analysis of Variance of Areas under Wheat in Villages 
in Hapur Subdivision {Acres) 2 



Source of Variation 


Degrees of Freedom 


Sum of Squares 


Mean Square 


Between circles 


88 


10924581 


124143 


Within circles between 
villages 


210 


9588011 


45657 


Total population 


298 


20512592 


68834 
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It will be noticed that the bias exceeds the standard error proper 
owing to the large variation in M, The method must, Lefor 
be rejected from further consideration. "lereiore, 

(b) Equal Probability, Mean of the Cluster Totals Estimate 

* (it "A 



N i\ N -_ n 1 
] Nn 



N~\L ( MJ < ~ NL M <h 



= 89* • ^ • 51 3613 



= 1 577x10* acres 2 
(c) Equal Probability, Ratio Estimate 



v JMoZMjJ 
I E M i J 

M ° \ Nn fc 

= 69 ! 89 • 342043 
= 1 050 xlO 5 acres 2 



N .. 



"■h^*! - '■ + ^-^) 



EM, 



1050 (l + 3 • 4 -° 74 ^ x W 
V 20 (3-360)7 X 



1 1 07 xlO 5 acres* 
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(d) Probability Proportional to the Size of the Circle, Mean of the 
Cluster Means Estimate 



V(M^ R .) =M * ■ l n £ ~ 4 (?,. -.v..) 2 



= (299)' • 2 q • (36537) 

= 1633 x10 s acres 2 

(e) Village as Unit of Sampling, Equal Probability, Mean per 
Village Estimate 

1=1 

- 29 ^f 9 (68834) 

= 710 x10 s acres' 

The relative efficiencies of the different methods are then as 
follows : 



Sampling Unit 


Sampling Method 


Method of Estimation 


Relative 
Effici- 








ency 


(a) Circle 


Equal probability 


Mean of cluster 
means 


12 


(b) Circle 


Equal probability 


Mean of cluster 
totals 


45 


(c) Circle 


Equal probability 


Ratio 


64 


W) Circle 


Probability propor- 
tional to size 


Mean of cluster 
means 


43 


(t) Village 


Equal probability 


Mean per village 


100 



The very low efficiency of method (a) is partly due to the 
presence of serious bias in the estimate. Of the other methods 
with the circle as the unit of sampling, the ratio method is seen 
to be the most efficient. The explanation is provided by Table 
6.14 showing the two-way classification of circles by the area 
under wheat and by size in terms of the number of villages. 
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Table 6.14 

Frequency Distribution of Circles by Area under Wheat 
and Number of Villages 





3600<3800 












1 


__... 




<3600 














1 




<3400 


















<3200 


















<3000 


















<2800 










1 


1 




-Si 


<2600 










1 


1 1 




C 

<3 


<2400 
















■s 


<2200 








2 


2 






1 


<2000 












1 






<1800 


1 


1 


I 


1 


1 
























3 


<1600 




3 


I 


2 


1 


1 




4< 


















X 


<1400 


2 




1 


3 


1 








<1200 


2 


1 


2 


3 


I 








<1000 




3 


5 


3 










< 800 


2 


7 


4 


2 


I 








< 600 


1 


7 


1 


1 


1 








200< 400 


5 








2 








0< 200 


2 










1 





23456789 10 
Number of Villages in a Circle 



The relationship between the two, i.e , Mip^ and Mi, is seen to be 
approximately linear, the value of the coefficient of correlation 
being 0-64. The variability among areas under wheat in circles 
of the same size is seen to be rather independent of the size, and 
explains the relative superiority of the ratio method (with equal 
probability) over the simple arithmetic mean estimate when the 
clusters are selected with probability proportional to size. The 



284 



SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 



village as a unit of sampling is seen to be far superior to the 
circle, and since the village is also known to be administratively 
convenient, it is preferred to the use of the circle as the unit of 
sampling in most agricultural surveys in India. 
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CHAPTER VII 

SUB-SAMPLING 

7.1 Introduction 

So far we have considered only sampling procedures in which 
all the elements of the selected clusters are enumerated. We 
also saw that the larger the cluster the less efficient it will usually 
be relative to the element as the unit of sampling. It is therefore 
logical to expect that, for a given number of elements, greater 
precision will be attained by distributing them over a large 
number of clusters than by taking a small number of clusters 
and sampling a large number of elements from each of them or 
completely enumerating them. The procedure of first seiecring 
clusters and then choosing a specified number of elements from 
each selected cluster is known as sub-sampling. It is also known 
as two-stage sampling. The clusters which form the units of 
sampling at the first stage are called the first-stage units and 
the elements or groups of elements within clusters which form the 
units of sampling at the second stage are called sub-units or 
second-stage units. The procedure is easily generalized to three- 
stage or multi-stage sampling. As an example of three-stage 
sampling, we may refer to crop surveys in which villages are the 
first-stage units, fields within villages are the second-stage units 
and plots within fields the third-stage units of sampling, the 
correlation between yield of adjoining portions of the same field 
rendering it unnecessary and also uneconomical to harvest the 
whole field. 

7.2 Two-Stage Sampling, Equal First-Stage Units: Estimate of 

the Population Mean 

We shall first consider the case of equal clusters and assume 
that the population is composed of NM elements grouped into 
N first-stage units of M second-stage units each. Let n denote 
the number of first-stage units in the sample and m the number 
of second-stage units to be drawn from each selected first-stage 
unit. Further, we shall suppose that the units at each stage are 
selected with equal probability. 
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Now let, as previously, 

y {j = the value of the j-th second-stage unit in the i-th first- 
stage unit 0=1,2 M; i = 1, 2, . . ., N) 

y,. — the mean per second-stage unit in the /-th first-stage unit 
in the population (i ' — 1, 2 N) 



and 



y.. 



N M 

NMLaLi yi> 



= the mean per second-stage unit in the population 
Further, let 



m 

m La 



y,m = m ' ■ yil 



the mean per second-stage unit of the ;-th first-stage unit 
in the sample 



and 



1 Y^ T^ 

nm 



y<tm ~_ / l / l yn 



i 



n 



= the mean per second-stage unit in the sample 
Then it can be shown that of all the linear estimates of the type 

n m 

S 2 ditfij, where the </y are constants independent of the 
t i 

selected sample, the sample mean y nm provides the best unbiased 
estimate of the population mean y _. In the next section we 
shall derive the expected value and the sampling variance of 
this estimate but the proof that it is the best linear estimate is 
left to the reader. 
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7.3 Two-Stage Sampling, Equal First-Stage Units: Expected 
Value and Variance of the Sample Mean 

Since the sample is selected in two stages, the expected value 
is also appropriately worked out in two stages, first over all 
possible samples of m from each of n fixed first-stage units and 
then over all possible samples of n. Thus, we have 

E(y nm ) = Ey n J^y<„,l 

= ^|>(P, m |0J 

= y«. 

Since the first-stage units are equal, 

Pn. =y.. 

Hence 

£(y„J=JL (1) 

thus showing that the simple mean of all elements in the sample 
gives an unbiased estimate of the population mean. 

By definition, the variance of the sample mean is given by 

V(y nm ) = E{y nm -E(y Hm )Y 

= E(y nm ~y N .Y (2) 

This can be written as 

V (.v..) = E{y„,~ y n . + y„. - y„. f 

= E{y„-y..) l + E(y % . -y,,.)* 

+ 2E{Hy„-y % .)(y*.-y«.)) < 3 > 
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where y n , denotes the simple mean of n first-stage unit means, 
given by 

n 

Now 

/n«i y n. / . \.y tin Si.) 

so that 

E (y„ m - y„. y = l n2 E [ j; (y tm - j, )] * 

= Ke \E(y in -yi.f + E(y im -y t .) (jy.-jv.)I 

+ E E E {(y <,„-},. ) Civ- - iv. ) I », /'}] (4) 

The value of the second term under the summation sign is clearly 
zero since sub-samples are drawn independently from the j-th 
and /'-th first-stage units and the value of the first term under 
the summation sign is given by the well-known result 

E{(y im -y,y\i) = Q - I) S t * (5) 

where 

e &«- h y 

whence we obtain 

n 



nN Li Km M) 0i 



where 














s„ 2 = 


N 


I* 2 






Also, 


from 


(5) and (6) of 


Chapter 


VI, 




E(P n . 


~Pn.) 2 - 


■G- 


- ;) v 




where 














s,* - 


N 


-y N .f 
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(7) 



(8) 



The value of the last term in (3) is clearly zero. For, 

E{(P nm - JV ) (JV -Pn.)} 

= E (>-„.- v„. ) X IJ^ E {(>\„- J', ) | i}\ 

= £ tCP.. - Pn. ) x 0] 

= (9) 

Substituting from (6), (8) and (9) in (3), we get on interchanging 
the order of the first two terms 

'w - e - J) *.' + (i - h) s ;" 

The variance is seen to be made up of two components. If 
the selected first-stage units had been completely enumerated, in 
other words, if m = M, the variance of the sample mean would 
be obviously given by the first component only. Actually, each 
selected first-stage unit is only partially enumerated by means of 
a sample of second-stage units drawn from it. The second term 
in (10) thus represents the contribution to the sampling variance 
arising from sub-sampling the selected first-stage units. In fact, 
setting m = M in (10) we have equation (5) of Chapter VI. 

19 
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When « — JV, or in other words, every first-stage unit in the 
population is sampled, we are left with the second component 
to represent the variance of the sample mean. This case corres- 
ponds to stratified sampling with first-stage units as strata and 
a simple random sample of m drawn from each of several strata. 
We can thus look upon a sub-sampling design as a case of 
incomplete stratification as it were, the first component repre- 
senting the additional contribution to the variance of a stratified 
sample arising from incomplete stratification. 

When TV is large relative to n, so that (N — n)jN can be taken 
as unity, we have 

^ -¥ + (*-*)*' (") 

When M is large relative to m, so that (M — m)IM can be 
taken as unity, we have 

Viy nm ) = (I - I) V + % (12) 

And when finite multipliers at both stages can be taken as 
unity, we are left with the simple expression 

C 2 C 2 

POU = ~ + ~ (13) 

n nm 

1A Two-Stage Sampling, Equal First-Stage Units: Estimation of 
the Variance of the Sample Mean 

The calculation of the variance of the sample mean in two-stage 
sampling involves the estimation of S{, 2 and S w 2 . The simplest 
way of estimating these is to define the corresponding quantities 
for the sample and obtain their expected values. 

Let Sb s denote the mean square between first-stage unit means 
in the sample defined by 
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and Si 2 denote the mean square between second-stage units drawn 
from the i-th first-stage unit defined by 



m-\ 



*" = ' "« -T (15) 



Equation (14) can be rewritten as 

(n - 1) s 2 = E y im 2 - ny n J 
whence 

(n - 1) E(s*) = E (e y ,S) - nE(y,J) (16) 

Now, to evaluate the first term in (16), we write 

e{e y in f) = E^E E{yJ\i)\ 

-*[|>- , +''(j 1 -iH (,,) 

The value of the second term in (1 6) can be directly obtained from 
(10). For, by definition, 

V(y„ m )=E(j nm *)-y N * 
whence 

nE(j^) = (l - £) S t « + (^ - i) S. 1 + «jv,« (18) 

Substituting from (17) and (18) in (16), and recalling that 



(iV - 1) S 6 2 = E y t 2 - Ny N 2 
we obtain 
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From (36) of Chapter II, we know that for fixed /, 
E{s ( *) = S? 
Also, for varying /, 



(20) 



We thus have 

Est. SJ = SJ 

_ i (iir- 1) *» ,, n 

n (m - 1) UI; 

= mean square within first-stage units in the analysis 
of variance of the sample 

and 

E.t. V -,..-£-i)V (22) 

When m = M, the second term in (22) vanishes and we are 
left with the known result appropriate for one-stage sampling 
without sub-sampling. We note also that in two-stage sampling 
the estimate of St, 2 is less than the corresponding mean square 
between the first-stage unit means in the sample, as one would 
expect, since s\? is based on estimates of first-stage unit means 
and not the true values and therefore subject to an additional 
component of variation. 

Substituting from (21) and (22) in (10), we have 

Est.K^) = Q-l)^ + I(i-i)^ (23 ) 
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When (N - n)/N can be taken as unity, (21) and (22) will still 
hold, giving on substitution in (11) 

Est. V (y„ m ) = s >* (24) 

Mean square between first-stage units in the 
_ analysis of variance for the sample 

nm 

When (M — m)jM can be taken as unity, we have 

Est. S,,. 2 = sj 

Est. S,, 2 = s* - s £ (25) 

and 

Est - v (p > = (!«-!,) *■ + L *» 2 ™ 

When {N — n)jN and (M — m)jM can each be taken as unity, 
(25) holds good, giving on substitution in (13), for an estimate 
of V (y n m)< ar > expression identical with (24), namely, 

Est. V(y„ m ) = S f (27) 

Mean square between first-stage units in the 

analysis of variance of the sample 

_ ^ 

7.5 Distribution of Sample between Two Stages: Equal First- 
Stage Units 

The expression (10) for the variance of the sample mean in 
a two-stage sampling design shows that the precision of a two- 
stage sample, apart from the values of S b 2 and S w 2 , depends upon 
the distribution of the sample between the two stages, or in other 
words, on n and m individually. The cost of surveying a two- 
stage sample will likewise depend upon the values of n and m. 
In this section we shall consider the problem of choosing n and 
m so that the variance of the sample mean is minimized for given 
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cost. Alternatively, we can choose n and m so as to provide 
an estimate of the desired precision for minimum cost. 

We shall first consider the simplest case in which the cost of 
the survey is proportional to the size of the sample, so that 

C = mm (28) 

where C = the total cost of the survey and c is a constant. Let 
the total cost of the survey be fixed at, say, C = C . Then 
from (28), we have 

m = 5 < 29 > 

en 

Substituting from (29) in the expression for the variance of the 
sample mean given by (10), we obtain 

- (*' - I') i - *' + *' <*» 

which is a monotonic decreasing function of n if S& 2 — S W 2 IM 
is positive, reaching its minimum when n assumes the maximum 
value, namely, 

Pi = — ° (31) 

c 

Equation (29) then gives 

m = 1 (32) 

If S5 2 — S W 2 IM < 0, which for large N is equivalent to stating 
that the intra-class correlation is negative, the right-hand side of 
equation (30) becomes a monotonic increasing function of n, 
reaching its minimum when n is minimum, given by 

On 

CM 

In other words, there is no sub-sampling. 
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The alternative approach of estimating the population mean 
with the desired precision for minimum cost leads to the same 
solution for m. For, let V be the value of the variance with 
which it is desired to estimate the population mean, so that 

Solving for n, we get 



*• + a - :,) 



(34) 



C 2 

V -A- " 
V » + N 

On substituting in (28), we obtain 

C = cm { £$■} + cSJ c , (35) 




V* + 



S 



Clearly, for St, 2 — S w 2 /M > 0, C attains its minimum when 
m assumes the smallest integral value, namely 1 ; and for 
Sb 2 — S W 2 IM < 0, the minimum is attained when m = M. 

It should be noted that the optimum distribution is independent 
of the variability of the character under study. This suggests 
the advisability of enlarging the scope of the questionnaire to 
carry several items whenever the field cost is proportional to the 
number of second-stage units or interviews, the sub-sampling 
design with one sub-unit from each selected first-stage unit being 
the most efficient in this case, provided, of course, Sb 2 — S w */M 
is positive for each item, and CJc < N. 

We shall next consider a more general case when the cost of 
the survey is represented by 

C = Cj/i -f c 2 nm (36) 

where c t and c 2 are positive constants. From (36) and (10), we 
obtain 
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= c l I Sj — jr. S,„ 1 + C 2 3„, 



+ wc 2 (s, 2 - M S,„ 2 ) + 






(37) 



Clearly, the minimum value of (37) will provide the optimum 
allocation for both the cases, when either C or V is fixed in 
advance and V or C minimized. 

For S b 2 — S w 2 /M > 0, (37) can be put in the form 



+ 



V^^-^^-V^ 2 



and is minimum when the square term in m is equated to zero, 
or in other words, when m is given by the nearest integer to 



7 



1 S 

M 5v 



(38) 



or, approximately by 

where p is the intra-class correlation within first-stage units. 



(39) 



For Sb 2 — S w 2 /M < 0, the expression on the right-hand side 
of (37) is minimum when m is the maximum attainable integral 
value. If the total cost fixed for the survey, namely C , exceeds 
c x + c z M, we have 



m — M 
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and n is the greatest integer in 

f° m (40) 

c x + c 2 M v ' 

If C is less than c 1 + c.M, m is the greatest integer in 

and h is 1. 

It will be noticed that m is now dependent upon the magnitude 
of the two cost constants, as also on the intra-class correlation 
of the character under study. In general, if S b 2 — S w 2 /M > 0, 
the optimum value for m will be smaller if: (i) the travel between 
first-stage units and other costs which go to make up c x are 
cheaper, (ii) the cost of collecting sub-samples from the selected 
first-stage units is larger, and (iii) the intra-class correlation is 
large. It follows that the optimum sub-sampling rate will change 
from character to character. For a related group of items, 
however, for which the value of p does not materially vary it may 
be possible to hit upon a satisfactory optimum for m without 
appreciable loss of efficiency. Sample surveys for the estimation 
of acreage under major crops provide evidence on this point. 
Table 7. 1 gives the values of S5 2 , S w 2 and p for the acreage under 
wheat, gram, maize and sugarcane calculated from the records of 
complete enumeration during 1936 of all the villages in Hapur 
Subdivision of Meerut District (India). The village constituted 
the first-stage unit and a grid of 8 fields formed by grouping 
consecutive fields within a village was taken as the second-stage 
unit. It is seen that p is of the same order for three out of 
the four crops and it seems feasible to hit upon a satisfactory 
value of m without very much departing from the optimum 
for individual crops. When, however, minor crops are also 
included in the survey, the value of p is found to vary consi- 
derably and it is not possible to design an efficient two-stage 
sample with a common sub-sampling rate for all items. This is 
true of all general purpose surveys and one solution at least of 
minimizing the loss of efficiency lies in grouping together related 
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items of the questionnaire and using different sampling designs 
for the several groups. 

Table 7.1 

Values of the True Variance between and within Villages 

for Area under Different Crops in Hapur Subdivision 

(Biswas^Grid) 





Area under 

Crops in 1000 

Biswas* 


s, ! 


£ 9 

i3 w 


P 


Wheat 


1962 


483-8 


4991-4 


•0884 


Gram 


552 


121-2 


700-2 


•1476 


Maize 


556 


60-3 


698-2 


•0795 


Sugarcane . . 


526 


110-6 


1127-7 


•0893 



* Biswas is a local unit of area. 

Example 7.1 

A yield survey on paddy was carried out in West Godavari 
District (India) in 1946-47. Five villages were selected in each 
of the seven strata into which the district is divided, three fields 
were harvested in each village and one plot of 1/100 acre was 
harvested in each field. The data are reproduced in Table 7 . 2. 
Obtain pooled values of S{, 2 an d sw 2, f° r tne district and the 
estimates of S b z and S w 2 . Finite multipliers at the sub-sampling 
stage may be ignored. 

Calculate the sampling variance of the estimate of the district 
mean yield and the percentage standard error. 

Assuming that the sample of villages is to be allocated in 
proportion to the numbers of villages in the several strata 
and that the cost in rupees of the survey is represented by 

C = In + 2nm 

calculate the values of n and m that may be recommended for 
a subsequent survey in order that the district mean yield may be 
estimated with standard error of 12 ozs. per plot for the minimum 
cost. 
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From the last row of Table 7.2, we obtain 

2 (»• - 1) s lb * 

Pooled V = , -" 1 -- - ■_ 
n — k 

= 4 X (46655-2) 

- 2g 

= 6665-0 

£n t (m~ l)s t J 





roo 


leu s w - 


« (m 

66979-5 

- 7 

= 9568-5 


-1) 


On substituting 


in (25), we 


obtain 




Est. 


s 6 2 = 


6665-0 - 95 f - 5 






= 


3475-5 




and 












Est. 


§„* = 


= 9568-5 





The variance of the district mean when finite multipliers at the 
sub-sampling stage are ignored is given by 

y l9 ) _S* f (I - M & + ^ T ' N * 
KV - J ■"-**' Li \n, N t ) N*^ m Li n, N* 

r * i 

•\ 

where /> t = N t jN. 



-*iv-tf+S-iI> 
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Table 7.2 

Yield Survey on Paddy, West Godavari District (India), 1946-47 

Values of Means, Mean Squares between Village Means (stb*) and 
Mean Squares within Villages (><„*) per Plot Basis 



No. of Villages 
Stratum in the 
Number Population Sample 


Sample 

Mean 

(Oz./PIot) 


V 


Stw* 


A' 


Nf 


1 


88 


5 


347-5 


1452-1 


2791-5 


•109863 


0- 01 2070 


2 


142 


5 


297-8 


1937-0 


27422-5 


•177278 


0-031427 


3 


119 


5 


201-1 


7107-2 


18640 


•148564 


0- 022071 


4 


90 


5 


438-9 


9603-9 


11824-0 


•112360 


0012625 


5 


114 


5 


282-9 


20702-0 


13628-2 


•142322 


0- 020256 


6 


102 


5 


301-9 


2510-8 


2007-5 


•127341 


0016216 


7 


146 


5 


186-7 


3342-2 


7441-8 


•182272 


0-033223 


Total 


801 


35 




46655-2 


66979-5 




0-147888 



Hence 



Est. K0U- 3475-5 f- 1 ! 888 - 0-001248} + 95 f 5 

X 0-029578 
== 192-80 

whence 

S.E.(y nm ) = 13-89 oz./plot 

But 

k 
1=1 

= 282-90 oz./plot 

whence 

% S.E. of the estimate of district mean yield = 4-9 
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When the number of villages to be sampled is distributed 
between the various strata in proportion to N t , the variance is 
given by 

whence 



S 2 
nm 



c 2 

S, 2 + °* 
m 
n = *T 

For K(y„ m ) = 144 and Sb 2 IN = 4-3, this reduces to 

£ 2 



148-3 



Putting m = 1, 2, 3, 4 and 5 successively, we obtain the corres- 
ponding values of «. Substituting these in the equation for cost, 
we get the corresponding values of cost. The relevant calculations 
are given in Table 7.3. 

Table 7.3 
Calculations of the Optimum Sub-Sampling Rate 



S» 2 s 2 . V , _ (3) 



m "" ^ m 148-3 



(1) (2) (3) (4) (5) 



1 


9568-5 


130440 


88 


792 


2 


4784-2 


8259-7 


56 


616 


3 


3189-5 


6665 


45 


585 


4 


2392-1 


5867-6 


40 


600 


5 


1913-7 


5389-2 


36 


612 



It is seen that the cost is minimum when m = 3 and n — 45. 
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Alternatively, we can substitute directly in the equation for m, 
namely, 

which to the nearest integer gives 

m = 3 

The corresponding value for n is obtained by substitution in the 
equation for the variance and is found to be 45. 

7.6 Comparison of Two-Stage with One-Stage Sampling 

One-stage sampling procedures comparable with two-stage 
sampling will involve either 

(i) sampling nm elements in one single stage, or 

(ii) sampling of nm]M first-stage units as clusters, without 
further sub-sampling. 

The variance of the mean of a simple random sample of nm 
elements selected by procedure (i) is given by 

(~- ~ AF»r) S * ( 41 ) 

\nm NM) 

To examine how this compares with the variance of a two- 
stage sample, it is convenient to express the latter in terms of the 
intra-class correlation between elements of the first-stage units. 
Substituting for Sb 2 and Sy, 2 from (20) and (21) of the previous 
chapter in (10), we obtain 

.... . M-l S a |7, m\ ,. . 

vo> nm ) T „,,« , = mr"ml( 1 ~M) il ~ p) 

{1 + (M - 1) p}] 
NM ' nm\_ M (N - 1) 

+ '§5? -St"-" 



JV — n m 
+ N-\ M 
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When the sub-sampling rate m\M is small, (42) may be approxi- 
mated by 

K(y„,W..„. = £ [l + P ({$£-7 m - l)] (43) 

Comparing this with (41), we notice that the relative change 
in variance using sub-sampling in place of unrestricted sampling 
of elements is approximately given by 



\N- 



1 m - l) (44) 



This means that the relative efficiency of sub-sampling compared 
to unrestricted sampling of elements is approximately equal to 
that of sampling clusters of size m(N — n)j(JN — 1). For n small 
compared with N, the relative change in variance is approximated 
by p (m - 1). 

Next, the variance of the mean of an equivalent sample of 
nm\M clusters is given by 

(£ - i) v w> 

This exceeds (10) by 

For N large and S b 2 — S w 2 jM > 0, the excess is approximated by 

U™- 1 )' 8 ' (47 > 

showing that the smaller the sub-sampling rate m\M, the larger 
will be the reduction in variance of a two-stage sample over a 
cluster sample. When S b 2 — S w 2 /M < 0, sub-sampling will lead 
to loss of precision. 

7.7 Effect of Change in Size of First-Stage Units on the Variance 

We have seen in Section 7.6 that the variance of the mean of 
a two-stage sample consisting of n first-stage units with m second- 
stage units from each can be expressed as 
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vcv ^ = N K-A si [,«(«_-!) 

UW NM nm |_i M(N-1) 

where p t represents the intra-class correlation within first-stage 
units of size M. We shall suppose now that the first-stage units 
are combined to give NjC new first-stage units with CM second- 
stage units each. The variance of the mean of a two-stage 
sample of size nm will then be given by 



v W,*) - NM nm |_i M(N~Q 



, (N-nC m ( . r MC~m\l 

+ P 'YN--C MC^ MC - l) ~ MC }J 

where p 2 will now represent the intra-class correlation within 
first-stage units of size MC. The difference between the two 
variances can be expressed as 

V (y )-V'(y ) = ArM ~ 1 S - \m(n-\)(C-\)_ 

where 

N — nm,.. ,. M — m 

*i = N _ i m (M ~ ° ~ M 

N — nC m .,._, ,. MC — m 
«* = ^"c MC (MC ~ 1} ~ ~WC " 

Since 

m ((C-1)(«-1)(AW-1)) 
ai-aj = ^i (AT - 1) "(AT - C) - ■ J ^ ° 

and 

m (n - 1) (C - 1) 
M(A^ - 1) (AT - C) "' 

we conclude that 
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whenever p x > p 2 provided both p t and p 2 are positive. In other 
words, a gain in precision is brought about by enlarging first- 
stage units whenever the intra-class correlation is positive and 
decreases as the size of the first-stage unit increases. It also 
follows that the smaller the value of p 2 the larger is the gain, 
so that by choosing for consolidation those first-stage units which 
are as different as possible the gain can be increased. Practical 
cons-derations, however, put a limit on the size to which the 
first-stage units can be increased since cost of sub-sampling 
increases with larger and larger areas. This increase in precision 
is to be weighed against the increase in cost. As an example, 
we shall mention that in crop surveys, the variance is decreased 
when an administrative circle comprising a group of villages is 
used in place of a village as the first-stage unit of sampling, but 
practical considerations of cost and administrative convenience 
favour the use of the village (Sukhatme, 1950). If cost were no 
consideration, the enlargement of first-stage units could proceed 
to a point of eliminating the use of first-stage units altogether 
and the second-stage units would be selected independently from 
the whole population. This elegant analysis is due to Hansen 
and Hurwitz (1943). 

7.8 Three-Stage Sampling, Equal First-Stage Units: Sample Mean 
and its Variance 

Let 

N = the number of first-stage units in the population 

M = the number of second-stage units in each of N first-stage] 
units 

P = the number of third-stage units in each of NM second-stage 
units in the population 

and n, m and p the corresponding values in the sample 
Further, let 

y ilk = the value of the k-th element in the j-th second-stage 
unit of the i-th first-stage unit 

p 
• P "- = P Zj yilk 

20 
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M P 



L 



"•• = MP Li u ytlt 

N M P 

y - = nmp u u u yw 

*«i i-i t»i 

and 

^*>(p)» ^<(mp)» /(nmp) 

or, simply 

denote the corresponding values for the sample, the use of paren- 
theses to distinguish numbers on which the mean is based from 
the serial numbers of the selected units being made only where 
necessary. 

We shall assume that the units at each stage are selected with 
equal probability. 

It is easily shown that, as in two-stage sampling, the sample 
mean y nm p provides an "unbiased estimate of the population 
mean .p.... For, we have 

E (JU) = E | l n £ E (>•,,„„ | i) \ (48) 

Since mp is a simple two-stage sample from the /-th first-stage 
unit, we have on substituting from (1) in (48), 

*(?«) = e |J £ y,\ 

N 

1=1 

- jL (49) 



SUB-SAMPLING 

To obtain the variance of y nmp , we write 
V(y. ) = E(y niKr -y„Y 

= E (J' n „„, - P„.. + V„.. - y m f 
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= E 



n 

n Li {)imp 



■y t ..» + (y,,.-y...r i 



>'.,„„-.)"'(.) (JVm»-JV..) 



+ l \j](h m -}'<..){ (Jv.-J-...) 

r ., » 

+ a- ,..- f... ) 2 + „ j 2j ( - f > - ■''<•■ > f 0\..- J'..) 

2_, £ jaw -Jv.y-i ' 

2] £ ) CPi».^ -iv.) (>v,„„-iv..) I '.'"> 
2]^{(Jw-.»v.)l'}| 






+ „* £ 



.•#■■ 



-f £(/,.- v.. ) 2 + „ ^ 



x (y n ..-y„.) 



} 



(50) 



Since mp is a simple two-stage sample from the /'-th first-stage 
unit, we have on substituting from (1) in the second and fourth 
terms and from (10) in the first term in (50), and noting that 
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sampling from the /-th and z'-th first-stage units is carried out 
independently, 



where 



""->->z;i(;.-i)*+c-;)2j 

+ £(>v.- ii.. ) a 

nN L-i\m MJ * ^ nN L-i\ p P ) m 





§ ° = m L s « 2 








and 


M 


k « i 


(yw - }\ 


*■? 




s * — jv - 1 2_i 

i=i 


&..- 


-P...Y 




On 


interchanging terms and 


writing 






N 

i=i 


and 


s, 2 = 


N 

i=i 


we 


have finally 









+ (-L')^ (5I) 
\p P J ran v 
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It will be seen that the variance of the sample mean is made 
up of three components corresponding to the three stages of 
sampling. If each of the nm selected second-stage units were com- 
pletely enumerated, in other words if p = P, the variance would 
be given by the first two terms appropriate to the two-stage 
sampling design. If each of the n first-stage units in the sample 
were completely enumerated, in other words if m — M and p = P, 
we will be left with the first term only representing the variance 
appropriate for one-stage sampling. 

When n — N, and from each of N units a two-stage sample 
is drawn, we shall be left with the second and third terms to 
represent the variance of the mean. The case will correspond 
to a stratified two-stage sampling design with the first-stage units 
in the population constituting the strata. 

Lastly, when finite multipliers are ignored, we get a simple 
expression for the variance, namely, 

C 2 C 2 C 2 

v Q«* = -n +«; + «;, (52) 

7.9 Three-Stage Sampling, Equal First-Stage Units: Estimation 
from the Sample of the Variance of the Mean 

As a first step we shall derive the expected values of the 
various mean squares in the sample. 
Since E (jnf) =Sif, we have from (20), 

giving us 

E (J,*) = §,« (53) 

Again, from (19), we have for a two-stage sample drawn from 
a specified first-stage unit, 



E (s?) = S? + (p-l) §i : 



whence 



E (sj) = S.i + (\ - J,) §,« (54) 
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Finally 

E {(« - 1) s, 2 } = E { i (>-,„„ - y nmp f } 

^E^(y h J-y nml> 2 )} 

= E{EE(y lm ?\i)} -nE(y„J) 
Now, from (10), we obtain 

whence, taking further expectations and using (51), we get 

-•{g->-+g;-;)V 

+ \p P) nm + } - j 
= <" " »> { S '' + GJ " i) *•' 



or 



*w>= s >" + Q-ir)*' , + G-i) 



IN S.* 



m 



(55) 



Substituting from (53) and (54) in (55), and from (53) in (54), 
we have 

EstS.»-i.» -(^-^)V (56) 
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and 

BtS^V-^-i)^-^-^^ (57) 

whence 

«•"<> )-G-X-i)y + C-;)»i 

(58) 

When TV is large, the estimates of S u , 2 and S b 2 are still given by 
(56) and (57) but the estimate of the variance of the sample mean 
is given by the simple expression 

Est. V (>•„,„„) = Si * (59) 

Mean square between first-stage units in the 
_ analysis of variance table for the sample 
nmp 

When the other finite multipliers are also ignored, equations (54) 
to (57) reduce to 

E (*„*) = §,„ 2 + l S* (60) 

*(* t >=S.» + ^ , + f£ (61) 

Est. S.* = s K 2 - - S, 1 (62) 

P 

Est. S, 2 = sf - *f (63) 

while the estimate of the variance of the sample mean is given 
by (59) as before. 

7.10 Distribution of the Sample among the Three Stages 

Lastly, we shall consider the problem of optimum allocation 
of the sample among the three stages when the cost of the 
survey is represented by 

= 00+ c&m + c/unp (64) 

where c lt c, and c 3 are positive constants. 
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From (64) and (51), deleting the bars over S w 2 and S p 2 for 
convenience, we consider the product 

c (v + s /) 

= !( S ''-« S " ! ) + ( S - ! ->'')m + >' ! } 

X {Cj + c 2 m + c 3 mp} 
which can also be written as 

= {c, (s, 2 - X M S w 2 ) + c 2 (SJ - j, S,*) + c,S p »} 

+ {c 2 (s, 2 - ^ S.«) » + (S r » - Ji S,«) 5} 
+ {c,(s.'-j i S,.)p + '>V} 

+ {, 3 (S t . - ^ S,„ 2 ) ^ + *J>'} (65) 

The values of m and ^ which minimize (65) give the optimum 
allocation for both cases, when C is minimized for a given V , 
or when V is minimized, for a given C . 

When (S b 2 - S^/M) and (S w * - S p 2 /P) are both positive, 
(65) can be rewritten as the sum of four square terms: 

= {^x (s,, 2 - I S,„ 2 ) + tjc t (SJ - J, S,, 2 ) 

+ {V c '( s » , -i s - , )' v -vwr (66) 



+ 



+ 
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Clearly, (66) is minimum when the last three square terms are 
all zero; then m is the nearest integer to 



U*-±.s*\ (67) 



1 
c 2 (S 
and p is the nearest integer to 



C 2 &P 



c 3 I ^i<> p *;> J 



(68) 



It is interesting to note that the solution for p is independent of 
c x and St, 2 . Indeed, p bears the same relationship to c 2 , c 3 , 
S w 2 and S p 2 as m in (38) bears with c u c a S b 2 and S^, 2 , as one 
would, in fact, expect. 

The above solutions presuppose that S^ 2 — S w 2 /M and 
Su, 2 — Sp 2 // 5 are both positive, which may not be so. 

Case I 

Suppose S b 2 - S w 2 /M^ 0, but S^ 2 - S p 2 /P > 0. 

In this case, to minimize (65), m must assume the maximum 
attainable value, say m, which can also be equal to M, and 
p is to be such that 

pc, (sj ~ p S/) + l - c& + Apc z (s 4 2 - 1 S.«) 



+i w < 69 > 



is minimum. 
If 



{'3 (S„ 2 - i S,«) + cjh (s b » - ~ S K *)} < 

the expression (69) is minimum when p has the maximum attain- 
able value. 
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In case this expression is positive, (69) is minimum when p is 
the nearest integer to 




S„ 2 



\ 7 1 \ (70) 

,» J + mc 3 [SS - ~ S„» J 

Case II 

Suppose next that both S b 2 - S w 2 /M and S w 2 - S p 2 jP are 
negative or zero. 

Tn this case (65) is minimum when p has the maximum attainable 
value, say p, which could also be equal to P, and m is to be 
chosen so that 

c* (S, 2 - ^ S K *) m + (S.« - \ S, 2 ) g- 

+ mpc 3 (s 6 2 -^S B 2 )+r~ Cl S r 2 (71) 
is minimum. Now (71) can be rewritten as 

m (s.« - 1 S„ 2 ) (c, + pcj + £ (^ S„ 2 - p S»+ 3j) (72) 

which is minimum when m has the maximum attainable value. 

Case III 

Suppose now that S b 2 - S^/M > 0, but S w 2 - Sp*jP^ 0. 

The solution in this case for pm is given by the nearest 
integer to 



V 



( s >° - h s » a ) 



2 

(73) 



with p attaining the maximum and m the minimum possible 
values. 
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7.11 Two-Stage Sampling, Unequal First-Stage Units: Estimate 
of the Population Mean 

We Shall now give the theory appropriate for unequal first-stage 
units. We shall assume selection with equal probability at each 
stage of selection. 

Let 

M = the number of second-stage units in the /-th first-stage unit 
(/=1,2 N) 

m i = the number of second-stage units to be selected from the 
/-th first-stage unit, if in the sample 

j .V/ = ■ the total number of second-stage units in the population 



AT 



i.e., £ M i 

' mo — the number of second-stage units in the sample 

n AT 

i.e., £m, or £ °-jni 

where a* = 1, if the /-th first-stage unit is in the sample, and 
otherwise zero. 

mi 

y < {mi > = m L y<i 



and 



*•<"<> = n Zj^ 1 """ ~ n Li m { Li Vil 

i 

n wj 

9 - = k L L y<i 

er, let 

Mi 

Pi. = y«m> = jg; Ti y " 

N Mi 

Ps. = Pmuo ^ n Li M\ Li y,> 



j«i 
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and 



y.. = y M . 



re mi 



<«i y*i 



Now several estimates of the population mean y„ can be 
formed. The simplest is the simple mean of the first-stage unit 
means which we shall denote as y s , given by 



»u) 



where the summation extends over the units in the sample. This 
can also be written as 



y. 



l ~ £ «.JW (74) 



where <h is a random variable such that 04 = 1 if the i-th first- 
stage unit is in the sample, and otherwise zero. 

A second estimate which we shall denote as y s ' is based on 
the first-stage unit totals, given by 



y» y n{m%} 




n 




and can be written as 




N 

where 


n,)) 



(75) 



M { yu mi ) is the estimate of the population total for the j-th first- 
stage unit 
and 

a, = 1 if the /-th cluster is in the sample, and zero otherwise. 



SUB-SAMPLING 317 

Yet another estimate which we shall denote as y s " is the ratio 
estimate, defined by 





?: 






and 


can 


be written as 


simply 




P,' 


- t 

- y±. 




where 








"i 




"„ = 



(76) 



More generally, we shall form a ratio estimate of the population 
mean. 



Let 




X 


be a supplementary variate 


X, 


be the population mean, assumed known 


R 


be the population ratio -? 


x.' 

id 


n 


IQ 





Then the ratio estimate of the population mean y_ t is defined by 

Pr = R.x (77) 

We shall study the properties of the different estimates in the 
next section. 



318 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

7.12 Two-Stage Sampling, Unequal First-Stage Units: Expected 
Values and Variances of the Different Estimates 

(a) Estimate y s 
We write, from (74), 



E&.) 



= E 




(78) 



Now, by definition, oj = 1 if the i-th unit is in the sample, and 
is otherwise zero. Clearly, E (a { ) is the probability of including 
the i-th first-stage unit in the sample. We have seen in Chapter 
II that, when units are selected with equal probability, E (a t ) is 
njN. We therefore have from (78), 






¥= P.. (79) 

thus showing that y s is a biased estimate of the population mean. 
We note that the probability of including a specified unit in the 
sample is independent of the unit when the selection probabilities 
are equal. In evaluating the expected values it is not, therefore, 
necessary to introduce the random variable a, the use of the 
theorem of Section 2a. 9 on expectations in Chapter II being 
sufficient for the purpose. Thus, 




E &.> = * \z /. E{y iimi) \ 



'] 
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N 

To evaluate the mean square error of y s , we write 

P. - P.. =y>- P.. + P*. - Pn. + Pu. - P.. 

whence, squaring both sides and taking expectations term by term, 
we get 

M.S.E. CP,) = E CP, - jv )' + E CP n . - y N . f + E (J>„. - P.. )' 

+ 2E(y,-y n .)(y n .-y ll .) 

+ 2E(y,-y n .){j' N .-y,.) 

+ 2E(y„.-y N .)(y N .-y..) (80) 

Taking the first term in (80), we have 

E(y. -?.y=*E y-J^iP^-pA 

+ 2j E {(Pil»i>-Pi-) (Pi'(«l'>-Pi' ) I '"» «'} 



i*[£ 
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where 

^ - Aft -I 
The value of the second term in (80) is obviously given by 

E(S'n-P N .) 2 = (^-^)^ 2 < 82 ) 

where 

N 

The third term in (80) is unaffected by the sampling procedure 
and therefore a constant, being the square of the bias term in 
the estimate. The fourth term is clearly zero since the procedure 
of selecting a sub-sample from a given first-stage unit is independent 
of the procedure of drawing a sample of first-stage units. We 
have 

E(y,-y n .)(y„-y N J = E \\ J^E {(y^-yj | /} (y n .-y N .)l 

= (83) 

The fifth and the sixth terms are obviously zero. We are there- 
fore left with 

N 

M.S.E. (y.) = (I - I) S>° + 1 £ (1 - £) S,- 

= V{y,) + (y N .-y..y (84) 

where 

V(y.) = E(y. -y N .y 

-a -a* +»£(*-«)* <85) 
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The bias component arises because of the failure to give equal 
chance to each second-stage unit being included in the sample. 
Unless the A/j vary considerably and the character is correlated 
with M{, this component may not be serious; but it is important 
to collect evidence on this point before adopting y s as the estimate 
of y„ . The procedure of estimation in the yield surveys in India 
provides an instance in point (Sukhatme and Panse, 1951). The 
number of fields under the crop is often found to vary considerably 
from one village to another, thereby pointing to the need for 
testing the nature and magnitude of the bias arising from the use of 
the simple arithmetic mean of plot yields to estimate the average 
yield per plot. Table 7.4 gives a comparison of the yield 
estimates in large samples based on y s with those calculated from 
an alternative estimate y s ' which, as will be presently shown, 
provides an unbiased estimate of the yield per unit. The standard 
error of the difference between the two estimates is known to be 



Table 7.4 
Mean Yield in the Wheat Survey in Punjab, J 943-44 





District 


Yield in Lb. 


per Acre 




Simple Arithmetic 
Mean >•, 


Weighted Mean 


1. 


Amritsar 


1029 


1041 


2. 


Gurdaspur 


829 


862 


3. 


Jullundur 


839 


881 


4. 


Hoshiarpur 


804 


796 


5. 


Ludhiana 


1247 


1246 


6. 


Ferozepur 


1052 


1079 


7. 


Ambala 


854 


820 


8. 


Karnal 


839 


868 


9. 


Hissar 


1090 


1142 


10. 


Rohtak 


1004 


997 


11. 


Gurgaon 


766 


752 




Province 


920 


927 



21 
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of the order of 6 to 8%. It will be seen that not only do the 
differences change sign from district to district but also their 
magnitude is negligible compared to their standard errors. 

(b) Estimate p s ' 

The estimate corresponds to y n ' of the previous chapter and 
like y n / provides an unbiased estimate of the population mean. 

For, 



E( y- r) =£ if ^(AfJwIO 






NM Li ' 

= y.. (86) 

To obtain the sampling variance of y s ', we write 
V(y.') = Efj.'-f.Y 

= E(y;-y,:+y.:-y..Y 
= E(y,'~y n y + E(y„:-y.y 

+ 2E(y:-yn:)(y,:-yJ (87) 

Taking the first term in (87), we have 

E(y,'-y n y = E \X £ Mtiy^-yA 

+ 2] M< M < E id'Hma-Pi.) (PiW)-^'.)l'.0 
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1 



n-M 



-7. E 



£«■■(:.-*.)* 



(88) 



nJVAf 2 Z_J ' Vffi, MJ ' 
Also, we know that 

E(y„:-yy =(J-^)s t '» (89) 



where 



"."-,■.£(*■*'■-'•-)' 



i=i 



= ff-~i J](»j,.-y..) 2 (90) 

The last term in (87) is clearly zero and we are left with 

'<» - g - ;) *••■ + :„ t % a - m) * <"> 

It will be noticed that the first component depends upon the 
variation between the cluster totals. It can be shown, in general, 
to be larger than the corresponding component in (85), provided 
the correlation between the cluster size and the cluster mean is 
positive and the bias component (y N _ — >> ) is negligible. The 
second component of (91) is also likely to be larger than the 
corresponding component of (85) as there is likely to be positive 
correlation between Mi and Sj 2 . Unless the bias in y s is therefore 
likely to be serious, the estimate y s ' may not be preferred to y s . 

(c) Ratio Estimate y s " 

We shall assume that the number of first-stage units in the 
sample is large enough to neglect the bias term in the expected 
value of a ratio estimate. To a first approximation, then 
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= K (92 > 

since 

E<tQ = I 

To derive the sampling variance of y s ", we make use of the 
result (28) of Chapter IV and write, since u N = I, to a first 
approximation 

y On = V (JV) + y? V (uj - 2.P.. Cov (y,\ a.) (93) 

Now, V[y s ') is known from (91); V (u n ) is given by 

V( M -= G - *) S « 2 < 94 > 

where 

and 

Cov 0>,\ <?„)=£ {(«„ - 1) 0"/ - ^,, )} 

= £[(fl, - l)£{Cv/-J<„') 1 1}] 

+ £{0>..'-j>.. )(«,-])} 

-G-irV-i{Z ( ^- jJ - ) ^- ,) } (95) 

Collecting together the terms, we get 



-iy..J] (»J>i-y.. )(«,-!) | 
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which, on simplification, gives 

v ™ = G - n) s <" 2 + mt u " ii - w) s ° (96) 



where 






It will be noticed that the second term of (96) is identical with 
the second term of (91); the first term, on the other hand, is 
expected to be less than the corresponding term of (91), if M&i. 
and M{ are positively correlated and the correlation is greater 
than one-half. It will, however, in general, be larger than the 
corresponding term in (85), provided Mi and (.Pi.— y„ ) are posi- 
tively correlated and the bias (y N — y..) is negligible. Data on 
the estimation of yield of crops provide an example of the relative 
efficiency of the three estimates y s , y s ' and y s ". Table 7.5 gives 
the percentage standard errors of the three estimates, made on 
four different yield surveys: wheat survey in U.P. during 1947-48; 
wheat survey in Delhi during 1948-49; and cotton surveys in 
Madhya Pradesh during 1944-45 and 1945-46. It is seen that 
the unweighted mean of plot yields (y s ) has the least standard 
error, considerably less than those of the other two estimates. 
This estimate is, of course, biased; but the bias, as we saw in 
Table 7.4, which is typical of these surveys, is found to be 
negligible for all practical purposes. In crop surveys in India, 

Table 7.5 

Percentage Standard Errors of Different Estimates 
of Mean Yield 

y. y.' 9," 

Wheat (U.P.), 1947-48 3-7 140 4-7 

Wheat (Delhi), 1948-49 2-5 100 5-7 

Cotton (Madhya Pradesh), 1944-45 .. 5-5 150 11-3 

1945-46 .. 6-9 140 13-2 
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the Mj's are found to vary considerably from village to village, 
with the result that the estimate y s ' turns out to be markedly 
inefficient, as shown in Table 7.5. 

(d) Ratio Estimate y R 

We shall assume that n is large enough to ignore the bias terms 
of the first and higher orders in the expected value of the estimate 
y R . To obtain the variance, we write using (28) of Chapter IV, 

Now, by analogy with (91), 

N 

v ^ = G - n) ^ + ^L u > (k - sr ( ) s - 2 (9S) 

V (ys) is known from (91) and may be written as 

N 

y M = G - 7f) S -' 2 + tR L "<* (£ - w) S " 2 (99) 
and 

Cov OV, *.') = E{(y,' -P..) (*.' - xj} 

= E{(y;-y„:+y n :-yJ 

x (x/ - x„: + x n ; - x. )} 

^E{(y.'-y„:)ix.'-x n :) 

+ 0v' -.P..) (*..'-*..» 000) 

since expectations of the other two product terms are zero. 
Taking the first term in (lW), we have 

*{(?.'-*„.')<*.'-*..')} 
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+ l^^Mciya,,,,) -v ( .) (*,'<„„•)-*(•.) 
i £ £«,*£{<;■«„,„-*,.) (*,<„,„-*,) I''} 

AT 



AT 

J_ V . /I 1 

1 = 1 



where 



s <» = j^~T £ {0, « ~ Pi - ) (x » ~ *< )} (102) 

The second term in (100) gives 

E<y*:-y..) (*„.'-*.) = (I - $) s,„' (103) 

where 

S iM ' = ^^ f («J\. - *. ) («<*,. - *.. ) (104) 

so that from (100), (101) and (103), 

Cov ($.', x.') = (^ - i) S >»«' 

N 
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Substituting in (97) from (98), (99) and (105), we get 

-£i;<-iH 



2 



+ K ( £ «^. 



X.. 



w 



-f •(£».■**■-«-•■■)] 

+ j* {£<-*)(*•■ + £ s "' 

- !: *- )j 
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where 

D? = S„« + #S,* - 2RS ltl (107) 

When xy = 1, (107) becomes 

D? = S,,* 

and the variance (106) reduces to the expression (96) as expected. 

In general, when Mj's vary rather considerably the estimate y„ 
is likely to be the most efficient of the four estimates, provided 
n is large and x is highly correlated with y. 

7.13 Two-Stage Sampling, Unequal First-Stage Units: Estimation 
of the Variances from the Sample 

(a) Mean of Cluster Means Estimate y s 

Consider the mean square between cluster means in the sample, 
.Vb 2 as defined by 



_ 2 _ E CPi<»n> - ".V«)" 

Sh ~ n-1 



- ^ ^-V"-, "£•- (108) 

Multiplying both sides of (108) by (n — 1) and taking expecta- 
tions, we obtain 

(n - 1) £(s„ 2 ) = E | £ E {y\ mi) | i)l - „E(y*) 

- i t {>-- + a - i) v} 

in 



(109) 



(110) 



(111) 



(112) 
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whence, substituting from (85) and remembering that 

(=1 

we obtain N 

W) -s, 2 + ± £ (i t - mJ S ' 2 

Also 
where 

mi 

*«■ = ^i E (j, "^""' i,)2 

Hence 

Est. S t « = tf - „ £ («. ~ 3/J '' 2 
Substituting from (110) and (112) in (85), we obtain 

E-.Kw-e- J j)^+^z;(i-i)^ (113) 

It should be pointed out that V as defined in (108) cannot be 
derived from the mean square between clusters in the table 
showing the analysis of variance on yy unless m { s are all equal. 

n most surveys, however, as will be shown in thenert section, 
m- will have a constant value within a stratum, although varying 
from stratum to stratum. Consequently, if analysis of varum* 

s carried out separately for each stratum, we can estimate the 
variance of the mean for that stratum by substituting from the 
analysis of variance table. Thus, if B is the mean square between 
clusters and W the mean square within clusters in the sample 
from any stratum, and further, the within-vanance S? * assumed 
to be constant for all i, we obtain 

Est. V(y.) = (* - #) | + Jf U - #J W 
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where Mu is the harmonic mean of the A/j's in the sample. 
When Mi = M (i = 1, 2, . . ., N), and m t =m (/ - 1, 2, . . ., AT), 
the formulae become identical with those in Section 7.4. 

For N large, the variance can be computed from the simple 
expression 

Est. V(y.) =' V ; 2 (114) 

(ft) Mea/J 0/ Cluster Totals Estimate y s ' 

Consider the mean square per element basis of the cluster 
totals in the sample defined by 



'2 _- 

n 



On expanding and taking expectations, we get 

(«- 1)£(V 2 ) = £ jE f^O' 2 ^, 10 1 -«£0V 2 ) 

Substituting from (91), we obtain 

^O^^+i^fQ--^)^ (1,6) 

Also 

E h ym£( x - { \ A = - 1 r ^ 2 c • - ] u« 

|« Z-J Jl/ 2 U, "J ' j * ^ ^ 2 Vm. A/J * 

(117) 
Hence 
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On substituting in (91) from (117) and (118), we get 

*■"<» -G - a *'-^£ #(£-*.)«' 

(119) 

When /M('s are equal, the variance may be calculated directly 
from the analysis of variance on A/iVij/A*, as explained in the 
previous section, provided Sj 2 is assumed to be constant for all /. 

For N large, we have the simple expression 

Est. V{yJ) - S "' Z (120) 



(c) Ratio Estimate y s 

Let 

1 



S " « - 1 



L^Qw-y.'Y 02i) 

On substituting for y s " and expanding, we have 
M*(n - 1) sS* = \j]M*y\ , - 2 (£ Aftf,-,..,-,) 






i~) 



+ Z M*M,y t(mi)yi , (mi J 
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Taking expectations for a fixed sample of first-stage units term 
by term, we obtain 



M 



(»-i)£( Sl -io-2 wi !v + (s, -l) s *\ 

+!«,-«,,,. ,] + j.^. p-..{ W 

-£"■■{*■ + C -*,) s '"} 



i^ ^ U < M) 



+ m?^ 



ZM { * 



n 

(ZMjL 

X (1 - D s,> 
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Combining the terms in /s and those in Sfs separately and 
putting 



y«. = ■; 

Z Mi 



we have 

+ L M* \r»i " Mj S<2 ^ £ M{ (£ M$ )\ 

(122) 



using the 
samples. 



.-^ Ef <*•■ - JO " > " s> " 



A/ a 

we obtain 

r n . .. . . 



! r ^ m? / 1 _ i \ 

n - 1 £ I Z_l M 2 V»»* ***' 



f A/, ( 
whence 

Est. sr = */■ 



^-^ + S}] <123> 



~~ «-i Zj) m ! Vwi **7' ' j 



x l^lMj -_ZM?[ (12 4) 
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On substituting from (117) and (124) in (96), we get 

xf 1 -_L_ ( l - l ) 

j n 2 «-l In NJ 

or, to a first approximation, 

V« N) " ^ nN Ll M* liff, Mj 4( 

(125) 
(</) /?fl/fo Estimate y R 

The steps leading to the estimation from the sample of the 
variance of y R are similar to those given in (c) above. We 
shall quote here only the final result. We write, to a first 
approximation, 

n 

Est. V x {y R ) = (^ - I) n -i-j- £ tftoe,) - R.*« ni >? 

n 

where 

df^sJ + RfsJ-lRf^ (127) 

7.14 The Use of the Analysis of Variance Method to Compute 
die Variance of the Sample Mean 

It has been pointed out already that unless mi's are equal it is 
not valid to evaluate the variance of the estimate using the 
analysis of variance table. Nevertheless, for moderate inequality 
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in /«i's, the method with certain adjustments has been recom- 
mended for use (Yates, 1949). The method consists in calculating 
a number A given by 



A = 



£ m . — 

Sm i (128) 



n - 1 

and using it to estimate S5 2 by means of 

B — W 
Est. S, 2 = Z-^L (129) 

where B and W denote the mean squares in the analysis of 
variance table for the sample. On account of its simplicity 
the method makes an appeal to the practical worker, it is 
therefore important to examine the conditions when it can be 
used. 

Let us suppose that 

(a) N, the number of first-stage units in the population, is 

large; 

(b) M{, the number of second-stage units in each first-stage unit, 

is equal to M ; 

(c) Wi is the number of second-stage units to be drawn from 

the first-stage unit selected at the i-th draw (i=l, 2, ...,«); 
and 

(d) Si 2 is constant for all / and equal to, say, S w 2 . 
Consider the estimate 

n mi 

*• = i L L y » (,30) 



where m has the usual meaning Z ™i • It is eas Y t0 see tnat 
this is an unbiased estimate of the population mean Jp.. . For, 
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*&*> = 4 £ \z^(s HIIH) \o\ 



m 



)L ™^j 



(131) 



The variance of j m „ is given by 

V(j\J - £(>•„,„ -J'..) 2 

I<" ) 2 

Wo" ( » 

- '^{i; »>, 2 (j', ( -J'..) 2 

-I- it ffl.m,' (.'"'.(,«,) - •>'.. ) Ov 'i ~ -''•• )} 

+ £ mjns (>',,„,;, - J',. + >'..- .P.. ) 

>' (J\'(- ( 'i— JV. + JV — -P.. )} 

= —. E \'t m, ! {(>•„„„» - Xi. f + (Xi. - J'.. ) 2 

+ 2(y; (mi) -y,.){y i .-y..)} 

+ Z; mw {(J,,,-.,) "" Xi. ) (>V( m ,') ~ JV. ) 

+ (Xa„„)-Xi.) Ov.-*.) 
+ to. - .P.. ) (>\w> - iv. ) 



+ 0,. -j\.)Uv.-J'..)}] 



22 
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" i [^ m ** {E ^ <M ~ K )2 + E( *<- y- )2} 

+ £ »W E {(y,~ y.. ) (>v - v..)}l 

since the expectations of all the other terras are clearly zero. 
Hence 

&*• J 

= s »= 2 ) i _ 2 m - 3 ( + % m ? § '- (132) 

m J w M f m 2 '' v 

neglecting terras containing \\N. To evaluate St, 2 , we start with 
B, the mean square in the analysis of variance for the sample 
and take expectations. We obtain 



n-\ 
1 



n~X E 



E (B) = E \ ■?--^'.*(!".*>~-?"'.0 2 \ 

-= AS t 8 + S B *(l -A) (133) 
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whence 



_ b - w ( 1 ~m) 



Est. S»* - A 



(134) 



For M large, we have 



B — W 
Est. S,, 2 = — - — (135) 



We may infer that if the sampling fraction at each stage is 
small and the variation in the size of first-stage units is negligible, 
the method may give reliable results. Its use under conditions 
other than those specified above will need to be justified. It should 
also be mentioned that the system of drawing m\ second-stage units 
at the i-th draw irrespective of which first-stage unit is included 
in the sample at the /-th draw is not a rational system which is 
likely to be used in practice. In an efficient survey design, n^'s 
will be usually equal within a stratum, although it is likely that 
through extraneous causes the numbers of second-stage units 
actually collected in the sample may be unequal. If these 
extraneous causes are random causes, in other words, if m lt m 2 , 
. . ., m n can be considered a random sample from the respective 
first-stage units and further the variation among M{s is not large, 
this method as in (134), may give a sufficiently good estimate 
of the variance when N is large. 

7.15 Allocation of Sample 

In our discussion so far, we have assumed that the number of 
second-stage units to be drawn from the /-th first-stage unit, 
namely m\, is any arbitrary number less than M\. It may be 
related in some way to the size of the /-th unit, as for example, 
when it is proportional to Mi, or it may be independent of it. 
The guiding principle in choosing it is clearly to maximize the 
precision of the estimate for given cost or minimize the cost for 
desired precision. 

We shall suppose that the total cost consists of two components, 
one depending upon the number of first-stage units in the sample 
c x n, and the other on the total number of second-stage units in the 
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n 

sample, namely c g £mi. This second component will, however, 
vary from sample to sample of n first-stage units. We shall 
therefore consider the average cost instead of the actual cost of 
surveying a sample, given by 



n 



N 



C = <yt + c, jr. 27 m i (136) 

and proceed to determine the optimum allocation. We shall 
suppose that the estimate to be used is the unbiased 
estimate y s '. 

Now, from (91) and (136), we obtain 



(137) 
+ N*M* L \m, Mi ^ 

«>t'=l 

+ "^ M?sA (138) 

»2>s (,39) 



where 



' ATAf 



(■1 
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Assuming A to be positive, the right-hand side of (138) can be 
put in the form 

N N 



N 

2c 2 



+ jJ£(^.-V2.-t)' 

+ ** t (V::. -* - V:r **)' (,40) 



>>/=! 



and this is minimum when each of the two square terms is zero, 
giving us 

We notice that rtti is proportional to the product of three factors : 
the first depending upon the cost factors, the second upon the 
size of the selected unit and the third on the variation of the 
character under study within the selected unit. Advance know- 
ledge of Sj 2 is, however, difficult to obtain. Practical considera- 
tions require that mi should be independent of Si 2 , even if this 
means departing somewhat from the optimum. One method of 
choosing m\ is to make it proportional to M{. This would 
imply the assumption that S( 2 is constant for all /. Usually Sj* 
will be found to increase with Mi, although perhaps not as fast 
as Mi. One method of reducing the dependence of Wi on St 2 
is to group together into strata first-stage units of about the same 
size, provided stratification by size does not prevent stratification 
by other and more important characters, and choose »u propor- 
tional to M i within the several strata. 
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Suppose then rm is so determined as to be proportional to 
Mi, say, 

m, = kM, (142) 

where k is some positive constant. Substituting from (142) in 
(137) for mi, we get 

r n -\ 

N 

1 NM L-l ' 

is: l 



which is minimum for 



(143) 



* = Vt Ark I ^ s ' 2 « 44 > 

By analogy with (39) this may be approximated by 
1 1 ~-p 



V: 



, a (1«) 



\P P 



where p may be termed the average intra-class correlation over 
all units in the stratum. It follows that k is determined by the 
same considerations as those discussed earlier for the case of 
equal clusters. Knowing k, the value of ft is obtained from (91) 
or (136) according as V or C is fixed in advance and C or V 
is minimized. 

The reader may verify that the optimum allocation is governed 
by the same formulas as those presented here even when any of 
the other consistent estimates is used. Thus, for the estimate 
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y s ", he will notice that the sampling variance has the same form 
as that for the estimate y s ' except that S b ' 2 is replaced by Sb" 8 . 
It follows that the optimum value of Wj is so determined that 



m ,-./^.fs, 



where 

N 
A> — C »2 _ _i_ ) t^J c : 



For Sj constant, we obtain 
m, = k'Aft 

where k' is a positive constant. 

Example 7.2 

A corn borer survey is carried out every fall in Iowa (U.S.A.) 
for estimating the number of borers per plant. Fifty sampling 
units of 25 stalks are selected at random from each district, and 
for each sampling unit the number of corn borers per stalk is 
estimated. Since it is costly to dissect all of the infested plants 
in each sampling unit, a sub-sample of two is dissected to obtain 
the estimate of the number of corn borers per infested plant. 
When the number of infested plants in a sampling unit is one, 
that is dissected. 

Two methods of estimation are followed : 

(a) The first method consists in computing the simple mean of 
the number of borers per plant from each sampling unit. 
Thus, if Mi is the number of infested plants in the i-th 
sampling unit and j>i, TOi) the estimated number of borers 
per infested plant in the i-th sampling unit and n the 
number of units in the sample, then an estimate of /*, the 
number of borers per 25 plants, is given by 

1 « 
n 
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(b) The other method of estimation is to compute z 2 , where 

/.e., the product of the average infestation per sampling 
unit and the average number of borers per infested plant 
per sampling unit. 

Columns 2, 3 and 4 of Table 7 . 6 contain the relevant data for 
one district. Obtain the two estimates. Examine whether 
they are unbiased estimates of the population value p for the 
district. Also calculate the mean square errors of the two esti- 
mates. 

The estimate z x corresponds to the estimate y s ' in the text. 
It is therefore an unbiased estimate of the population value. In 
cols. 2, 5 and 6 of Table 7. 6 are given the values of M\, yumo an d 
of the products Afj>*i (Tno , called gu and the means of all the three 
for the 50 units in the sample. We find that 

*i = ~ f 0i = 12-4 

The variance of z x can be directly calculated from (120) after 
putting M = 1 in that expression. We obtain 

Est. V( Zl ) = [s* 



= ^(|. , --l){ ift, - , * , } 

= 19463 - 7750 
50x49 

= 4-78 

Turning to the second estimate, on substituting from Table 7.6 
the values of M n and y n(mi) in the expression for z 2 , we obtain 

z x = 13-34x0-80 = 10-7 
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To obtain the expected value of z 2> we have 

«w-j«f(iw.) (££(?„„„ 10)} 
-^* {(*"■)("■)} 

= ^ E \z M,y t . + S MjA 



for large A/. 




Define 






-MfE{ yi -y N J 


Then we can put 




E (z 2 ) -- fi - 


« - 1 W- 1 c „ 

,7 ' ~N~ pS " S < 


where 




s " at - 1 


N 


and 




C 2 _ ' 


N 


or 




E( Zi ) = ,, - 


/°Sa,Sj 



since N is large. We note that z t is a biased estimate of p. 
To evaluate the bias we need the estimates of p, S„ and S&. 
These can be taken directly from Table 7.6. We have 
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p = r =0-261 

S^V = 65-58 

S m =.j m = 8-10 
while Sb 2 is obtained from (112), being given by 



s b 2 - 


= ^ " n L ( 


U MJ 




= 0-7347 - ^ 


(14-42) 




= 0-4463 




s b = 


0-668 




Hence 






bias 


= - ■■- — pb„S b 






= ^ (0-261) (8-10) (0-668) 



= 1-38 

The derivation of th® variance of 7 2 is rather complex, but for 
large N and n, and n)N negligible, it presents no difficulty. We 
write to a first approximation, 

V (MJ> n(mi) ) = y N *V {M n ) + MW (y n{m J 

+ 2J- N .M Cov (M n , y v(mi) ) 
whence to terms in l/«, we get 

Est. V(M„y n(m0 ) = >■%<„„ & + *?f Si * + 2y„ (m) M n ^ 

On substituting from Table 7.6, we get 

Est. vw = v^^ + m®-™) 

2(0-8)(13-34)(0-261)(8-10)(0-857) 

+ ~ ~ " 50 " 

= 0-839 + 2-616+0-773 
= 4-23 



SUB-SAMPLING 349 

and 

Af.S.£.(z a ) = r(z a ) + bias* 
= 4-23 + 1 -90 
= 6-13 

7.16 Stratified Sub-Sampling 

By far the most common design in surveys is stratified multi- 
stage sampling. In this design the population of first-stage units 
is first divided into strata, within each stratum a sample of 
first-stage units is selected and each of the selected first-stage units 
is further sub-sampled. Crop surveys with the subdivision as 
the stratum, described in Example 7 . 1 and the corn borer survey 
with the district as the stratum described in Example 7.2, are 
examples of this design. In this section we shall give the formula 
for the estimate of the population mean in stratified two-stage 
sampling, and its variance. We shall consider the unbiased 
estimate only. 

Let the population be divided into k strata with N t first-stage 
units in the Mh stratum, so that 

E N, = N 

Further, we shall denote by M t i the number of second-stage units 
in the Mh first-stage unit of the Mh stratum, with M i0 denoting 
the total number of second-stage units in the Mh stratum, i.e., 

M te = E M u - N,M t 

Let n t denote the number of first-stage units to be included in the 
sample from the t-th stratum, so that 

k 

n = E n, 

<=i 

and m t i denote the number of second-stage units to be sampled 
from the i-th selected first-stage unit. 
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Following the previous notation, we shall denote by 

y t ,_ — the population mean per second-stage unit in the f-th 
stratum 






y u ' = the corresponding sample mean for the Mh stratum 



- -i- T"-' 



nt _ rttfj 

i L y -' 



M t n, Lj m u 

i i 

y„ = the population mean per second-stage unit 





i M, y t . 






(»1 






= i \'y t .. 

1=1 




where 






*■ 


Hi 

S 2M ti 




and 






y» 


— the corresponding 


sample estimate 



(146) 



Clearly, y w is an unbiased estimate of the population mean, 
while its variance is given by 
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Substituting from (91), we have 
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where 



(=1 l 

^ n t N t La M? \m H M,J & " 



(147) 






^M, 



and 



(148) 



V 



1 
(Af,f-~T) 






0-,,,-r,,.) 2 



and estimates of Stb' 2, and S ( i 2 are provided by 

Est. S,, 8 = 5 (i s - ~~j £ ( *„ - J",„«„,) 



(149) 



Formulae for the mean and its variance in stratified sampling 
appropriate for the case of equal clusters follow as special cases. 
Thus, for M t i = M t and m t i = m t , we have 






where 



and 






N t M, 



ZN t M t 
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and for its variance 

( 






and 



S '" 2 = N t L(M7^)L { ^~^ ? 



and estimates of S t b 2 and S tw 2 are provided by the same formula 
as in (110) and (112), namely, 



Es,S^ = ^-(l-^)^ 

.fc-St. Of w = Si w 

so that 

1 f\ 



(150) 



+ * 



;(i-i) s -' (151) 



7.17 Efficiency of Stratification in Sub-Sampling 

We shall consider the simple case for which Mti = M. Further, 
we shall suppose that m t i = m, so that the total number of second- 
stage units to be included in the sample is a fixed number nm 
whether drawn as a stratified or unstratified sample. In this section 
we shall estimate from a given stratified sample, the difference 
between the variances of a stratified and an unstratified sample. 

If the sample were selected as an unstratified two-stage sample, 
the estimate of the population mean would be 

>--^££y« < 152) 
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with the sampling variance given by 

r^us-d-^SJ+d-Lyf (.53) 

where the letters " US" stand for "unstratified", 

S„ 2 = the mean square between the first-stage unit means in the 
population 

N 

-n^iL^-^ (I54) 

and 

S w 2 = the mean square between second-stage units within first- 
stage units in the whole population 

N M 

-nI^dLL °— r < )2 (155) 

If the sample is a stratified sample, the estimate will be 

k 

y» = E pj't. 

where p t is the weight for the t-lh stratum, and its sampling variance 

(156) 

The relative excess of (-153) over (156) represents the gain in 
precision due to stratification. For estimating this gain from the 
selected stratified sample, we require an estimate of S5 2 . We have 

(tf-l)S»*=£ (y<-y..Y 

k N, 

= z £&H.-y..y 

23 
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= i Z(y lt .-y t ..+y t -y..) 2 

= 2? W - 1) S tb * + 27 If, (y,_ - j>.. ) 2 

= i (iV, - 1) S„ 2 + i JV,.P ( .. 2 - JVP.. 2 (157) 

The estimate of S t b 2 is known from (150), so that our problem 
reduces to estimating the second and third terms in (157). Now, 
from (10), we have 

V(y lntm ) = V(y,.)=E(y a *)-y t .? 

whence 

Est. y t J> = V - (1 - i-) V - (1 - i) I 2 (159) 



or 



k t fc 

Est. 2] iw = 2] jw - 2> (i - »;) *< 

<=i i=i (=i 

_ ( i _ ±\ y n, § 



2 



(160) 
Also 

so that 

Est.(JVP.. 2 ) = N^jtpty,,^ - tf-Est. ^(y.) s 

whence substituting from (156), we have 

(k \ 2 * 

«=i / <«i 

+ i (*-»)*-■} (161) 
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Subtracting (161) from (160), we get 



Est. 



~ U ~ m) |2j( n, ~ ■"«r) g " 2 j 

-£<-;)('-'£■)*■" 

(162) 
whence on substituting in (157), we obtain 



ri„ *« . Np? _ NpM , , 

iU a/;]Zj»A *,;**'" 



A' 

(163) 

If the variation between second-stage units within first-stage units 
can be assumed to be of the same order from stratum to stratum, we 
can substitute for S^ 2 its pooled estimate over all the strata, 
given by 

v-.-w^ttto"-'-* (,64) 

1=1 * i 

The difference between (153) and (156) when S b 2 is estimated 
from (163) and S tb 2 from (150) represents the reduction in variance 
due to stratification (Sukhatme, 1950). 
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The difference assumes a simple form when p t = N t /N. On 
substituting from (163) in (153), we get 

r k 

Est. V{y n J vs = (I - 1) £ P&> 2 

L i=i 

(.1=1 



^ Vw MJn \ N-l 



1=1 j 



(165) 



Also, from (156), we have 



Hence 



Est. V(y K ) s = £> {(1 - 1) *,■ + 1 (i - i ) *.•} 

(166) 

Est. {V us - V s ) = n ^1 B 1} 2] P. 0>«. - JV> 2 

i=i 

(=1 
+ V m ~ m) Z-l tar ~ n (AT - 1) 



/>.(! -Pt) Pt 



-Pt) _ pi :\ 3 2 



(ISO 
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Substituting for S t f, 2 from (150) the value 



- (1. • - l\ s • 

V w Af J s » 

we reach the simple expression 

N-n 



Est. {F us - V s } 



n(N-l) 



2_, Pt (>'<. 



J- j 2 
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y 1 \£l -Pt - N - 



n 1 > p,(l -a)) r a 
1 « ' «, J " 

(168) 



which is seen to be identical with equation (73) of Chapter III. 
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CHAPTER V11I 

SUB-SAMPLING (Continued) 

8.1 Introduction 

In the preceding chapter we have developed the sampling 
theory appropriate for sub-sampling systems involving the use of 
equal probabilities of selection at each stage of sampling. When 
the first-stage units are large and vary considerably in their sizes, 
this system of sub-sampling is not usually efficient. This is even 
more so in cases where practical considerations demand that the 
survey should be confined to only a small number of first-stage 
units within each stratum with equal number of second-stage 
units from each first-stage unit, although the amount of sub- 
sampling from the selected first-stage units would be necessarily 
unequal under optimum allocation. A system of sub-sampling 
involving the use of varying probabilities has been used with 
considerable gains in efficiency in such cases. In particular, a 
sub-sampling design in which only one first-stage unit is selected 
from each stratum, with probability proportional to the measure 
of the size of the unit, and a fixed number of second-stage units 
is selected with equal probabilities from each of the selected 
first-stage units, has been found to bring about marked improve- 
ments in precision, compared with sub-sampling systems involving 
the use of equal probabilities. The developments are due to 
Hansen and Hurwitz (1943, 1949). In this chapter we shall give 
the theory of sub-sampling systems involving the use of varying 
probabilities. 

8.2 Estimate of the Population Mean and its Variance 

We shall assume that the first-stage units are selected with 
replacement. Further, we shall suppose that whenever a specified 
first-stage unit of the population, say the Mh, is included in the 
sample, a sub-sample of mi second-stags units will be drawn 
therefrom without replacement, but only after the replacement of 
any sub-sample which may have been drawn previously. In 
other words, if the i-th unit happens to be selected, say y times, 
in a sample of n first-stage units, y sub-samples of /Hi units each 
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will be drawn therefrom independently of each other, each sub- 
sample of m» being drawn without replacement. 

Let Pi denote the selection probability assigned to the i-th 

first-stage unit of the population (/ = 1,2, ..., N) and E Pi = 1 • 

Further, let 

Consider the estimate 



z. = z. 



n(mi) 



n 

- 1 L *«•<• (2) 

where the summation is taken over all the n units in the sample. 
Then it is easily shown that z s is an unbiased estimate of y__ . 
For, we have 

-it"*-* 



where 



(3) 



z. = E P&. W 



(«i 






•0 

(■1 



>". 



(5) 



= w 

n* 
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To evaluate the sampling variance of z s , we write 

F(S,)^£{S f -£(V} 2 
= £(z, -z.) 2 
= £ (z»(« ( ) — z„. + z„. — z.. ) 2 
= E(z nM -z„.y + E(z„ .-z,J 

+ 2£ (Zn( Mj ) - z». ) (2». - z.. ) ( 6 ) 

Taking the first term in (6), we have 

£(z„ (m() -z„.)* = fjj 2](z,,„,,-z,)j 

i /^ ( Z >(»i,> ~~ Z i. ) 2 

+ [^ ( Z Hm,) ~ z i.) (*>'(,<> - Z i f .)> 
'V«' J 

Since the first-stage units are sub-sampled independently of each 
other, we may write. 

E (2„,*,> - z n .f = 1 | £] £ (z i( „„, - z,) 2 

+ 2^ £ (^(«i) - z 4 .) • £( Z «W> - Zi'-)> 

-;{!>(*-*)■•■} 

where 

Ml 

- M <* l 1r ( - - \* 
M a *p* ' m< - 1 Li ^ y '- ' 



_*[«*_ S* (8) 

aw 
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The value of the second term in (6) is given by (77) of Chapter 
VI. We have 



£(z„.-z..) 2 = -f (9) 



where 



.* =2' J P i (z,-z..) 2 



-ems*-*-)' 






(10) 



The expected value of the third term in (6) is obviously zero. 
We therefore obtain 

which can also be alternatively written as 

y<»- 'At %£->■] 






+ 1 T -ML (I- «\ s . 

(12) 
When the selection probabilities are such that 

P< = H q (' = 1 > 2 *0 

the expression for a^z is simplified, being given by 



N 
2 _ 



<»1 
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whence 

(14) 

Whenever the mean square and the variance relate to the 
variate z, we have so indicated by adding z as a subscript to 
S and a. In all other cases, S and a should be taken to relate 
to the variate y only. 

8.3 Estimation of the Variance from the Sample 

Consider the mean square of i^mo obtained from the sample 



V 2 



^TJ J] <*«..> - Z"0.<>) 2 (15) 

Expanding and taking expectations, we get 

Since the first-stage units are selected with replacement, we may 
consider our sample of n to be the result of n independent 
samples of one each, and write the right-hand side in (16) as 

= ,r~r [" {v ( **«-«> ) + v} ~ n {v (f »«-" ) + *-i] 

(17) 

where V (zi imo ) is the variance of the mean based on a sample 
of one first-stage unit. 

Substituting from (11) in (17), we get 

*M—»' + t p *(k-ir)*s (18) 
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It follows that 

Est. K(*.) = ^-* (19) 

8.4 Allocation of Sample 

So far we have placed no restriction on the size of the sub- 
sample to be drawn from a selected first-stage unit. It may be 
related to the selected unit or independent of it. The guiding 
principle in determining the optimum values of n and nu is clearly 
to maximize the precision for a given cost, or to minimize the 
cost for a desired precision. 

In a large number of surveys, the cost will be determined by 
the number of different first-stage units and the total number of 
second-stage units in the sample. We shall suppose here that 
the cost of the survey is made up of two components, as follows: 

C = Cl ri + c 2 E m t (20) 

where 

ri denotes the different first-stage units included in the 
sample, 

n 

2 1 Mi the total number of second-stage units in the 

sample, 

fj the cost per first-stage unit on travel and setting 

up of an office, 
and 

c 2 the cost per second-stage unit of collecting the 

required information. 

Clearly, C will vary from sample to sample of n. In actual practice, 
one must be able to predict the cost in advance of designing the 
sample in order to be able to compute the optima. We shall, 
therefore, consider the average instead of the actual cost of 
surveying a sample. Now to obtain the average value of the 
first term in (20), we have 

CiEfjn') = cj 2 1 {Probability that the /-th unit is included at 
least once in a sample of n) 
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= c t Z 1 -{1 — Probability that the /-th unit is not 
included in any of the n draws} 

= ci £ {1 - (1 - P t ) n } (21) 

The average value of the second component in (20) is given by 

c 2 E (Jt w<) = W Z P s m t (22) 

Hence the average total cost of the survey will be represented 

by 



C = cy Z {1 ~ (1 - P t Y } + c 2 n Z P^ (23) 



This cost function, however, offers a slight disadvantage in that 
it is not simple to deal with. We shall, therefore, suppose that 
N is reasonably large and none of the P^s too large, so that the 
average cost may be approximated by the simple function 

N 

C = c Y n + c z n Z Pitrit (24) 

To determine the optima, the simplest method would be to 
consider the product of (11) with (24), and write 

X Jcj + c 2 Z PimX (25) 

Clearly, the minimum value of (25) will produce optima when 
either C or V is fixed in advance and V or C is minimized. 

Let 
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Equation (25) can then be rewritten and expanded as 

n n r 1 



= c, 



+ e 'L p < F <'{iH; m < +8 £ m '} (27) 

Assuming J to be positive, (27) can be put in the form 
K(2.) -C = c x A +c 2 E P*S,* + 2 S P ( V'V^J'SJ 



N 



P P ,<s 2 



, 2 



VS '^••■j (28) 

This is minimum when each of the two square terms in (28) is 
zero, giving us for the optimum of Wj the value 
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In other words, nti should be so determined that 
P { m< 



M t S< 



= constant 






^ Vtr c-1.2....,*) (30) 



However, S{ will ordinarily not be known. It will also vary 
from character to character. Practical considerations require that 
mi should be independent of S( even if it means somewhat 
departing from the optimum. In practice, Sj will be generally 
found to increase with Mu though seldom as fast as M*. We 
shall assume here that Si is a constant equal to S w , say, in 
which case wj would be so determined that 

P ^ = k 

= a constant (i = \,2, . . ., N) (31) 

Knowing k, the value of n is obtained from (11) or (24), depend- 
ing upon whether the cost of the survey is minimized for fixed 
V , or the variance is minimized for fixed C . In the former case, 

ft = a v (32) 

and in the latter, 

« = , Co ., <f (33) 

c x + c t kM 

We remark that when Pi is proportional to Mi, the optimum 
value of mi is a constant, irrespective of the first-stage unit 
included in the sample. 

8.5* Determination of Optimum Probabilities 

In determining the optimum allocation of the sample in the 
previous section we assumed that the selection probabilities P x 
were given. These probabilities can be any arbitrary positive 
proper fractions, subject to the condition that their sum is 1 ; 
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alternatively, they can be related in a known way to the charac- 
teristics of the units to be selected. 

The optimum values of selection probabilities are given by 
minimizing the variance of z s for given cost. In this section we 
shall determine them assuming that: (a) the sub-sampling rate 
mii'Mi for a specified first-stage unit / will be such that equation 
(31) is satisfied, and (b) the cost function is independent of Pj's. 

Following the Lagrange procedure, we consider the function <f> 
given by 

* = K(*.) + a( SP t - l) (34) 

where A is a constant multiplier. Now the value of V (z s ) in 
terms of P\s is obtained from (12) after substituting for Wj 
from (31), and is given by 

t r; s ' 2 < 35) 



_i 



Substituting from (35) in (34), we write 

Differentiating <f> with respect to Pi and equating to zero gives 



iP { nM, 



1 (MM M&l _ 



Hence 



**• 4 ir & 



P = y **'• = 1 2 N) 
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N 

But £■ Pj = 1. We, therefore, have 



/>=_ V fel (1 = 1.2.. ...N) (36) 

It will be noticed that the optimum value of P\ depends on 
two factors: (i) the total of the character for the /-th first-stage 
unit, and (ii) the coefficient of variation of the first-stage unit 
mean. The latter will usually be a very small fraction so that 
Pi will be primarily determined by the first-stage unit total A/j.pj.. 
In practice, however, M{yi. will not be known although quantities 
correlated with them, as for example those determined from the 
previous census, may be available. Failing to have these, it would 
appear that the choice of Pi proportional to Mi would give about 
the optimum probabilities. 

It should be pointed out that the above solution for optimum 
probabilities will hold even when the cost function is represented 
by (24) ; for, under the assumption that P^IMi = k, (24) is 
seen to be independent of Pi's. However, in a number of 
situations the survey cost may not be independent of Pi's. 
Consider, for example, a situation where a list of first-stage units 
is available but that for the second-stage units within first-stage 
units is not. Listing of the second-stage units within the selected 
first-stage units is, therefore, an essential part of the survey 
work. The situation is of common occurrence in agricultural 
surveys in under-developed countries. Thus, lists of villages are 
readily available in most countries and the identification of 
boundaries of selected villages also does not present any diffi- 
culty. However, lists of second-stage units like fields or families 
are not available and have to be prepared for selecting a sub- 
sample. To the cost of survey represented by (20), we, therefore, 
have to add a component for expenditure for listing. This will 
generally vary with the size of the first-stage units. We, therefore, 
have a cost function given by 

C = c x n + c % £ m, + c t £ M, (37) 
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where c ;< represents the cost of listing a second-stage unit in 
a selected first-stage unit. The average value of C in repeated 
samples will be given by 

c x n + c ift E Pm + c 3 n E P<Mi ( 38 ) 

<=1 i*L 

and is seen to reduce to 

c x n + c 2 nkM + c 3 n E PM< (39) 

for P x m x =kM x . The cost function (39) will now be seen to 
depend upon P{s. However, if Mi's are unknown, M„ will also 
not be known and the estimate z s can no longer be used. Several 
alternative estimates can be formed. We shall consider one 
such estimate in this chapter, namely, the ratio estimate, and 
thereafter resume discussion of the problem considered in this 
section. 

8.6* Ratio Estimate 

Let 

h = I' *.. - K.v. (40) 

denote the ratio estimate of the population mean, where 



= M t . 1 y M, - ~) 



(41) 



M a P t X » 



x standing for a supplementary variate observed for all units 
in the sample. 

Then from the results of Chapter IV we may, for n sufficiently 
large, ignore the bias terms in the expected value of y R and 
regard it as an unbiased estimate of the population mean for 
all practical purposes. 

24 
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To obtain the variance of the estimate y a , we shall start with 
the expression (28) in Chapter IV. Since E{z s )=y and 
E(v s ) =x., we write to a first approximation 

Now, from (12), we have 

+ »«■ t $k C, - m) s " < 43 > 

i-l 

and by analogy 

Further, 

Cov (*„«,) = E{(z. -z..)(v,-v..)} 

= E{(z nimi) -z„. + z„.-z..) 

= ■£■ {(z„< mj , - z„. ) («.(«<) - *V ) 

+ (z„. - 2.. ) (5.. - «.. )} (45) 

since the expectations of the other two product terms are zero. 
Now taking the first term in (45), we have 

£ {(^(«,) - *».)(",(„.(> -»„.)} 



x<^ 
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(mi) .'(. ) (-*;(mj) *i. ) 
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_ i \y m? 

Li A/ 2 /> ./> . ■ l|( '"' ) ~~-' ' ^ x ''('»i'> — V *'J 
«W C | Li P? \m, ~ Mj a " 



~ «A/„ 2 Z_( /\ U f M t ) a "" 



A/, 2 / 1 _ 1 
/\ Vw, A/ 

The second term in (45) is clearly given by 



E(z„. -z..)(v„. - v.] 



imi 

-At 



M? - . . . ] 

AV/\ *•*'• • V - X " ( 



Substituting from (46) and (47) in (45), we have 
Cov (z„v.) 



n MV 



11 V* M ? - - - - 



i 



(46) 



(47) 



+ nMJ 



(48) 



372 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

Hence, from (42), we obtain 

"<w«:{z;Tft(>'-i-*o'j 



«=i 



where 

A 2 - S iv 2 + IPSJ - 2RS iy , (50) 

and 

R = A- 
x.. 

When JCij = 1, the expression for the estimate y R is simplified, 
being given by 

(51) 



(52) 



y R 














where 














«i 




and 


« 

1 "P 

U. = / «i 








Also, 






- 








s„ 


*=»o 












and the 


variance 


of j> ff 


takes the simple 


form 


given 


by 



+ J ":(»,-«>■■} <»> 

An estimate of V (y R ) is easily obtained. The reader may verify 
that, following the steps shown in Section 7.13, the estimate is 
given by 

Est. V {y R ) ~ ~ - n V _ x 2j T^i 0>«»,> - •R.^<»-.») 2 (54) 
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where 

R, = Est. R = ^ 
v. 

8.7* Allocation of Sample and Determination of Optimum Prob- 
abilities: General Case 

We shall now return to the problems discussed in Sections 
8.4 and 8.5, namely, to determine the optimum values of /wj's 
and Pj's when the cost function is represented by (39) and the 
estimate used is the ratio estimate y R . The solution is straight- 
forward since we note that: (a) V (y R ) has the same form as 
V (z s ) except that instead of a bz z , we now have 

ZP i %.-Rv { .Y (55) 

where 

R = ^ (56) 

x.. 

and instead of S iz 2 we have M?D?IM£P?, and (b) the cost 
function (38) regarded as a function of m^ has the same relation- 
ship to trii as the one represented by (24) has with Wj, except 
that Ci is now replaced by c^, where 

ci = c, + c 3 E P,M, (57) 

It follows from (29) that the optimum value of mi is now deter- 
mined by 



m ' = M sJ c %>- M f: a=>.2.-.^) (58) 



where 

N N 

A>= ^PAK-Rl,?- l.J^^D? (59) 

.=1 <■! 

If D{ is constant we reach the same result as (31), namely, 
Pm _ , 
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To determine the optimum probabilities we form the function 
<f> given by 

4, =, v(y„) +r(c- c ) + x (I f, - l) 0°) 

where /x and A are Lagrangian constants. Substituting for V (y„) 
and C in terms of P { , k and n, we obtain 

- £ "' »■■} 

+ M {» (r, + c,*M + r 3 i «) - C } + A (f/.-l) 

(61) 

Differentiating <j> with respect to P it k and n and equating to 
zero gives 

+ m«c,A/ 4 + A = (i = 1, 2, . . ., JV) (62) 
*$ = _ * V* M f JV + /tnr 2 W =-- (63) 

(-1 '-• J 

+ M ( Cl + c^A/. + f, f w) = (64) 



in 
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The solutions of N + 2 equations (62), (63) and (64) subject to the 
two conditions imposed by the fixed cost and the sum of P^s 
being unity, give the optimum values of P { , n and k. To solve 
these, we multiply (62) by P{ and sum over all the N units, 
giving us 

1<=1 1=1 J 

= /«r, 27 />,*/, + A (65) 

From (63), we have 

N 

f t J] M > D < 2 = l*kc t M 9 (66) 

while (64) gives 



i 

nkM„ 



1=! 



: H (c,« -f c 2 n*A/ + c 3 n E PM<) (67) 



Subtracting (65) and (66) from (67), we get 
whence substituting for A in (62), we get 
\ cj. + c 3 M t 



M h<. -«*>?-% 

\j Cl + c 3 M ( 

_ _ _ __ __ 



(68) 



(69) 
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It will be noticed that the optimum value of P^ now depends 
upon (i) the size of the first-stage unit, and (ii) a quantity 

a, = O'Y - XXt. r - J* ( 7 °) 

Hansen and Hurwitz (1943) have presented evidence which shows 
that Sj tends to decrease as M- % increases although not as fast as 
M{. Assuming Sj to be constant, it will be seen that for c 3 — 0, 
Pi varies as Mi, thus confirming the result reached in Section 
8.5. When c x = and c 3 > 0, probability proportional to the 
square root of A/j will appear to be the optimum. 

Solving the other equations the reader may verify that the 
values of k and n are given by 



(71) 



A- - 


\l»'t"' D ' 


f 1 "<**' r. 
Li \J r, + r,M, " 


and 


f=i >f 


n — • 


Co 

<■, -|- c,kM n + c, Z P,W, 



(72) 



The optima will naturally vary with the cost function and the 
sampling system, and care is necessary to determine from pilot 
studies the nature of the cost functions before deciding on the 
optima to be adopted for the surveys. 

8.8 Relative Efficiency of tbe Two Sub-Sampling Designs 

We remarked in the introduction to this chapter that a sub- 
sampling design in which the selection probabilities are propor- 
tional to the size of the first-stage units, and a constant number 
of second-stage units is drawn from each selected first-stage unit, 
may bring about a marked improvement in precision compared 
to the sub-sampling design involving the use of equal selection 
probabilities. In this section we shall compare the two systems, 
using z s as the estimate for the former system and the simple 
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arithmetic mean of the first-stage unit means as the estimate for 
the latter system. 

For the system of sampling with probability proportional to 
size and a fixed number of second-stage units selected from each 
first-stage unit, we have seen that z s provides an unbiased estimate 
of the population mean, and its mean square error is given by 
(14). This may be rewritten as 



M 



+ J.M L Jf *■• <"> 



For convenience, we shall suppose that first-stage units of the 
same size are grouped together. Defining then p i as the intra- 
class correlation within first-stage units of the same size, we may 
write 

Pi o* =-- E{( yil -y..)(y a -y.)\i} 

= E {(y if - y { . + y L - r.. ) (y tlt - j\, + i\ - P.. ) | /} 

= E {(y<, - y t . ) (y <k - Jv ) | /} + E {(/>,. - y_, )» | /} 

Mi 

f{ {Mi -i) J] (y » - - h) °'" - >'<■ ) + { >'<- - y- )' 2 






i 

Mi (Mi - 1) 



M( ~i2 Mi 






+ (ji. - r. r 

Substituting the result in (73), we obtain 
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For a sub-sampling design involving the use of equal selection 

pities at both stages, the simple -^™ — 

is known to be biased and the mean square error is derived directly 

floTm and (85) of Chapter VII. Ignoring the finite multiplier 

at the first stage of sampling, this is given by 

Ms.*™- y N £ {&.-?.?-%} 

+ a Ev + O-i)".-'-' 

N N 

= In Tl Pi + rwiN Zj S * 2 

The difference between the two mean square errors is, therefore, 
given by N 

M.S.E.iy.) - M.S.E. (2.) = - ^ £ * (j& ~ 



<=i 



N 

1 V 1 c , (M t 



L s -' (£' - 
+ - -i) ow-? 



Putting Si 2 = a 2 (1 - 80 where h has a meaning similar to Pi 
but is not necessarily equal to Pi , we may express the difference as 



N 



_ nN Li Pi V^r y 

1 = 1 

+ mnN Tt Si (m' " 

(-i 

+ (i -*)o>*. -*..)* (77) 
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Now both pi and 8 { will usually decrease as AT, increases, so 
that the covariance between pj and MijM and between B t and 
Mi\M will be negative. The first term with its negative sign will, 
therefore, be positive but the second term will be negative but of 
a smaller order owing to the presence of the factor 1/m, while 
the third term will always remain positive. We, therefore, conclude 
that y s will ordinarily have a higher mean square error than 
z s , showing the superiority of z s over the estimate y s . 

8.9* Sob-Sampling without Replacement 

In the sub-sampling procedure considered in the previous 
sections we have assumed that sub-samples from the same first- 
stage unit are drawn independently of each other. We shall now 
consider a procedure in which sub-sampling is carried out wholly 
without replacement, that is to say, that if any first-stage unit 
occurs y times in the sample, a sub-sample of my units will be 
drawn therefrom without replacement. 

Following the previous notation, let 

A/, 



M P, 



y<, 



and 



my = the mean per second-stage unit of the sub-sample 
drawn from the z'-th first-stage unit 



Consider the estimate z s ', given by 

N 

*•' = i £!**••■■?« (78) 

where y. is a random variable with possible values 0, 1, 2, . . ., n, 

N 

such that 27 Y { = "> and the probability that y is equal to r 
is given by the (r + l)-th term of the binomial 

{P< + (1 - P,)}" 
namely, 

p {Yi = r) = Q p; (i - j\)-' 



380 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

It is easily shown that z s ' is an unbiased estimate of the popula- 
tion mean y„ . For, we have 






f»i J 

^\Tj E(yyzi - (79) 

We already know that for a binomial distribution 

E(y,) = »^ (80) 

On substituting from "(80) in (79), we get 

E(:,<) = l £ r,P,z 



i. 



= £; pa. 

= 2. (81) 

/v 

= /.. (82) 
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To obtain the sampling variance of the estimate, we have 



F ^ = £ |lE^.^-4 



i=l i=i i=l J 



+ >[£ 



(.■Vi'-i 



r,y,' (zj, ,„ 7l - z,. + -(. - -..) 



x (2.'. „,;,-£,'. -1- *,-.-0> (83) 

Taking the first term in (83), we write 
E {iy,*(2i. M>j - 2«. + **.— *..)»} 

L<«=i 'i 

= £ [| v, 2 {e ( (*,. ,„ 7 - 2,. )* I /, y ( ) + E ((z,-*.. )» i /, y< ) 
4-2£((2„,„ Ti - 2 ,)(z,-z..)|/,y ( )j] 

(.1-1 (»L J 
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Likewise, the second term in (83) gives 

E \ H y i y i '(2 i , my - 2,. + 2,.- z.) (z^ my - 2 t -. + z r -z..)\ 

= E [ f Y,Y,.{(*t.my-tl.) (*i'.« 7 -**'.) 

+ (Kny- K ) Ui'.- *- ) + (Zf-Z. ) (Zf, my,,- 2 < '■ ) 

+ (z ( . -z..) (Z,'. -z..)}J 
== ^ { S w(* ( .-*..) (if.-ij) 



(85) 



since the expectation of the other three terms is clearly zero. 
Substituting from (84) and (85) in (83), we may write 



van = „ 2 e 



-*[{£ 



Y 1 ^ 2 __ y- s j 

.? r ' <fc -°}'] 

■It 



+ 



m 



WSJ*] 



+ *ii>m 



(86) 



write 



From (80), we know that E ty) =«Pj. To evaluate £(y. 2 ), we 
£(y») -=£/^(y =r) 

=2] ^C) W-PJr 
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which is clearly the second moment of the binomial distribution, 
and is, therefore, 

= nP< (1 - P,) + n*P* (87) 

To evaluate the third term in (86), we require the values of 
E{y?) and E(y.y.). We write 

X X J 

E (y i y) = E{E (y y> \ yfi 

^Eiy^iy^y)} (88) 

where E {y.\ y.) denotes the expected value of y., given y { . Now 
the probability of drawing y , given y,, from a sample of 
(n - >-.) is Pjl(l - Pi). Hence, by analogy with (80), 

E{y t \y) =(«-y t ) • [ P ' P( (89) 

Substituting from (89) in (88), we obtain 

Pi 



E(y.y) = E | y< • (n - y. ) ■ { J p j 



= n (n - 1) />,/>, (90) 

Using (87) and (90), the third term in (86) may now be written as 

E \e y/2,.- *_)f = E £(y.«) ft. -*..)• 

ti=i J i=i 

+ E E{yy){z i .-2,M2 l -i..) 
= E {nP t (1 - /\) + n*P*} (2,. - 4. ) 2 



+ E {nin-^Pf,} 
X (2..- 2.) (2,. -2..) 
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+ «(«- I) jjAfe-i.))' 



n° v ? (91) 



= nn 2 



since 2 Pi (fi. — z„ ) is clearly zero. 



^JV 2 _ r, 



Hence, substituting from (80), (87) and (91) in (86), we obtain 
on rearranging terms, 

K(*.') =•*■ + ! TpA 1 - VW* 

- " ; [ t p * % (92) 

which can also be written as 

"*->-:{£ 

L i=i 

i y m? n j\ 

n Li M^P, \m MJ °* 

i=i 

(=i 

When Pi = Afi/A/o , (93) reduces to 

i r> a/, /i _ 1 \ 

+ bZj A/ Vm Mj ' 

•=i 

-MSr£& v <94) 
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If further S, 2 = S w *, we have 

K(2<) ~ n + n U ~ M)~ ~iT NM (95) 

It is interesting to compare (93) with (12) after putting nti — m 
in the latter. The comparison shows that the variance is 
reduced by 



N 

n - 1 vS Jtf, 



v' L 



C 2 
^, 2 ' 



showing that the procedure of sub-sampling considered in this 
section is more efficient than the previous procedure. This is in 
accordance with expectation. The gain is however small, since 
the contribution to the variance from any modification at the 
sub-sampling stage must necessarily be of a second order 
(Sukhatme and Narain, 1952). 

8.10* Estimation of the Variance from the Sample when Sub- 
Sampling is carried out without Replacement 

Consider the mean square between the first-stage unit means 
in the sample defined by 

(n-l)s>,'* =f v {z u „,,. -2„T 

= 27 yz 2 „„, 7 -"2/ 2 (96) 

Taking expectations, we obtain 

(«-!)£ (!„'*) - E jf yE (z\ ,„ 7j | i, Y )\ - »£(*.") 

-*[Z>.!*- ,+ (i:-*.)Ml 

_ 1-1 ' J 

-«£(2,' s ) 

25 
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where ri denotes the number of different first-stage units included 
in the sample. Substituting from (92) for E (z s ' 2 ), we may write 



(„-i) W ) = „ £ M f <- 2 - K + * £ S^- 

■[«-■+■:■+:£:<-*)« 



— n\z 



2 



<< 



<"1 _J 



or, on dividing by (n — 1), we have 



2 

my 



N 
1 

B- 1 



N 

+ 

Hence 



2> If (97) 



c '2 _ f. 2 



+ 



- 1 Y&+ - 1 ., r ^ 

b — 1 £_| M t n — 1 £_| my^ 
/Kb-T) Zj 0» ~ M i ) S, ' a 

it** (98 > 
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or 

+ n(ii-l) Z_l (m ~ A/ ( ) ^"' 2 

1 V"> v. '* 
— ) P " 
n Li ' M< 



where 

m7j 



J 4 — 



my i ~ 1 
If S{ Z 2 = S wz 2 , (97) is simplified, being given by 






w n — 1 



N 



(99) 



+ S " £ M, 

whence, we get 

(100) 
where 

. >z _ 2 21 tea — 2(, m yi) 2 
nm — n 

and JV/h. denotes the harmonic mean of Af('s in the sample. 
Further, when Pi = A/*/ JVM, we have 

^"■-■^'{l'?-^) -*+*»} < I01 > 
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Substituting from (99) in the expression (92) for the variance 
of z s ', we get 



it 



Pi M7 



(102) 



When P{ = Mi/M , and s iz ' 2 is identical with si' 2 and can be 
replaced by a pooled estimate s w ' 2 , we get 

Est. V(z,>) - '»" - ^ { £ W T'-lf^J (103) 

n nm { n — 1 Ml/) 

The sampling procedure described in this section and the 
preceding one is widely used in India for estimating the acreage 
under crops. The design is particularly suitable for the introduc- 
tion of the improved methods of estimating crop acreages in 
tracts which are cadastrally surveyed. Thus, in Orissa, in India, 
where this design was first used, a village is used as the first-stage 
unit of sampling and selected with probability proportional to the 
number of survey numbers (fields) in the village. Each selected 
village is further divided into sub-units of 8 consecutive survey 
numbers, 1-8, 9-16, 17-24, etc., the last sub-unit consisting of 
the remainder. From the sub-units so formed, 4 sub-units are 
selected, giving an equal chance to all sub-units in the village. 
If a village occurs more than once in the sample, say y times, 
a sub-sample of Ay sub-units is selected from it. 

The design derives its efficiency from two factors : 

(i) the high correlation between the number of survey numbers 
in a village and the crop acreage, and 

(ii) the convenience and economy in field work arising from 
the choice of natural units as the sampling units at 
each stage. 

Uncultivated land, such as that occupied by dwellings, lying 
barren, or used as grassland, is usually given a single survey 
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number in India, while the cultivated land, which is divided into 
a large number of fields, is given at least as many survey numbers 
as the number of holders in the village. Compared to the design 
which makes use of artificial units like square grids marked with 
the help of latitude and longitude on the map, such as for example 
the one used in the Bihar and the Bengal surveys (Mahalanobis, 
1945 and 1948), and in which apart from administrative incon- 
venience in locating the unit on the ground, a large proportion 
of units falls into uncultivated tracts, this design is found to be 
not only convenient for field work, but also statistically efficient. 
For further reference the reader is referred to the report on the 
estimation of acreage under crops in Orissa (T.C.A.R., 1950). 

8.11* Stratification and the Gain Due to it 

In this section we shall give the formula; for the estimate of 
the population mean in stratified sampling and its variance, and 
then proceed to estimate from a stratified sample the change in 
variance due to stratification. 

Let P t i denote the selection probability assigned to the /-th 
first-stage unit within the t-th stratum, so that 

2JP H = l (r = l,2 *) 

Let n t denote the number of first-stage units to be included in the 
sample from the t-th stratum, so that 

k 

Z n,—n 

and ntti the number of second-stage units to be selected from 
the i-th first-stage unit of the t-th stratum. Defining then 

Zt »-lT n P H y "' 0=1,2 m ti ) luw > 

it is easy to see that 

*.. - Jr, 2j *" ( """ (105) 
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provides an unbiased estimate of the population mean of the 
t-th stratum, and 

*„ = i A, *,. (106) 

that of the mean for the whole population, where 

A, - ^ (107) 

The variance of z w is given by 

(108) 
where 

*»„,..> = S'Pudt,. -*«..)* (109) 

and 

S^uo = M *Z7\ £ {Z,i < ~ 2 "- )2 (U0) 

If the sample were, chosen as an unstratified sample, then the 
population mean would be estimated by 



(HI) 



(112) 
with its variance given by 

m -*>? + it *'(*.- s) 9 «» (1,3) 

where 

°V„, = £ P,(t,.-i..y (114) 



z, = 


n Li * Hmi) 


where 




z v = 


M, 1 

: m; ' p, yi > 
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and 

Ml 

S '«°> = M~X E^'-** (U5) 

The difference between (113) and (108) gives the change in 
variance due to stratification. To estimate it from a stratified 
sample we shall suppose that the /-th unit in the population 
corresponds to the /-th unit in the /-th stratum, so that 

?« = P p\ C' 6 ) 

where 

N, 

P,. = ZP, 

and rewrite equation (113) in a form more suitable for estimating 
the gain due to stratification. Substituting for Pi from (116) in 
(114), and noting that z ( j =z t ij (W)> we wr 't e 

k N, 

•v, = £ *. £ ^ (*„. % - *. ) 2 

-£'-£'» («^-0,.+*-ir -•-)' 
- Z> t '« IS «-- J ' , ' + ft 2 - -*-)*} 

= ££>>,,,+££*,' -*..' (117) 



Also 



A* 
^iS*i(o = n PtiS'u(n) (118) 
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Hence substituting for <r 2 b< Z) from (117) and for PiS\ Z) from 
(118) in (113), we get 



Nt 



+ n U ~P~ 2_l P " \m„ ~ M'J & "™ 

i=i i=i 

(119) 

The change in variance due to stratification is thus given by the 
difference of (119) and (108), namely, 

1=1 

+ £*&-$ 

r=i 

x t Pt <(£;-L)*"™ (120) 

i— l 

and it is this which we are required to estimate from a given 
stratified sample. We write 

k 

Est. {^ S -K s} ==2>(^ -■>*,,,, 



xS a /((i() (121) 



sub-sampling (continued) 393 

Now, from (18), we have 



T 2 



*™ "IE (i - M,) *>™ (,22) 

"' 
= n, - 1 Zj {* , """ ,) ~ M 

~ «, Zj (^ ~ ^)m, - 1 Zj ( *"' ~ *"""" I 
Also 

S*,«, () = s\ i{zt) (123) 

It only remains to evaluate the middle terms in (121). We have 

V(z„) --= £(2,.») -*...* 

_ «*.»,-,) , 1 f* B / 1 . 1 \ S 2 

- "»',""" + ii, Zj " V m ti At" ) * «'"<> 
so that 

(124) 
Similarly 

whence 

it 

Est. (z.*) = *.»-£ v ftr 

+ i- E (£ - ^) M (125) 
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Hence, from (124) and (125), we obtain 



k 

Est 



U-i J 1 = 1 

-t s a - o * 

(-1 

- t 3 (A - 

(126) 

Substituting from (122), (123) and (126) in (121), and collecting 
terms, we get 

Est.{F us - v s ] = l n j£] £' t t » - v[ 

. +£uv •-£+:)" 

+ Zj «« 2 W,. nP r ^ n) 



x E(i-i)^- (127) 

On using (122), equation (127) is further simplified, being given by 
Est. {V us -V a } = \ j£ ^ V - V 1 



+£?(£-■ -£+:)'« 



<•! 



(128) 
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If Pi = MilM , then 

p -. Jj — M, _ M ti 

It follows immediately that 

z t j = yn = y t n = *«« 

Also 

P _ v'p - y' M ' - M "> _ a 
^'- _ - ^' _ Z M ~ M - A ' 

Then (128) reduces to 

Est. {V us - V s } (Pl . = X() = M ^ A, V - V | 

k 

(129) 
Example 8.1 

A sample survey for estimating the acreage under paddy was 
carried out in Orissa State during 1950-51. Each district of the 
State was divided into a suitable number of strata by grouping 
together adjoining administrative divisions in the district. From 
each stratum a sample of villages was selected with probability 
proportional to the number of survey numbers in the village. 
Each selected village was divided into clusters of 8 consecutive 
survey numbers, 1-8, 9-16, 17-24, etc., the last cluster consisting 
of the remainder. From the clusters so formed a simple random 
sample of 4 clusters was drawn (without replacement). If, how- 
ever, a village occurred more than once in the sample, say y 
times, a sample of 4y clusters was selected from it. 

Table 8.1 shows the number of villages and the number of 
clusters in the population, the number of villages in the sample 
and the number n t ' of distinct villages in the sample, the 
estimated area under paddy per cluster and the values for s t b 2 , 
J tw*. stb' 2 an d s tw ' 2 for each stratum. Calculate the sampling 
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Table 8.1 
Area Survey on Paddy, Orissa, 1950-51 

Values of Means, Mean Squares between Village Means (s t t l , su'*) and Mean Squares 
Within Villages (s tw *, s t „' 1 ) in Acres per Cluster Basis 



Stratum 


434 


N t M t 
71670 


"i 
19 


"(' 


1-291 


0-5058 


Stu 

10726 


Stb' 1 

0-5058 


s tK '* 


1 


19 


1-0726 


2 


405 


44114 


13 


12 


2-597 


3-7764 


8-1920 


3-7724 


7-9921 


3 


565 


33107 


23 


23 


2 078 


4-1255 


9-0720 


41255 


9-0720 


4 


851 


93734 


34 


32 


2-098 


1-8717 


4-4411 


1-8105 


4-4334 


5 


271 


24631 


14 


12 


2-552 


4-9885 


12-3426 


4-7173 


12-1021 


6 


471 


51776 


18 


18 


1-675 


0-6760 


3-6231 


0-6760 


3-6231 


7 


347 


44028 


15 


14 


2100 


1-6487 


3-3946 


1 -6482 


3-3214 


Sums 


3344 


363060 


136 


130 













variance of the estimate of the area under paddy per cluster in 
the district, assuming 

(a) Sub-samples of -4 within each selected village were selected 

independently ; 

(b) A single sample of size Ay was selected from each selected 

village (the method actually adopted). 

Assume Mi/M Pi to be 1. 

If the sampling variance of the estimated acreage can be 
supposed to be calculated under assumption (a), estimate the loss 
of efficiency which would have resulted from an unstratified 
sample. 

The variance of the estimate of the area under paddy per 
cluster in the t-th stratum appropriate for assumption (a) is given 
by equation (19) as 

Est. V(y u ) = 5* 
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The variance of the district estimate is, therefore, given by 



7 
Est. V(y„) = 2] A ' 2 ^ 



where 

A = iSi = M* 

NM M 

The weights A t are computed in the first column of Table 8.2. 
Substituting from the table, we have 

Est. K(j>„) = (0-19741)* °-"^ 58 - + (0-12151) 2 -™ 



d. 11« 1 . «7l7 

+ (0-091189) 2 J" 3 + (0-25818) 2 Jj" 



+ (0-067843) 2 4- JJ 85 + (0-14261) 2 °'^ 
1-6487 



6760 



+ (0-12127) 2 



15 



= 0-001037 -f- 0-004289 -f 0-001492 -f- 0-003669 
+ 0001640 -f- 0-000764 + 0-001616 
= 0-01451 

Table 8.2 
Computations for Estimating Gain in Precision due to Stratification 



Itratum 
r 


, N,M t 
NM 


Wl-tm 


Ai>- 2 « n< « 


h. 

nn t 


n,-l -■(/!-- 1) A, 


(4)>.(5>i-„ 2 




(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


1 


0- 19741 


0-2549 


0-3290 


•000076397 


-8-6504 


- 0003343 


2 


0-12151 


0-3156 


0-8195 


•000068727 


-4-4038 


-0011430 


3 


0091189 


01895 


0-3938 


•000029152 


+ 9-6895 


+ •001 1653 


4 


0-25818 


0-5417 


11364 


•000055835 


-1-8543 


-0001938 


5 


0- 067843 


0-1731 


0-4418 


•000035632 


-13-8412 


+ •0006828 


6 


0- 14261 


0-2389 


0-4001 


•000058256 


-2-2524 


- 0000887 


7 


012127 


0-2547 


0-5348 


■000059446 


-2-3714 


- 0002324 


Sums 




1-9684 


4 0554 






-0001441 
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Under assumption (b), an estimate of the variance in a single 
stratum is given by equation (103). We may write 

For example, 

„ . v ,,. . 1-8105 , / I 2 1 \ ,. .,,„ 

Est. V (yj - -3J- + ( ( 3- 4) (4) • 33 - ^ (4-4334) 

= 0-053250 + (-00044563 - -00001067) (4-4334) 
= 0-055178 

The variance for the district estimate is then estimated by 

Est. K' 00 = £ \?V'{y u ) 

= (0-19741) 2 (0-026606) + (0-12151) 2 (0-30281) 
+ (0-091 189) 2 (0-17910) + (0-258 18) 2 (0-055178) 
+ (0-067843)* (0-36971) + (0-14261) 2 (0-037486) 
-f-(0- 12127) 2 (0-11376) 

= 0-01481 

We note that contrary to expectation this value is larger than the 
first estimate, a fact which may be attributed to sampling errors 
in the estimates of ff t t> 2 > ff tt>' 2 > &tw 2 ar >d Stu/ 2 ; but the difference 
is negligible. 

The difference between the variance of the mean of a stratified 
sample on assumption (a), and that of the mean of an unstratified 
sample is estimated by equation (129). The necessary computa- 
tions are made in Table 8.2. We have 



+ H h {(nt ~ 1} ~ K (n ~ 1)} jS ' 
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= f * 6 {4-0554 - (1 -968)»} + (- 0-0001441) 

= 0-001341 -0000144 
= 0-001197 

Thus the relative increase in variance if the sample were not 
stratified would be 

_= 9:°°!! 97 

0-01451 

= 0-082 

or 

8-2% 

8.12* CoUapsed Strata 

Hansen and Hurwitz (1943) advocate stratification to a degree 
where only one first-stage unit is selected from each stratum. 
Stratification to this degree may secure an optimum distribution 
of the sample when the strata are about equal, but offers one 
disadvantage in that an unbiased estimate of the error variance 
cannot be made. To overcome this difficulty Hansen and Hurwitz 
pool the strata in pairs which resemble each other as closely as 
possible and calculate an upper bound to the error variance of 
the estimate. One such procedure of calculating an upper bound 
will be described in this section. 

We shall suppose that the population consists of only two 
strata and that from each stratum one first-stage unit is selected 
with probability proportional to the number of second-stage units 
in the first-stage unit. Let 

N v and N t denote the total numbers of first-stage units in 

the first and second strata, respec- 
tively ; 

Mjj and M t j the numbers of second-stage units in the 

z'-th and the >th first-stage units of the 
two strata, respectively (/ = 1,2, ..., 

nj, 0=1,2, ...,#.); 
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M 10 and M 20 the total numbers of second-stage units 

in the first and the second strata, 
respectively, so that 

Af„ = Af 10 + M !0 

M t and M s the average sizes of the first-stage units 

in the first and the second strata, 
respectively ; 

P X i and Pjjj the selection probabilities at the first 

draw for the i'-th first-stage unit in the 
first stratum and the j-th first-stage 
unit in the second stratum, respec- 
tively ; 
and 

m t i and m 2 j the numbers of second-stage units to be 

included in the sample from the 
selected first-stage units in the first 
and the second strata, respectively. 

For convenience, however, we shall suppose that the first-stage 
unit selected from the first stratum is the c-th and that from the 
second the J-th unit. - 

Since P^ =M^}M W , clearly y mie will represent an unbiased 
estimate of y u , , the population mean per second-stage unit of 
the first stratum ; and similarly, since P 2 j = M 2 j/M 20 , y mtd will 
represent an unbiased estimate of j> 2 .. for the second stratum. 

An unbiased estimate of the population mean j>.. for the two 
strata together will be given by the weighted mean of y mic and 
y mtd and may be denoted by y w> given by 

^ = Aj) nic + (l-A)j> m>J (130) 

where 

A = ^ (131) 

"o 
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The variance of y w will be 



A« 



where 



0-^[^l-gp,(4--^)s 2 /| (132) 



»» = i I Pi,o'ii.-.v 1 ..) s 

/ =■- i;> 2 , cf w . -.•*■»..)* 



(133) 



and 



S ^ m}-i £<■>■»,- /■,,)' 



r*l 



(134) 



1 



S *' 2 ~ A/ 2 /-l Zj °' 2 " "' r& - 



Now, if the sample of two first-stage units were selected as an 
unstratified sample with probability proportional to the measure of 
size of the units, then an appropriate estimate of the population 
mean would be given by the simple arithmetic mean of cluster 
means in the sample, namely y s , and its variance by 

N 

ny.)-2{^ + L p '(lr-k) s '°} (135) 

where 

or,* = 2 P,(J'i.~yJ 2 (136) 

i=i 

and 

s - s = A//-i -.£<*>-*>■? (137) 

r-l 
20 
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It follows from the relation P xi = M^M^ and (131) that 
P, = \P 1( = 1,2 JVJ (138) 

for units in the first stratum, and 

P,=(l-X)P tl 0=1.2 N t ) (139) 

for units in the second stratum. 

Now equation (120) of the preceding section shows that when 
Pt.— h an d N t — N 2 and the allocation of first-stage units to 
the two strata is in proportion to A: (1 — A), (135) provides an 
upper bound to the actual variance of the estimate of a stratified 
sample. For evaluating it from the selected sample, we require 
the estimate of atf. We write 

<>>* = Z P,(y,.-y..Y 
1*1 

<»i 

+ E (1 - A) P u {y ti , - y 2 .. + h.~P..) 2 

= Z *Pu {iyu. - h..f + to.. - y..f) 

i»i 

+ 27 (1 - A) P ti {(y lt . - y,..y + <>•„.. - y..f) 
*»i 

= A<r 16 * + (1 - A) o 2b * + A 0>i-— P.. ) 2 + (1 - A) (?,..- y.. y 

= *»»* + (1 - A) o n * + Ay,.* + (1 - A) y^ - y} (140) 

We know that 

V<j^)^E{y n J)-y^ 



~°» + t p »(krk) s « 



(141) 
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and 

V{y m J=E{y m J)-y % } 



--■ +£'•(■!., -i)v 



(142) 



giving us 




Est. J>,.. 2 = 


= )': 


and 




Est. j 2 .. 2 = 


= y, 



(143) 



■ ^- 1 =^ 1 -»»'-( J lf ~^) §u' 

-^-(i-i)^ (144) 

Also, from (132), we get 

Substituting for j> t .. 2 , jj.. 2 and y.. 2 from (143), (144) and (145) 
in (140), we get on simplification 



2 



Est. V = Xy m J + (1 - A) J.,,,,/ - j>„« + A** 16 * + (1 - Xf a v 

-w-vQ.-k)**' (146) 

Estimates of a lb 2 and o ib 2 cannot be calculated from a sample 
of one each. In a reasonably efficient scheme of stratification, 
however, a lb 2 and a tb 2 can each be expected to be smaller than 
a b 2 . Replacing them by their upper bound, namely a b 2 , we then 
obtain for the estimate of a b 2 an upper bound given by 

1 ,- - x. . 1 



Est. a 2 = Y{\ -X) ( - p '»» ~ ?"? + 2A ^"'" ~ ^ 



(147) 
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Now, an estimate of the variance of the sample mean, if the 
sample were selected as an unstratified sample, is obtained from 
(135), being given by 

E«.re« = i[v+»(4- A l i[ )V 

+ <' ^> (i - i) *■<•] < 148 > 

Substituting for d b 2 from (147) and replacing S 1C * and S 2 d 2 by 
s ic 2 and Jgd 2 respectively, we get 

For A = £, we have the inequality 

V >*("»' + •»»*) 

Consequently (147) wrll always provide an upper bound to the 
estimate of cr b 2 and hence (149) will provide an upper bound to 
the actual error variance of the mean of a stratified sample. 
Substituting A = £ in (149), we get the simple expression 

Est.K(j>.) = iiy^-y^Y (150) 

It should be emphasized that the expression (150) is only an 
upper bound and does not necessarily provide a satisfactory 
approximation to the error variance. In fact, in most surveys 
where stratification is effective, it will be found to result in 
a considerable over-estimate of the actual error. 

8.13 Sub-Sampling with Varying Probabilities of Selection at 
Each Stage 

Lastly, we shall consider a sub-sampling system in which units 
at each stage of sampling are selected with replacement, with 
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probabilities proportional to measures of their sizes. It is easily 
shown that under this system each unit measure of size gets an 
equal chance of being included in the sample and in consequence, 
a simple arithmetic mean of the ratios of the observed value y 
to the measure of size x for the units in the sample provides 
an unbiased estimate of the population ratio of the total of y 
to the total of x. 



Let 



VlJ 



denote the measure of size of they'-th second-stage unit 
within the z'-th first-stage unit; 



Xi the measure of size of the i-th first-stage unit, 

so that 

Mi N 

Xi = S x it and X = £ X ( 

i-i 1=1 

Yi the total of y for the z'-th first-stage unit, so that 

Y t = S y tl and Y = 2 Y, 

r; 3 - the ratio of y to x for the j'-th second-stage unit 

within the z'-th first-stage unit given by 

r _ y*i 
x n 

Ri the ratio of the total of y to the total of x for 

the z'-th first-stage unit given by 

R ~ r < 
and 

R the ratio of the population total of y to the 

population total of x given by 

It is easily seen that 

£(r«,|/)-*, (151) 
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and 

£(*,) = « (152) 

For, 





E(r„) 


- L t * 

y=i 

Hi 

= kL y « 

Y t 


and 


E(R<) 


= R t 

N 

Li x x t 
y 

X 



Consider now the simple arithmetic mean of the ratios /-y given by 



n m 

l 
f 



nm 



nm 



L L t, " 53) 



Clearly then, using (151) and (152), we get 



E(f nm ) = ■'■ E 



±E\m 
nm J 






- 1 2 £(*,) 
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To obtain the sampling variance of r nm , we write 
V(K m ) = £(r nm -K) 2 

= E(r nm -R n + R„ -R)» 

where R n = (lln)£ Ri, 

= E {(r„ m - \f + (/?„ -RY + 2 (,-•„„, - R n ) (R n - R)} 

= E(r nm -R n )* + E(R n -R)* (155) 

since for a fixed sample of n first-stage units E (r nm ) = R n and in 
consequence the last term is zero. 



Taking the first term in (155), we have 
E{r nm -Rj= eYJ^ (?„.-/?<) 



= n* E I E (f '" ~~ Ri? + J]^- Rd ^*'--^) 



<y-i 



= l? E \Ti iF *- Rd ( (,56) 

the second term vanishing since sampling within the i-th and 
j'-th units is carried out independently. 

From (87) of Chapter VI, we may write 

(157) 



(158) 



E{(f im 


- Ri) 3 1 = 


m 


where 






<r 4 * = 




-R 
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Substituting from (157) in (156), we get 



E{? n „-R n f=\E\y ai 
n- \l—l m 



2 ( 
m I 



nm 



!£*"■ (159) 

Also from (77) of Chapter VI, we have 

E(R n — Rf= " 2 (160) 

n 

where 

AT 

< = 2] x {Ri - Rf (,6I) 

Substituting from (159) and (160) in (155), we thus get 

V(f nm ) = °l + V- (162) 

where 

N 

i=l 

To calculate the variance from the sample we consider the mean 
square of f im obtained from the sample, namely, 






£ ('•,, - ?.«)* (164) 



Expanding and taking expectations we have, using the arguments 
in Section 8.3, 
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where V (r im ) represents the variance of the mean based on 
a sample of one first-stage unit. Substituting from (162), we 
have, on simplification, 

e (V) = °s + *;;■ (165) 

whence 

Est. K(r„J =^ (166) 

The results of this section are easily extended to three-stage 
sampling. Thus the estimate of the population ratio for this case 
can be expressed as 



r " m " = ~ nmp 



LLL r - (167) 



> i k 



with its sampling variance given by 

V(>\, ni ) = a " 2 + *"•' + ^- (168) 

' n nm nmp 

The results are of particular importance in crop surveys for 
determining the yield rate. The design of the Indian surveys has 
been described in a previous chapter. In these surveys, villages 
are selected with equal probability and so are fields within villages 
and plots within fields. A simple arithmetic mean of the plot 
yields does not give an unbiased estimate of the population value, 
since in the process of giving an equal chance to all sampling 
units at each stage of selection, smaller villages and smaller fields 
get a relatively larger chance of selection per unit area under 
the crop. Alternative estimates which are unbiased can be formed 
but these are relatively inefficient. The difficulty can be overcome 
by selecting villages and fields with probability proportional to 
the area under the crop. This modification in the design is 
sometimes used in yield surveys. On the other hand, it is of 
interest to note that experience indicates that the yield per acre 
is not correlated with the size of the village or field, and in 
consequence there is no risk of any serious bias in selecting the 
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sampling units with equal probability and using the simple 
arithmetic mean to estimate the yield rate. 

8.14* Sampling without Replacement at Each Stage 

So far we have assumed that the first-stage units are selected 
with replacement. Clearly, the efficiency of a sampling procedure 
is reduced by including the same unit twice or oftener in the 
sample. One method of improving the efficiency is to group 
together into strata first-stage units of about the same size. 
However, as pointed out in Section 7.15, stratification by size of 
unit may not be always feasible and even where such stratification 
is attempted the units within strata may still show considerable 
variation in size. In this situation sampling without replacement 
within strata with probability proportional to the measure of the 
size of the units can be used with considerable gains in efficiency. 
In this section we shall extend the theory to the case when 
the first-stage units are selected without replacement with vary- 
ing probabilities of selection and from each selected unit a 
simple random sample of predetermined size is drawn without 
replacement. 

Let 

r = nMiy ±>- . (169) 

where E (<h), as defined in Section 2a. 4, denotes the probability 
of including the /-th first-stage unit in a sample of n. Consider 
the estimate 

n 

2 « = » E ii{ni) (l70) 

Clearly, f s gives an unbiased estimate of y.. . For, 



«* i £><*«..> i o] 



= E 
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N 

^lJ^E(a ( ) K (171) 

{•1 

Substituting for z- x . from (169), we have 

E(2.)=y.. (172) 

To obtain the variance, we write 
K(2.) = £(*.») -JL* 

-*$£' )}-*-■ 

- pry' ^*A?i>_ 4- y A ^ M >y<<~Aw~\ _ si 
- F \y m w™w 

y M t M,E{y lfm „y nmli \i\i}\ _ ., 

"*■ Z_J " M^E (a t ) E(a) " I >" 
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+ 



Z_J £(a i )£(a > ) A/ 2 

(173) 



where £(ajaj), as defined in Section 2a. 5, denotes the probability 
of including the i-th and the y-th units in the sample. 

Expanding j. 2 , we may rewrite (173) as 



W/ 2 



y £(o 4 a j )-£(a,)£(a J ) 
Z_J £(a,)£(a,) 

+ z: « a - i-j #£» <»«> 



This expression was first given by Horvitz and Thompson 
(1952). 

For the case of simple random sampling, we know from (19) 
and (31) of Chapter II that 

E(a { ) = ^ and £(0,0,) = ^-[j^'/j 

Substituting in (170), we notice that the estimate z s reduces to 
y s ' of Section 7.11, namely, 

*•-*•' = i £""«-> (175) 



and the expression for the variance becomes identical with that 
given by (91) of Section 7.12, as expected. Thus, 
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(Z,) N \n NJ Li M* 



N \n NJ N- 


i Z-i aT« 


i y-< M? / 1 

" «VV Z_l A/ 2 " \m i 


- 4) s -' 


+ .» r^r 1 - 


- J-.^ S, a H761 



where 



C '2 __ 



i V" f M < 



N- 1 



£(?*->-)" 



4=1 



In developing these formulae, we assumed that mi, the number 
to be sampled from the /-th first-stage unit, is known in advance. 
In order to determine it we use the principle of minimizing the 
cost of the survey for a given precision, or alternatively, of 
maximizing the precision for a given cost. The application of 
this principle when the cost is represented by (20) is straightforward 
and follows step by step the analysis shown in Section 8.4. It 
will be found that the optimum value of m{ is approximately 
given by 

m< Ep) = constant (178) 

When E (o { ) is proportional to M{, as will usually be our attempt 
to make it, m, will be constant irrespective of the first-stage unit 
included in the sample. One important simplification arising from 
this design is that the estimate z s reduces to the simple arithmetic 
mean of the nm ^-values in the sample. 
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An unbiased estimate of V (z s ) is easily computed. We write, 
from (174), 



Est - r ^ = Eiww Est -^ 2|/ 



y E(a l a i )-~E(adE(a i ) M t M> 
^ Li £(a 4 a y )£(a,)£(a,) M * 

X Est. CP,.^. \i,j) 

, r» / i l_i ^ 

^ L U(a ( )£(a y ) £(a ( a,)j M * 



1 } M i M i 



{E(ad}* M * \m t Mj Si 



{EM}* M Q * 
+ Li \E{a ( )E( ai ) ~ Ej^)\ 



i-*! 



M t M, . . 



An alternative estimate of the variance based on a linear 
combination of the squared differences in the sample, which 
appears to be better than the one given above, can be formed 
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following the device mentioned in the foot-note on page 71 of 
Chapter II. Thus, we rewrite (174) as 

N 

v&) = g? 2] { E < a <> £ ^ - E M} (*«. - K ) ! 



<#/-! 



Hence 



x Est. \(K-i u Y\i,}) 
2n a Z_i 1 £(a,a,) "~~ "J 

x {(**.„ - w - (1 - JL) «.» 

~ (m, ~ If) s »l 

n 

The theory of sampling without replacement developed in this 
section is difficult to use in practice on account of the hea\y 
computations involved in evaluating E (a{) and £(ojoj). For the 
important case of samples of two within each stratum, explicit 
expressions for E(a{) and (Eojoj) in terms of the selection 
probabilities P lt P t , . . ., P N have been given in Section 2b A and 
are relatively easy to compute. For larger samples the use of the 
estimate appropriate for sampling with replacement, introducing 
the usual finite multiplier for calculating the error variance, is 
probably sufficiently satisfactory (Yates, 1949). 
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CHAPTER IX 

SYSTEMATIC SAMPLING 

9.1 Introduction 

So far we have considered methods of sampling in which the 
successive units (whether elements or clusters) were selected with 
the help of random numbers. We shall now consider a method 
of sampling in which only the first unit is selected with the help 
of random numbers, the rest being selected automatically according 
to a predetermined pattern. The method is known as systematic 
sampling. 

The pattern usually followed in selecting a systematic sample 
is a simple pattern involving regular spacing of units. Thus, 
suppose a population consists of N units, serially numbered from 
1 to N. Suppose further that N is expressible as a product of 
two integers k and n, so that N — kn. Draw a random number 
less than k, say /, and select the unit with the corresponding 
serial number and every k-th unit in the population thereafter. 
Clearly, the sample will contain the n units /, i ■{- k, i + 2k, 
i 4- n —~]k, and is known as a systematic sample. The selection 
of every k-th strip in forest sampling for the estimation of 
timber, the selection of a corn field, every k-th mile apart, for 
observation on incidence of borers, the selection of every A>th 
time-interval for observing the number of fishing craft landing on 
the coast, the selection of every k-th punched card for advance 
tabulation or of every k-th village from a list of villages, after 
the first unit is chosen with the help of random numbers less 
than k, are all examples of systematic sampling. In the first 
three examples, the sequence of numbering is determined by 
Nature, the first two providing examples of distribution 
in space while the third that of distribution in time. In the 
fourth and the fifth, the ordering may be either alphabetical or 
arbitrary approximating to a random distribution. In the latter 
case, a systematic sample will obviously be equivalent to a random 
sample. The method is extensively used in practice on account 
of its low cost and simplicity in the selection of the sample. 
The latter consideration is particularly important in situations 
where the selection of a sample is carried out by the field staff 
27 
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themselves. A systematic sample also offers great advantages in 
organizing control over field work. 

In a systematic sample, as noted already, the relative position 
in the population of the different units included in the sample 
is fixed. There is consequently no risk in the method that any 
large contiguous part of the population will fail to be represented. 
Indeed, the method will give an evenly spaced sample and is, 
therefore, likely to give a more precise estimate of the population 
mean than a random sample unless the k-th units constituting 
the sample happen to be alike or correlated. The method 
resembles stratified sampling in that one sampling unit is selected 
from each stratum of k consecutive units. In reality, however, 
the resemblance is only casual. In stratified sampling the unit 
to be selected from each stratum is randomly drawn, in 
systematic sampling its position relative to the unit in the first 
stratum is predetermined. Unless, therefore, the units in each 
stratum are randomly listed, a systematic sample will not be 
equivalent to a stratified random sample. 

Systematic sampling strictly resembles cluster sampling, a 
systematic sample being equivalent to a sample of one cluster 
selected out of the k clusters of n units each, shown in the 
schematic diagram below in the form of k columns of n each: 

Schematic Diagram Showing the Serial Number of the Unit 

in the Population in Terms of the Cluster Number 

and its Serial Position in the Cluster 

Cluster 

Number 1 2 ... i ... k 

i 



o 



1 1 2 ... i 

2 I +k 2 + k ... t + k 

3 1 + 2k 2+ 2k ... i + 2k 



1+0-1) k 2+0-1)* ... / + 0-0* 
1 + («'- 1) k 2 + (n — 1) k '.'.'. i + (n-l)k 



k 
2k 
3Jk 



jk 



nk 
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Since the first number less than or equal to k is to be chosen 
at random, every one of the k columns gets an equal chance of 
being chosen as the systematic sample. It follows that the theory 
of systematic sampling can be deduced from the theory of cluster 
sampling dealt with in Chapter VI. 

In presenting the theory in this chapter, we shall assume that 
jV = nk, where n is the size of the sample and k is an integer. 
In practice N may not be so expressible, and the results presented 
in this chapter may not be strictly applicable. However, the 
disturbance is not likely to be large unless n is small. 

9.2 The Sample Mean and its Variance 

Let 

jij denote the observation on the unit bearing the serial 
number /' + (J — 1) k in the population (j = 1, 
2, ...,k; j = 1, 2, ...,n); 

j>{. the sample mean 

= i L *« (2) 

and 

>>., the population mean 

l ■ 

-LLL *< (3) 

Since the probability of selecting the i-th column as the 
systematic sample is \\k, it follows that 






= y.. (4) 

showing that a systematic sample provides an unbiased estimate 
of the population mean. 
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The variance is given by 



k 

which can also be written as 

k - 1 „ . 






(6) 



where S c 2 denotes the mean square between column means, the 
letter c standing for a column. 

9.3 Comparison of Systematic with Random Sampling 

The variance of the mean of a random sample of n 
units chosen from a population of size N is known to be 
given by 



v ^» - G - *) s2 



(7) 



where S 2 is the mean square between units in the population. 
This is not directly comparable with (6), and it is therefore 
important to express the variance of a systematic sample in an 
alternative form suitable for this comparison. We write 



= 1 L)nL yi '- p l 






1 
kri 
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{nk - 1) S 2 



kn 2 . 

+ 



2] £ ^-a)Ov-;o[ (8) 



-i >-/j'=i 



Now, by definition, the intra-class correlation between units of 
a column is given by 

= - ^« -JUOv -P..) 



E{ yii ~y..Y 
E E (y„-yj(yi,' -P..) 



f = l f^j' = l 



Aw 



kn(n-\) (kn-l)S- 

or 



(9) 



i £ tv« - >'.. ) Ov - J'.. ) - ("->) (*« - 1 ) P& (10) 

Substituting from (10) in (8), we get 

kn — 1 S 2 

ViyJs, = ^p • * {1 +P(n - 1)} (11) 

which is a convenient form for purposes of comparison with the 
variance of the mean of a random sample. The variance of 
a systematic sample relative to that of a random sample is seen 
to be 

v *> - ( »k-l){l +p («-l)} n ,v 

K« n (A: - 1) " U<y 

We notice that the relative precision depends on the value of 
p. For p = — !/(£« — 1), the two methods give estimates of 
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equal precision; for p greater than — \j(kn — 1), systematic 
sampling is less accurate than random sampling; while for p less 
than — \/(kn — 1), systematic sampling is superior to random 
sampling. The minimum value which p can take is — l/(« — 1), 
when the variance of a systematic sample will be zero, and the 
reduction in variance over random sampling will therefore be 
100%. The maximum value which p can assume is 1, when 
the efficiency of systematic relative to random sampling will be 
given by (k — \)j(nk — 1). 

In general, however, it is difficult to know what values p will 
take in populations distributed in space or time, and no general 
conclusions can therefore be drawn about the relative efficiency 
of systematic and random sampling. On the other hand, for 
populations for which the lists of units are prepared in alpha- 
betical or arbitrary order and where there is little likelihood of 
the lists corresponding to any physical distribution, we may 
assume the intra-class correlation to provide a good estimate of its 
average value in randomly formed columns, namely — \j(nk— 1), 
and hence expect systematic and random sampling to give results 
of about equal precision on an average. 

It is instructive to express the variance of the systematic sample 
in terms of a further break-up of the intra-class correlation 
coefficient. It will be noticed from (10) that p is expressed as 
the sum of kn (n — 1) products of y deviations: 2k (n — 1) of 
these products relate to y deviations separated by one row, 
2k (n — 2) of these products relate to y deviations separated by 
two rows, etc. We may, therefore, write (10) as 

(n - 1) (kn - 1) />S* = 2 i "Z T (y it - yj (y (i+a - yj 

i=l 0=1 > = 1 

= 2'2k (n-a)p a S* k "~ l 



o*i 



kn 



where p a is denned as 

n - £ 0'i<-J > ..)0 , n +a -y.. ) nrv 
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and is called the non-circular serial correlation coefficient for 
lag ka. Hence, we have 

n — 1 

>-n"(r-l) £>-«>'- (,4) 

1=1 

Substituting for p from (14) in (11), we get 



n — 1 



^.. = v 4 j 1 +*!>-■ )p j (15) 

The expression is due to the Madows (1944). 

9.4 Comparison of Systematic with Stratified Random Sampling 

We shall consider the population as divided into n strata 
corresponding to the n rows of the schematic diagram (1), and 
suppose that one unit is randomly drawn from each one of these 
strata, thus giving us a stratified sample of n. Clearly, the variance 
of the mean of this sample will be 

V(y„) s = I (l - {;) S„, r * (16) 

where S wr 2 is the mean square between units within rows, 
defined by 

n It 

s -=nW-r)LL^-^ (17) 

To examine how this compares with the variance of a systematic 
sample we shall first express the latter in a form suitable for 
direct comparison with (16). 

Equation (5) can be written as 

r ' v„ - 1 vA 
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=1 U=i 






+2] Zj °' ■' ~ p - ,] (y "' ~ f - ,,) f (,8) 



>=i iy^i'=\ 



The second term contains kn(n — 1) product terms, of which 
Ik (n — 1) are products of j> deviations from the respective strata 
means separated by one row, 2k (n — 2) are products of y 
deviations separated by two rows, . . . , 2k (m ■— a) are products 
of y deviations separated by a, rows, . . . , and 2k separated by 
(n — 1) rows. We can, therefore, write (18) as 

+ 2 z 2j 2j (; '" ~~ •'"•' )( - F ''+ a _ • ) "-'+ tt) [ 

An* )Li 

+ 2 (7 k (n — a) p (a) „ 



i=l aai }=\ 
C k n 



where 



x 



k n—a 



yu- y.i)(yn+a —yj+J 



A (M - a) 
*.). - '- 1 >"* . t (20) 



n k 



Zj Zj Rl 



(A - 1) 
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and is termed the within stratum serial correlation between 
observations separated by distance ka. Hence, substituting from 
(17) in terms of S WT 2 , we obtain 



n-l "\ 

„ 2] (n ~ a) *•<«>-[ ' 

= 1 J 



The expression in this form was first derived by the Madows 
(1944). Comparing it with (16), we note that the relative efficiency 
of the systematic and stratified random samples depends on the 
values of p (a)W in the population, and no general conclusions can, 
therefore, be drawn. If the p ia)W are all positive, the stratified 
sample will be superior to the systematic sample; if the p (a)W 
are zero, the two samples will provide estimates of equal 
precision. 

9.5 Comparison of Systematic with Simple and Stratified Random 
Samples for Certain Specified Populations 

(i) Linear Trend 

Let us suppose that the values of the successive units of 
the population increase in accordance with a linear law, so 
that 

y„ = /x + h (22) 

where ^ is a constant and h goes from 1 to N. 

Clearly, 



'•• = *!> + 



h) 



= M + ^f 1 < 23 > 



L 



2 



= Nfl > + m±})(M+J) + flN (N + 1) (24) 



426 SAMPLING THEORY OF SURVEYS WITH APPLICATIONS 

and hence 



S a 



= N l -l {Z>-*?-' 



- Wfe( f 2 +1) (25) 

Similarly, since the observations within each row increase by unity, 
we have 

S BP * = ^± A) (26) 

and for the same reason, since the column means corresponding 
to k different systematic samples also increase by unity, we have 
the mean square between column means given by 

S.' = * {k + ° (27) 

Substituting from (27) in (6), from (25) in (7), and from (26) in 
(16), we get 



k * - 1 

12 



Vs, = -r^- (28) 



V R = <* ~ *> <f + *> (29) 

and 

Vs - ^- (30) 

Hence 

r s : K Sf : K* = ^-±1 : * + 1 .- nk + 1 

or, approximately 

=* - : 1 : « (31) 

We notice that the variance of a stratified sample is only 
1/n-th the variance of a systematic sample, and the latter in its 
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turn is also approximately 1/n-th the variance of a random sample. 
Stratified sampling is thus seen to be the most efficient of the 
three methods for removing the effects of a linear trend, with 
systematic sampling following it as the next best method. The 
reader may like to verify that p (a)W is (k~\)/k for all values of 
a, thus explaining the loss of efficiency of systematic sampling 
compared to stratified random sampling. He will also find 
that p = — (£ 2 n+l)/(/rV— 1), or approximately — \/n, which 
accounts for the superiority of systematic sampling over random 
sampling. 

(ii) Periodic Variation 

We shall now consider populations in which sampling units 
with high and low values follow one another according to a regular 
pattern. Suppose such a population is represented by 



y* = 



sin {a + (// - 1) j^} 



where h varies from 1 to an integral multiple of 20. Clearly, the 
successive sampling units will repeat themselves after every 20th 
value. A systematic five per cent, sample from such a population 
will consist of sampling units drawn from the same position of 
each cycle, giving an estimate which is no more accurate than 
a single value. A five per cent, random sample, on the other 
hand, will contain units from different parts of the cycles with 
the result that the means of such samples will vary within a 
narrower range than the means of different systematic samples, thus 
making random samples more efficient than systematic samples for 
removing the effect of a periodic trend. At the other extreme, if 
we select a ten per cent, systematic sample with two regularly 
spaced observations from each cycle, the first selected randomly 
out of the first 10 and the second chosen at a distance of 10 units 
from the first, then the mean based thereon will be identical 
with the population mean, thus making systematic sampling the 
most efficient of all sampling methods. It will be noticed there- 
fore that the relative efficiency of systematic sampling for popula- 
tions showing periodic variation depends upon the choice of the 
interval between the successive units sought to be included in the 
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sample. In particular, if the interval coincides with the period of 
the cycle, the sample will contain units which are all alike, giving 
P = 1, and, consequently, the relative increase in variance of 
systematic over random sampling is maximum. Of course, in 
nature, regular periodicity is most unlikely to occur but the 
example serves to illustrate how the effectiveness of a systematic 
sample is influenced by the interval in sampling a population 
exhibiting a periodic trend. 

(iii) Natural Populations 

Systematic sampling is found to be both efficient and con- 
venient in sampling certain natural populations like forest areas 
for estimating the volume of timber (Hasel, 1942; Griffith, 1945- 
46) and areas under different types of cover (Osborne, 1942). 
We shall illustrate here its efficiency for sampling a certain natural 
population distributed in time. 

Example 9.1 

A pilot survey for investigating the possibility of estimating the 
catch of marine fish was conducted in a sample of landing 
centres on the Malabar coast of India (I.C.A.R., 1950). At 
each landing centre* in the sample, a count was made of the 
number of boats landing every hour from 6 a.m. to 6 p.m. 
Out of the boats landing during each hour, the first one was 
selected for observation on weight of fish, the product with the 
number of landing boats giving an estimate of the catch brought 
during the hour. Table 9 . 1 shows the number of boats landing 
per hour at Quilandy Centre for seven consecutive Mondays. 
Calculate for each day the values of p between observations 
separated by k — 2, 3, 4 and 6 hours and hence investigate the 
effectiveness of systematic sampling relative to random sampling 
for making observations during the day. 

The first step in the calculation consists in making the analysis 
of variance tables on the number of boats landing per hour for 
each of the several cases (k =2, n =6; k —2>, « =4; k =4, 
n = 3 ; and k = 6, n — 2) on the data for each day. The next 
step is to substitute from these tables the values of the mean 
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squares between («S C 2 ) and within systematic samples (S wc -) in 
the expression for p, namely, 



P = 



— 1 s 2 



nk 



1 



(32) 



nk 



And finally we calculate the values of the variance of systematic 
relative to random sampling from (12). The calculations are 
illustrated in Table 9.2 with reference to data collected on the 
third Monday. 

Table 9.3 presents the values of p and those of the variance 
of systematic relative to random sampling for all cases. It will 
be seen that p is negative for all except three cases, and smaller 
than —1/11, thus showing the superiority of systematic over 
random sampling for making observations. Further, it will be 
seen that the superiority generally improves with the size of the 
systematic sample. 

Table 9 . 1 

Number of Boats Landing during Each of 12 Hours 
(6 a.m. to 6 p.m.) on Seven Consecutive Mondays 





Hour 




























of Day 


6-7 


7-8 


8-9 


9-10 


10-11 


11-12 


12-1 


1-2 


2-3 


3-4 


4-5 


5-6 


Week 


\ 


























1 




42 


52 


19 


6 


23 


56 


36 


59 


14 


14 


2 


6 


2 




23 


39 


33 


27 


52 


32 


39 


45 


33 


9 


6 





3 




31 


25 


13 


6 


15 


9 


19 


2 


9 


31 


16 


27 


4 




41 


14 


15 


24 


19 


24 


21 


27 


21 


32 


45 


57 


5 




8 


16 


14 


8 


47 


39 


20 


26 


33 


34 


61 


45 


6 




"> 


6 


20 


28 


28 


11 


40 


41 


41 


37 


21 


31 


7 




16 


15 


4 


14 


12 


4 


15 


10 


17 


10 


18 


16 
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Table 9.2 

Analysis of Variance Table together with the Values of p and of 

the Variance of Systematic Relative to Random Sampling for the 

Data Collected on the Third Monday 



Source of Variation- 



it = 6, n = 2 £ = 4, n = 3 £ = 3, n = 4 £ = 2, n = 6 

t-, c Mean _ „ Mean ~ ,- Mean ~ ,- Mean 
Uh - Square UK Square Dh " Square D *' Squaic 



Between (/iS, 8 ) 


.. 5 


47 08 


3 


52-97 


2 


70 08 


1 


0-75 


Within (S^ 8 ) 


.. 6 


136-58 


8 


112-00 


9 


101-64 


10 


105-42 


Total 


.. 11 


95-90 


11 


95-90 


11 


95-90 


11 


95-90 


p 




-0-55 




-0-27 




-0-16 




-0-199 


0/ ' Sv 




49 




55 




73 




1 



Table 9.3 

Values of the Intra-Class Coefficient of Correlation and of the Variance 
of Systematic Relative to Random Sampling 











Values of p 










Vr 








Size of 
Sample 




2 


3- 


4 




6 


2 


3 




4 


6 


Week 


























1 




+ 


•34 


-•25 


-•26 


- 


•13 


147 


61 




30 


63 


2 




- 


•33 


-•36 


-•18 


- 


•16 


74 


33 




63 


37 


3 




- 


•55 


-•27 


-•16 


- 


•199 


49 


55 




73 


1 


4 




- 


•29 


-•29 


-•31 


- 


•19 


78 


51 




8 


12 


5 




+ 


•51 


-•48 


+ •04 


- 


•193 


166 


5 




154 


1 


6 




- 


•79 


-•27 


-•32 


- 


•197 


23 


55 




7 


3 


7 




- 


■58 


-•23 


-•16 


- 


•131 


46 


67 




73 


63 
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9.6 Estimation of the Variance 

Since a systematic sample is a random sample of one cluster 
only, no estimate of the variance can be formed from the sample. 
This is a great handicap of the method which otherwise offers 
great advantages. 

Certain approximations are used in practice to calculate the 
variance. One of these consists in treating the systematic sample 
as if it were a random sample of n units and calculating the 
variance, using the formula 



\n nk) 



(33) 



where s wc 2 is the mean square between units within the selected 
systematic sample, i.e., a column of diagram (1). Clearly, (33) 
does not provide an unbiased estimate of (6), for, 



or, substituting from (11) in the right-hand side, 






nk n 



] 



!*fip(l- f ) < 34 > 

nk 
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Thus the expected value of (33) is given by 



\n nk) 



nk **~* 



which clearly is different from the variance of the systematic 
sample given by (11), unless p = — \j{nk— 1), that is, unless the 
systematic sample behaves as a random sample of the population. 
It is only when the units in the population are randomly ordered 
that we may expect (33) to provide a satisfactory estimate of the 
variance of a systematic sample. If they are not randomly 
ordered, as will be the case in natural populations distributed in 
time and space, the effect of using (33) to estimate the variance 
will obviously be to under-estimate the variance on an average, 
if the intra-class correlation among units of the systematic sample 
is larger than ~\j{nk—\), and vice versa. 

Another approximation sometimes used for calculating the 
variance from the sample is 

\n ~ Hk) L1 2 (« - 1) (35) 

This again will be a- biased estimate, for we may write 

E { T(y ls - y t m ) 2 } 

= E { £ C„ - y-j + y.i - y t)+1 + j>, +1 - y. m ) 2 } 

= e [£{(y« -y.i) - tom - P. M ) + iy, - y J+ i)} 2 ] 

= E \ n £{(y it - y,Y + (y iH1 - y, +1 Y + (y., - j>., +1 )» 
-2 (y it ~y.,)(y ii+1 -y.,+i) 
+ 2(y.,-y.,+i)(y i ,-y.,) 
-2(y<,-y«J to> + i-y J+ i)}] (36) 
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Clearly, the value of the first and the second term is equal to 
(n-1) S wr 2 each, that of the fourth is equal to -2 (n—\) S wr 2 p (l)W , 
and that of the fifth and sixth is zero each. Hence we may write 

2"(»-1) f 




k- 

k 



+ 2-(, i iT)2^-- P - )2 l (37) 



or, substituting from (21), 



S 2 V' A — 1 

v s, - 2 ^1 £j ( " ~~ a) p «"» ~ A>T S " 2 ' , <"' 



n-1 

7nw±i)L&>-w (38) 



4- 2A//"(/; - 

It is difficult to put an easy interpretation on (38). We may say 
that if the differences between neighbouring rows are counter- 
balanced by the within stratum serial correlation, (35) may serve 
to give a fair idea of the variance of a systematic sample. 

9.7 Two-Stage Sample: Equal Units: Systematic Sampling of 
Second-Stage Units 

The method of systematic sampling can be used for the selec- 
tion of a two-stage sample at either of the two stages or both. 
Of these schemes, of more interest is the one with systematic 
selection at the second stage, partly because this permits the 
estimation of the sampling error, and also because it enables the 
selection of the second-stage units to be entrusted to the field 
staff without great risk of errors and facilitates control of field 
work. The other two schemes do not possess the first advantage 
and for this reason will not be considered in the book, although 
their theory is straightforward. 

28 
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We shall suppose that the population contains NM units, 
grouped into TV first-stage units of M second-stage units each, and 
consider a scheme of sampling in which a sample of n first-stage 
units is selected with equal probabilities, and m second-stage units 
are selected from each one of the n first-stage units by the method 
of systematic sampling. 

Following the previous notation for two-stage sampling, let y nm 
denote the sample mean and j>.. the population mean, defined by 



y™ nm Li Li yil 



M 

1 



LL 



y.. = m I . I . y<> 



Clearly, y nm provides an unbiased estimate of the population mean 
P.. ■ For, 

1 



E(y„) = - E {2 E{y im \i)\ 



= P.. (39) 

To obtain the variance of y nm , we write 
V(y.J = E(y nm -y.y 

= E{y nm -p„.+p„. - j..) 2 

= E(y„ m -h.)* + E{y n .-yy 

+ 2£ (?.„-.*,. )(?..-*.) (40) 

Consider the first term in (40). We have 



E(p nm -y n .Y = ~ E [i CP <m - poj 
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+ E Cv\ m ->\) (>v.-Jv.)H 

+ E £ E {(y im - >•„ ) Ov„ - JV. ) I /, «'}] 

(41) 

The value of the second term of (41) is clearly zero, since samples 
are independently drawn from the /-th and i'-th first-stage units. 
The value of the first term of (41) is derived from (11). We 
have 

E {(J>, m - h ? | /} - (l - I) | 2 {1 + P , (m - 1)} (42) 

where Sj 2 denotes the mean square between the second-stage units 
of the /-th selected first-stage unit, and pi denotes the intra-class 
correlation between second-stage units within M\m columns of 
m units each which can be formed out of the M units of the 
/-th selected first-stage unit. 

Substituting from (42) in (41), we then obtain 

N 

1=1 

The value of the second term in (40) is known to be given by 
(i - jj) V (44) 

where 



E (y n „-y n .) a = 
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while the last term is obviously zero. Interchanging the first and 
the second terms in (40), and substituting from (43) and (44), we 
thus obtain 

v(y n J = (£-*) V 

N 

+ „M i -i)I> 2{1+ '- (w - l)} (45) 

If Si 2 is of the same order for all i, say equal to Su, 2 , as is likely 
to be the case when the first-stage units are equal in size, we get 

"0>„J = (J, - i) V + X nm (i -i) V {i +p(»-i» 

(46) 
where 

1 " 

Had the first-stage units been selected with replacement, equation 
(46) would be further simplified, giving 

^-J-^ + ^O-iJVd+P (»-!)) (47) 

If Pi =— 1/(A/— 1), the method of systematic sampling for the 
selection of second-stage units will be equivalent to a method of 
random sampling, and we shall be left with the familiar expression 
for the variance of the mean of a two-stage random sample, 
namely, 

"0>„J - (J, - i) S»° + I (l - i) V (48) 

To obtain the estimate of the variance, we consider the mean 
square between first-stage unit means in the sample, stf, defined by 



V = 



_1 

«-l 



Taking expectations of both sides in (49), we may write 

(«-!)•£ {s*) =» E ( i * M 2 ) - n£ (?„„■) (50) 
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Now to evaluate the first term in (50), we write 
E^ZPiS) = E {i£(j> lm »!i)} 

= E [ioY+POUOs,}] 

- \t w + (■ - D s „; 

x (1 -+ Pt (m - 1)}} 

-;z> + ('-i)? 

x{l 4 P| (m-1)}} (51) 

The value of the second term in (50) is directly obtained from 
(45), for, 

nE(hJ) =-- «{*.* + V (j>„„,)} 



- {• + c - ;) s • + ,: (■ - 1) ; 



N 
X 



} 



2]{H-P,(«-1)}S l *l (52) 



Substituting from (51) and (52) in (50) and dividing by (« — 1), 
we get 

E (,,*) = V + I (l ~ m) N J] {l+P ' (m ~ '» S ' 2 ( 53 ) 
We may, therefore, write from (45) 



■*6 



2 



Est. F(y„J = ^ (54) 

neglecting S^IN. In other words, s b *[n supplies us with an upper 
bound for the estimate of the variance of the sample mean, which 
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should be satisfactory for all practical purposes, particularly when 
N is large. When the first-stage units are selected with replacement, 
s^/n gives an unbiased estimate of the sampling variance. 

9.8 Two-Stage Sample: Unequal Units: Systematic Sampling of 
Second-Stage Units 

In this section we shall extend the previous results to the case 
of unequal units. We shall suppose that the population consists 
of N first-stage units with the /-th unit containing Mj second- 
stage units (/ = 1 , 2, . . . , N) and further consider a scheme of 
sampling in which the first-stage units are selected with replacement 
with varying probabilities P u P 2 , ..-,P N and the second-stage 
units within the selected first-stage units are selected by the 
method of systematic sampling. Let n denote the number of 
first-stage units to be selected in the sample and mi the number 
of second-stage units to be selected from the /'-th first-stage unit 
if included in the sample. Further, for simplicity, let mi be so 
determined that MJmi is an integer. 

Following the treatment in Section 8.2, let 

Z " - M P t (55) 

and consider the estimate 

2j = 2„<m ( ) 



n 



(56) 



Clearly, z s provides an unbiased estimate of the population mean 
y.. ■ For, 






= E 



i> 
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in virtue of (4), 






isi 



= y.. (57) 

To obtain the sampling variance of i s , we write 
V(t.) = E(z. -z.,Y 

= E{z nim) -z„. + z„. -z.,) 2 

= £(z„ (ni) -z„.) 2 + £(z n . -z.) 8 

+ 2£{(z„ ( „ lj) -z„.)(z„. -2..)} (58) 
Taking the first term in (58), we have 

E{z Mmi) ~z„,Y ^\ 2 E {i(z 1(Bi) -z,)} 2 
= \*E [z (z ltm0 - 2,) 2 

+ S (z Hmi) -z,,)(z (W) -z ( -.)} 
= ±E [i£{(z (W -?,) ! |i} 

x£{(* lW) -«i'.)|r}] 

The expression under the summation sign in the first term repre- 
sents the variance of the mean of a systematic sample of nti 
selected out of Mi and can be written from (42). The value of 
the second term is clearly zero. We, therefore, write 



E(z Hlmi) -z n .y 
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The value of the second term in (58) is known to be cr b2 a /«, 
where 

<^ 2 = Z P t (K -Z..Y 

The last term in (58) is obviously zero. Hence we have 

(59) 

To obtain an estimate of V (z s ), we consider the mean square 
between the first-stage unit means in the sample, namely, 

_ n 

V = „ _| J] (zi(- 4l - z.ci)) 2 ( 6 °) 

Expanding and taking expectations, we write from (17) of 
Section 8.3, 

£0W0 = ^~ [» {V (2 i(mi ,)s,+z.. 2 }-" {K (*.,„„) + *..*}] (61) 

where ^ (zi, mi ))sy is„the variance of the estimate based on a sample 
of one first-stage unit selected with probability P{ and m* second- 
stage units selected by the method of systematic sampling there- 
from. Substituting from (59) in (61), we therefore get 

£(0 = nV(i.) 

whence 

Est. V(z,) = ^ (62) 

showing that s^jn supplies us with an unbiased estimate of the 
variance of z s for the scheme of two-stage sampling considered 
in this section. 

Example 9.2 

Reference has been made in Example 9.1 to a pilot survey for 
estimating the total catch of marine fish conducted along a 
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100-mile strip of Malabar coast during 1950. The landing centres 
along the coast were first divided into two groups: (a) those 
known for their high fishing activity, and (b) all the rest. From 
the latter stratum, comprising 59 centres, a sample of 10 centres 
was selected with replacement with probability proportional to the 
number of fishing boats as enumerated at the previous census. 
The number of boats for all the 59 centres was 4573. Table 9.4 
gives for the selected centres the number of boats at the previous 
census and the estimated average catch per hour for a certain 
day of the survey based on each of two systematic samples of 
m — 6 and m = 2 hours. Make an estimate of the average 
catch per hour for the stratum and calculate its standard error. 

It is proposed to extend the survey to the entire Indian coast. 
Use the Malabar experience to determine the number of centres 
required for estimating the daily catch with, say, 5% standard 
error. 

Let Ai be the number of boats at the /-th centre and 

N 

A =--= S Ai = 4573 the total number of boats for the stratum. 

Clearly then the selection probability /\ for the /-th centre is 
given by P 4 = A J A. Further, let y im be the average catch per 
hour at the /-th centre based on a sample of m hours. Then the 
estimated average catch per hour for the entire stratum and its 
standard error are respectively given by z nm and s^ z j\/n, where 



n 



and 



with 



h-\ 



n 



2„J 2 



Vt*. A 

NPt 59Ai -**" 

The values of z im for the selected centres are given in the last 
two columns of Table 9.4, and the various steps in the compu- 
tation of the average catch per hour and its standard error are 
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shown below the table. It is seen that for m =6, the estimated 
average catch per hour works out to 735 ■ 8 mds. with a standard 
error of 164-9; and for m = 2, the average catch per hour 
works out to 759-1 mds. with a standard error of 220-8. 
Expressed as percentage of the estimated mean, the standard errors 
are 22% and 29% respectively. 

Table 9.4 

The Number of Enumerated Boats and the Estimated Average 

Catch in Mds./Hr. for a Sample of 10 Landing Centres 

along the Malabar Coast 



Serial 
No. of the 


No. of 

Boats 

(Ad 


Estimated Average 

Catch (Mds./Hr.) 

(hm) 


Zim = 


A - 
59/4 i }im 




m = 6 


m = 2 


m = 6 


m = 2 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


1 


68 


387-50 


729-50 


441-68 


831-51 


2 


36 


840-17 


112300 


1808-90 


2417-83 


3 


96 


1094- 17 


754-00 


883-41 


608-76 


4 


45 


61-67 


55 00 


106-22 


94-73 


5 


103 


89900 


107200 


676-51 


806-69 


6 


74 


1401-67 


1277-00 


146813 


1337-54 


7 


v 127 


. 677-33 


162-50 


413-38 


9917 


8 


174 


1331-17 


634-00 


592-97 


282-42 


9 


12 


76-50 


54-50 


494-12 


352-02 


10 


18 


109-83 


176-50 


472-93 


76001 



(1) Total *=£z im 

(2) Estimated average catch (Mds./Hr.) 

(3) Correction factor = rQ {£ ~z im Y 

(4) Crude S.S. = i:(z JB1 2 ) 



ft(£l, 



(6) Mean square «= si,* 



1 



(7) Variance (z„„) => ^ s t ,' 

(8) Standard error (Mds.) 

(9) Standard error as % of estimated 

average 

(10) No. of centres for 5% S.E. 



7358-25 
735-83 



7590-68 
759-07 



5414384-31 


5761842-29 


7862281-63 


10147764-33 


2447897-32 


4385922-04 


271988-59 


487324-67 


27198-86 


48732-47 


164-9 


220-8 


22 


29 


201 


339 
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The number of centres required for estimating the daily catch 
along the entire coast with 5% standard error is given by 



" ~ -0O25t nm * 



= 201 for m = 6 

= 339 for m = 2 
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CHAPTER X 

NON-SAMPLING ERRORS 

A. OBSERVATIONAL ERRORS 

10o.l Introduction 

In developing the sampling theory in the preceding chapters, 
we assumed that the character observed on the /-th unit of the 
population (/ = 1, 2, . . ., N), takes a unique value Vj whenever 
the unit is included in the sample, irrespective of the person 
who enumerates it. By implication we assumed that a complete 
count of all the N units gives a unique value for the mean or 
the total of the population. In practice, however, the situation 
is rarely so simple as the one described above, since the value 
observed on any unit will also depend upon the enumerator 
reporting the value. Thus, an eye-estimate of the yield of a crop 
in a field will depend upon the judgment of the enumerator making 
the estimate and will invariably be different from the true value 
of the yield obtained by harvesting the crop in the field. The 
magnitude and direction of the difference will depend upon the 
enumerator's intrinsic tendencies or biases and the approach to 
the selected unit or interviewee at the time of reporting the 
value. Even with factual characters like those of farm facts, 
e.g., the area under crops, the number of animals on the farm, 
etc., there is found to be a marked variation in the performance 
of the same or different enumerators. It follows that even when 
the sampling fraction is unity, or, in other words, a complete 
count of all the N units is made, the result will vary in repeated 
counts. As the errors responsible for this variation arise in the 
process of collecting data, they are properly observational errors 
but are also referred to as response errors (Hansen et ai, 1951). 
Together with the errors arising from incomplete samples and 
faulty procedures of estimation, they go to make up what are 
termed as non-sampling errors. 

We have given several examples in Chapter I to show that 
the net effect of non-sampling errors on the value of the estimate 
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can sometimes be serious, and that it is, therefore, important to 
control them as far as practicable. In Part A of this chapter 
we shall deal with the measurement and control of observational 
errors and in Part B with the treatment of incomplete samples. 

10a.2 Mathematical Model for the Measurement of Observational 
Errors 

Let X{ (/ = 1, 2, . . ., h), denote the true value of the character 
on the i-th unit in a simple random sample of h units drawn from 
N units, and y^, 

/ = 1,2, ...,h 

j -= 1, 2, . .., m 

k=0, 1,2, ...,«„ 

denote the value reported by the /-th enumerator on the i-th unit 
for the A>th occasion. It will be seen that m enumerators have 
been assumed to participate in the survey, with they'-th enumerator 
making Hy observations on the z'-th unit in the sample. 

The difference between the reported value and the true value 
is called the error of observation, and for any given measurement 
technique will depend upon the enumerator reporting the value, 
the interaction of the enumerator with the true value of the unit, 
and the mood and like causes at the time of reporting. The 
reported value may, therefore, be considered as being made up 
of four uncorrelated components as follows: 

yuk =X t + a, + &u + e' (it (I) 

where 

<ij represents the bias of the y'-th enumerator in repeated 
observations on all units, 

S y the interaction of the y'-th enumerator with 

the /-th unit, 

e' ijk the deviation from x, + °j + Sjj when the 

j'-th enumerator reports on the /-th unit on 
the fc-th occasion, 
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E(t' llk \i,j)=0^ 

and ). (2) 

In most surveys, however, repeated observations on the same 
unit by the same enumerator or, indeed, by different enumerators 
is not practicable. A model which is likely to be more in line 
with the practical situation can therefore be represented by 

y<, = *♦ + «, + «r tl (3) 

where *y represents the deviation of Xi + a-j from the reported 
value, and is determined by the approach made by the enumerator 
to the selected unit at the time of reporting and other random 
causes. We shall assume ty to be randomly distributed around 
zero with variance S, 2 for all / and j, an assumption which for 
an objective method of measuring a character is likely to be 
fairly well realized in practice. 

We shall develop the formulae for measuring observational errors 
based upon the model given by (3) which is believed to be general 
enough to cover situations commonly met with in surveys. For 
methods based upon the more general model given by (1), the 
reader is referred to the paper by Sukhatme and Seth (1952). 

10a.3 The Sample Mean and its Variance 

(a) Notation 

For simplicity, we shall make a slight departure from the 
notation used in the previous chapters and denote by 

ny the number of observations made on the i-th 

unit by the j~th enumerator (/iy is to be one 
or zero), 

tii ( — 2 «ij) the number of observations made on the i-th 
V ' ' unit, 

n.A—E tiij ) the number of observations made by the j-th 
* enumerator, 
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y.j the mean of all the n j observations made by 

the y-th enumerator, 
and 

y.. the mean of all the n observations made on 

all the h units in the sample. 

We can then write the sample means as 

h = k L Xtn " + ai + «.; L *«"<> (4) 

and 

ft m *n h 

y- = \ L x ' n < + i E -'"■' j ■ i L L ( """ (5) 

» ) ; i 

(b) Expected Value of the Sample Mean 

The expected value of the sample mean will clearly depend 
upon how the enumerators are selected for making observations 
on the selected sample and the way the sample is distributed 
amongst them. Again, the units in the sample may be allotted 
to the enumerators either randomly, or the enumerators may be 
assigned the units falling within the respective geographical areas 
from which they are drawn. Thus the enumerators may be 
recruited out of a population of M enumerators or may be 
fixed. We shall consider the general case here and suppose that 

(i) the m enumerators are a random sample out of M, and 

(ii) the units in the sample of h are randomly allotted to the 
different enumerators. 

Further, for simplicity, we shall assume that 

(iii) each enumerator makes an equal number of observations, 
so that « j = njm — n say, and 

(iv) the number of observations made on any unit in the 
sample is equal for all units and is given by «; = ;;//; 
= p, say. 

The case where the enumerators are assigned the units in the 
sample falling within their respective jurisdictions will be con- 
sidered later on. 
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Equations (4) and (5) are now simplified, being given by 

y.i = n 2] *'"" + a, + n Zj €(A ' (6) 

and 

h m m h 

i 1 I i 

It follows that 






= ft + a (8) 

where ^ is the population mean of the true values, to be estimated, 
and a is the population mean of enumerators' biases. Also, 

E(y..)=n + a (9) 

It will be seen that the sample mean j?.. does not provide an 
unbiased estimate of fz, unless a 3 's vary in such a way that a is 
zero. Experience indicates that although a-j is usually variable 
from enumerator to enumerator, a is not always negligible. Thus 
in estimating the crop by eye, there is a tendency to under-estimate 
the crop in good years and over-estimate it in bad years. Conse- 
quently, in a good year the bulk of the enumerators under- 
estimate the crop, resulting in a significant negative value for a, 
and in a bad year the bulk of them over-estimate it giving a 
a significant positive value. Again, as pointed out in Chapter I, 
when a crop is unevenly sown as in India, sample-harvesting it by 
small plots, such as those marked with a portable frame, may 
result in over-estimation of yield (Sukhatme, 1947). It is, there- 
fore, of the highest importance in surveys to ensure that the 
bias a is negligible. 

(c) Variance of the Sample Mean 

By definition, 

V(y J ) = E{y J -E{y.^ 
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Substituting for _p 3 - and E (y.j) from (6) and (8), we have 

KCP,) = E \ \ Ti Xi " u ~' l + a >- &+ lJ^ e «"« | < 10 ) 

On squaring the expression within brackets in (10), taking 
expectations term by term, and noting that the expectations of 
the product terms are zero, we have 



V(y,) = E I I £ *,«„ - M J + E (a, - a)* 



+ !■ £ (E '«"«) (U) 



To evaluate the first term in (11), we write 






+ £ E (x.xs) >W/j - V? 



i^i 



Substituting for E (*i 2 ) and £(^^0 from (21) and (34) of 
Chapter II, we have 

*(;z>.-)'-;$(v«.- + .')v 

- s <* (i - *) (,2) 
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where 

JV 

S. S =^TT 2^-M) 1 03) 

The value of the second term in (11) is given by 

E(a t -*r = ss(l - 1) (14) 

where 

s ' = jrrrE (l '- a)! (,5) 

while that of the third term in (1 1), by 



rr 



+ Z £■(«««*'> I y) ««««'>} 

= i ( s « 2 f -') 

C 2 

(16) 
ft 

since 

£(e 4 , 2 |y) = S e /> = S,» 
and 

£(«««*) =0 
Hence, substituting from (12), (14) and (16) in (11), we get 

^-8/(^ + 8/(1-1)+ I 8/ (17) 

For N and M infinitely large, we have 

Viy,) = i(S.« + S,«) + S.» (18) 
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To obtain the variance of j>. , we proceed in a similar way. 
We write 

V(y..) = £{v. -£0>..)} 2 

(m k \ 2 

L L «*>) (,9) 

Now, since x Y , ,r i( . . . , x^ is a simple random sample of the 
population, 



-' i 



(:£*.->)'-*■« 



(20) 
Similarly, 

It remains to evaluate the third term only. We have 



»WLZ>- W * If (f «•*)'} 



i < 



+ j £ { z {£ *<,*<) 
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+ I E [I E (? ««"« U ) 



S t 2 

S e 2 



(22) 



since 



Hence, substituting from (20), (21) and (22) in (19), we obtain 

^-)= S . t G-^)+S.»(i- J i)+^ (23) 

For N and A/ infinitely large, we have 

viy..) ■= t- + ' + l' ( 24 ) 

• h m ftp ' 

Further, if p =1, which will usually be the case in practice, 
the expression for K(j.) will be simplified, being given by 

C 2_L C 2 O 2 

V{y..) == --u— + ° (25) 

v " h m 



which can be alternatively expressed as 



S,*+ S 2 + s, 1 



2 



+ s„ 



U h) 



h 

= ¥ + s « 2 (-i - 1) < 26 > 

since the variance of a single observation drawn from an infinite 
population when Mis infinitely large is clearly S x 2 +S a 8 -f S e 8 = Sj,*. 
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The above formulae must be considered as fundamental formulae 
in the theory of sample surveys. They show that the sampling 
variance of the estimate is not entirely due to errors arising from 
chance variation in selection of the sample of h units, but is 
inflated by the variability in biases of the enumerators. Conse- 
quently, the formula given in the previous chapters under-estimate 
the actual sampling variance to which the estimates are subject. 
This emphasises another point that it is not sufficient in surveys 
to ensure that the a^'s cancel each other on the average, but that 
it is necessary also to see that the effect of variability in the 
aj's is reduced to the minimum, by taking the maximum care in 
planning details of the surveys such as the questionnaire, the 
method of making observations, the training of field staff and the 
supervision over their work. 

It follows too that the variance of the sample estimate does 
not reduce to zero even when a complete count is made. For, 
the limit of equation (26) when h = N and N becomes infinitely 
large is given by 

K(j>..|A = <~) = ^- 
tn 

where m =Njh is the number of enumerators required for the 
complete count and selected out of a population of M' enumerators 
assumed infinitely large, and where S a ' 2 represents the variability 
of the biases of the population of enumerators under census 
conditions. This expression provides us with an important con- 
sideration in determining the relative roles of complete enumera- 
tion and random sampling. In particular, we notice that a sample 
may give a more reliable estimate than a census when 



m 



>¥+w(i-{) 



It is in fact in this possibility of controlling the magnitude of the 
variability among the e^'s in a relatively small survey compared to 
a census by adopting more refined methods of enumeration, not 
always possible in a census, and by recruiting better-trained and 
better-paid enumerators, that lies the effective role of sampling 
for collecting information. 
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10a.4 Estimation of the Different Components of Variance 

Let ,y e 2 denote the mean square between the means of m 
enumerators, defined by 

m 

i 

Then expanding and taking expectations, we write 

(m - l)-E(s*) = £ E(yf) - mE{y*) 

i 

= 2 [V&J + {E(y.)?\ - m [V(y.. ) + {£CP„ )f} 

i 

= E{V IP.,) + 0* + a) 2 } - m {V{y__ ) + fc+a) 2 } 

= J? V(y.,)~m V[y_) (28) 

Substituting from (17) and (23) in (28), we get 

*<'.'> = s -*- ¥ p -^l + ^+ m h P ^ (29) 

Similarly, denoting by s eo % the mean square between observations 
within enumerators, defined by 



n — m 



m n 

£ £ (> '« - - P -< )2 (30) 



we get 

(ii - m)-E(sJ) = E \ 2 £ y u * -n£ yA 

= E Z V(y tl )-nZ V(y,) (31) 

1 i i 

Now putting h — 1 in (17), we have 

V{y tl ) = S.» (l - i) + S a * (l - 1) + S,» (32) 



NON-SAMPLING ERRORS 455 

Hence, substituting from (17) and (32) in (31), we get 

E(0 = S,«fS,» (33) 

Equations (29) and (33) must be supplemented by additional 
information in order to be able to estimate S x 2 , S f 2 and S a 2 
separately. We shall, therefore, consider yet another mean square, 
namely, that between unit means, .y u 2 , given by 

Expanding and taking expectations, we write 
{h - 1) • E{s*) = i E(j>J) - hE(y*) 

i 

^ E {V{y t .)}~hV{yJ (35) 

The number of enumerators making observations on any unit is 
p. Hence, from (23), we get 

r0O=s/(i -i) + v Q - jj) + J s/ (36) 

Substituting from (36) and (23) in (35), we obtain 

SWJ-S.'+Js.' + a*, • ^-'s.' (37) 

The set of three equations (29), (33) and (37) provides the 
estimates of S x 2 , S a 2 and S c 2 . In particular, we obtain 



pmh—ph—pm+m ('' r h(m— 1) '• 

hp (m - 1) *" J 

(38) 
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In practice, however, as already noted, p will be 1. The 
equations (29), (33) and (37) then simplify as follows: 

E(s*) = " (S, 2 + S, 2 ) + S 2 (39) 

£(*..*) =S/ + S e » (40) 

and 

E (*„*) = S* + S, 2 + A -A_ .^'s; (41) 

The three equations are no longer linearly independent. For, 
when p = 1, the three mean squares are connected by the 
identity : 

(h - I) .v. 2 s (m - I) h m V + (h-m) sj (42) 

We further notice that S x 2 + S t 2 occurs together in all the 
equations. Solving then for S„ 2 and S^ 2 + S e 2 together any two 
of the three equations, we obtain 

Est. S a 2 = v= - ™ s m * (43) 

and 

Est. (S,» + S< 2 ) = sj (44) 

The expression for the estimate of S a 2 given in (43) can also be 
derived directly from (38) by putting p — 1 and substituting for 
j u 2 from (42). It follows from (25) that for N and M infinitely 
large and p — 1, 

Est. ViyJ - ^ (45) 

m 

which, using (42), can also be put in the alternative form 

Est. K(JL ) == - j„* + h ~^\ ■ \ (s.* - *..») (46) 
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Equation (46) shows that j u 2 //; no longer gives an unbiased 
estimate of the variance of the estimated mean but that it is 
inflated by a component 

m ~l h K " " ' 
the latter vanishing when the differential biases are absent. 
Example 10.1 

This example is taken from the crop survey for estimation of 
the average yield of wheat conducted in Sind (Pakistan) in 
1945-46. The design of the survey was stratified multi-stage 
sampling with subdivisions as the strata, a village as the first- 
stage unit, a field as the second-stage unit of sampling and a plot 
of 1/40 acre as the ultimate unit of sampling. Within each 
stratum the work was divided into two independent samples, one 
to be carried out by an official of the Department of Revenue, 
and the other by an official of the Department of Agriculture. 
Table 10.1 shows the estimates of the average yield for the two 
samples, together with the pooled analysis of variance of the 
whole sample. For one stratum, namely subdivision Kambar, 

Table 10.1 
Yield Survey on Wheat ; Subdivision Kambar, Sind {Pakistan) 

Estimates of Average Yield and Analysis of Variance 



Revenue 


Agriculture Combined 


Mean yield in oz./plot 100-3 
Number of experiments 25 


54-9 85-6 
12 37 


Analysis of Variance (Oz./Plot)* 


Source D.F. 


Mean Square 


Between enumerators . . . . 1 
Between villages within enumerators 15 
Within villages 20 


16714-6 (=£) 
7377-8 (=3) 
315-4 (= W) 
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the sample assigned to the Revenue official consisted of 13 villages 
with two fields in each village and one plot in each field. The 
number of villages assigned to the Agricultural official was four, 
but the number of fields per village was three, giving a total of 
12. All plots except one in the sample were harvested. Obtain 
the estimates of S 2 and S x 2 + S e 2 , and test the former for 
significance. Assume N and M to be infinitely large. 

Because of the asymmetric design, a change is called for in the 
expression for the estimation of S a 2 . Using the results in 7.14, 
it can be shown that S 2 for the design in question can be 
estimated from the following formulae: 



B = W + 



S. 




+ 
where 



S 2 
m- 1 



'- r Z> 



S,, 2 = S, 2 + S t 2 = true variance between village means ; 

/ = number of fields in the sample in the sub- 

division; 

f) = number of fields in the sample harvested by 

the 7-th enumerator; 

f ti = number of fields in the j'-th village for the 

y'-th enumerator; 

h = number of villages in the sample in the 

subdivision ; 
and 

m = number of enumerators, two in the present 

case. 

On substituting for B, E and W from the analysis of variance 
table, we obtain 

§ i = 468-4 
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and 

Sj» -= 3306-4 

An estimate of the total variance of an observation is clearly 
given by 

S a 2 + S t 2 + S„ 2 = 4090-2 

S a 2 is thus seen to be a little larger than 10% of the total variation. 

A test of significance of the differential bias is provided by the 
ratio of E to B. The design being non-orthogonal, however, the 
two mean squares are not independent, and the ratio of the two 
cannot be regarded as following the F distribution. An appropriate 
test may be provided by a comparison of E with 



« *t + "-('-*:) 



„ *i. i u/ ( \ *i 

where 

J 



\-i_wi 



(k-m) 
and 



V 




Cr,L") 




(m- 1) 



The ratio can be regarded to be distributed as F with the degrees 
of freedom given by 

{(' - %) » + £ '}' 

On reference to Snedecor's F Tables, it will be found that the 
observed ratio is smaller than the F. K value, showing that S 2 
is not significant. 
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10a.5 The Mean and Variance of a Stratified Sample in which 
Enumerators are Assigned the Units in then* Respective 
Strata 

The method of assigning enumerators considered in the previous 
sections, in which the units in the sample are randomly distributed 
among the different enumerators, is not common in practice, 
owing to the large travel costs it involves. The more common 
method is to assign neighbouring units in the sample falling in 
specified geographical areas, to two or more enumerators as may 
be needed, in the form of replicated sub-samples. As an example 
we may mention the assignment practice followed in crop surveys 
in India and described in Example 10.1. The design of the crop 
survey is a stratified sample with geographical divisions forming 
the strata and the villages selected from any stratum are randomly 
distributed among the requisite number of enumerators drawn 
locally. We shall first consider the case of a stratified sample 
of h units drawn from the k geographic strata of the population, 

k 

with h t units drawn from the /-th stratum, so that £ h t — h. 

We shall suppose that within any stratum an enumerator can 
enumerate a sample of n units during the period of the survey, 
so that m t enumerators will be needed to enumerate h t units in 
the /-th stratum, where hm t = h t . We shall suppose that the h t 
units in the /-th stratum are randomly distributed among the m t 
enumerators and further suppose, for the sake of simplicity in the 
discussion, that the number of units in the population in the 
/-th stratum, N t , and also the population of potential enumerators, 
M t , are infinitely large. It will be seen that we have assumed that 
p — I; consequently, we cannot separately evaluate S x 2 and S, 2 . 
We shall use the same notation as in the previous sections 
except for the introduction of the letter / to indicate the /-th 
stratum. We shall denote by 

jCi* (/' = 1 , 2, . . . , h t ) the true value of the i-th unit in the 

sample of h t units drawn from the 
/-th stratum, 
and 

yrf the value reported on x£ by the /-th 

enumerator out of mt in the stratum. 
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Clearly, the sample mean for the t-th stratum will be given by 






(47) 



while the sample mean for the population will be given by 



where 

P, = $ (48) 

It follows from the results of the previous sections that 

E (y.: | h.) - fi, f a, (49) 

where /x t = the population mean of true values in the t-th 
stratum, and a t = the population mean of the biases of enume- 
rators in the t-th stratum. Also 



E{yjh u h,, ...,K) = £p t E{yJ\h,) 

k k 

= £ Pih + 2 Pt °-t 

t~\ t=i 

-■-■ ii I a (50) 

Similarly 

C 2 C 2 C 2 

V(y.'\h,) = ?'i + S. + ^- (51) 

where Stx 2 is the variance of Xj', S to 2 the variance of a t and S, 2 , 
for the sake of simplicity, is assumed to be constant from stratum 
to stratum; and 

V(yjh u h ,h t ) = Zp, l V{y; \h t ) 

r«i 
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The estimates of S tx 2 + S t 2 and of S ta * are provided by the 
same formulas as before. We have 

Est. (Sy + S/) -a",,.., (53) 

and 



Put s * — c 2 — —! v 2 (54) 



whence 



Est. V(y'\h t ) = 2s- (55) 



•< 



t 



and 

Est. F (?.. | A lt h 2 , . . ., K) = V p,* S £ (56) 

Example 10.2 

The data for this example are derived from a pilot survey for 
comparing the relative efficiency of plots of different size in 
estimating the average yield of irrigated wheat in Moradabad 
District of U.P. (India) in 1944-45. The design of the survey 
and the method of assigning enumerators were similar to those 
described in Example 10. 1. Thus, in each of the five subdivisions 
of the district, two independent samples of two villages each were 
selected and allocated to two enumerators designated A and B. 
In each village two fields were selected and in each field two 
plots of each size were marked. The data relating to the plot size 
of an equilateral triangle of side 25 links (117-9 sq.ft.) are taken here 
for illustration. Table 10.2 gives estimates of the average yield 
together with the analysis of variance for individual subdivisions, 
and also the pooled values for the district. Estimate the contri- 
bution to the total variation due to S a 2 . 

The calculations are straightforward. Substituting from the 
table the values of E and B in the formula 

Est. S, * - V - J **„.., 
8 
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we obtain the values shown in the last row of the table. The 
average magnitude of S to 2 over the five subdivisions works out 
to 6569-3. 

Also 

Est. (S ( / + S e ») = J 

whence the average value of St x 2 4- S t 2 for the district works out 
to 13074-8. The total variance of an observation is given by 

S„ 2 = 5 2 + S, 2 + S £ = 

= 19644-1 

Thus S„ 2 accounts for about 33% of the total variation. 

It should be pointed out that both in this and the previous 
examples the estimates of the component of variance due to 
differential bias are based on small numbers and, therefore, not 
sufficiently reliable. They are presented here only for purposes 
of illustration. 

10a.6 The Mean and Variance of an Unstratified Sample in which 
Enumerators are Assigned Neighbouring Units 

Sometimes p t is not known and yet we wish to assign to the 
enumerators neighbouring units in the sample falling in specified 
geographical areas, in the manner indicated above, after an 
unstratified sample of h has been selected from the population. 
In this situation the number of units falling in the /-th stratum, 
namely h t , is a random variable, and so is w t » while the estimate 
of pt is provided by h t jh. 

The sample mean y.. for this case is given by 
t 
*. - J £ *.*.' (57) 

and its expected value and variance for a given set of A 1( h t , 
• • • . Afc by 

E (y_ | h u h h k ) = \ J^ h, 0*. + a,) (58) 



21 
3 (o , 
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and 

*•■ * 

(59) 

It is seen from (58) that the conditional expected value of >\. does 
not equal n + a. To the expression (59) we must, therefore, 
add the square of the bias component and then take the expecta- 
tion in order to obtain the variance of J__ . Wc write 

V(j\.y-E{V(y.. | A lt h 2 , . . .,/;,)} -| £{E Cr. | //„ *„..., A t ) -/*-«)* 

L /=i 

The value of the first part in (60) is clearly given by 
«• * 

I £ p, (V+ s,*) + j 2] " s '« 8 ( 61 ) 

while for the second, we write 

= £ \t (r - ")' ( "' + a,) ' 



+ e\T ['L' - Pt) d l i + *«>>■ ( 6 °) 



30 
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k 

N -h m p tPt 



-^jJ^-^h+UOv + M 



<^('«l 



N-h 1 [ * 
N- 1 ' h | 

V.t-1 



2] ft 0*. + a? - 2] A 1 0** + *<)* 

— 2j p ' pi ' ^ + a< ) ^'' + a ''^ f 
^ = J • i [£ "<*• + a < )2 - (£ >« <*' + *•>] ] 



- 1 2] p,(/i ' +a ' -/i_d)2 (62) 

Substituting from (61) and (62) in (60), we get 

k k 

* 

+ \ 2]a(m«+°<-^-°) 2 («> 

The expression (63) can be simplified. Adding and subtracting 
from it (Ilk) 27 PtSfa*. we ™W w te 
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V( y J=1 h |£ P « (Sta,+ S ' ,+ S - ,) | 

k 

+ h 2_, p< (p> + d < _ p — d ) j 
1=1 

k k 

+ 1 E / '' s '" 2 - I L p *» (64) 

Further, we note that the variance of an observation can be 
expressed as 

S, 2 = ZPt (S,/+ S, 2 + S (a 2 ) + i>, ( Ml + a, - M - d)« (65) 
<=i (»i 

whence 

* 

^■■> = ¥ + (-]»- J) E^- 1 (66) 

If we define S a 2 = Z />t s ta 2 . we obtain for V (y..) the same 

(=i 

expression as in (26), as we would in fact expect. 

10a.7 An Alternative Expression for the Variance of the Sample 
Mean in Terms of the Covariance between Responses 
Obtained by the Same Enumerator 

Let S v , denote the covariance between observations recorded 
by the same enumerator. Then, clearly 

S„ = EE \[y it - E OO) {y<; - £(jv,)) \ J } 

= EE {(X ( + a t + € „ - p — a) ( Xi , + a, + c^ - p - o) \j) 
= EE [(*< - ft) (x t - - p) + (a, - if + e M e,., 

+ K - *){(*-/*) +(*,- -/*)} 

+ («, - a) («„ + «<-,) 

+ U, 0*V - /x) + € 4 ., (x, - /i)] 

-5?+v('-i) 
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since all other terms are zero, 

as S a 2 (67) 

for large N and M. Substituting in (26), we get 

^->=N , + ^[Ji--J] (68) 

The formula in this form was first derived by Hansen, Hurwitz, 
Marks and Mauldin (1951). It is instructive since it shows that 
if errors of observation are unrelated from unit to unit so that 
S v , = 0, the variance is given by the usual expression for samples 
from a large population. Tt follows also that when an enumerator 
is given only one unit to enumerate, in which case both m ~h 
and S y , = 0, the variance takes the minimum value, being given 
by the usual expression S v 2 //r. 

10a.8 Determination of the Optimum Number of Enumerators 

We have seen that the variance of the sample mean is decreased 
as the number of enumerators participating in the survey is 
increased. Practical considerations, however, place a limit on the 
number to which enumerators can be increased. Obviously, the 
principle to be followed in determining this number is the 
principle of minimizing the variance of the sample mean for 
a given cost allotted to the survey. 

When a sample of h units is randomly and equally distributed 
among m enumerators, then it is reasonable to suppose that the 
cost of the survey will be represented by 

C = Cih + c t m + c s \/hm (69) 

where 

Cj is the cost of collecting information per unit, 

c t the cost of engaging an enumerator, 

and 

c t proportional to the cost of travel on unit distance. 
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We shall further suppose that the money allotted to the survey 
is fixed at C . To calculate the optimum values of h and m, we 
use the method of Lagrangian multipliers and form a function 
j> given by 

s 2 r i in 

<f> = -± + S a 2 I ^ — h J + ,i (c,/, 4- Cim 4- c 3 \/'hm - C ) 

(70) 

where ^ is a Lagrangian constant. 

Differentiating <j> with respect to h, m and ^ and equating to 
zero, we obtain 



h _ _ s, 2 , s a 2 , r , C 
M A 2 






jf'+'h+^V*]' 



(71) 
(72) 



and 



^ = c x h + r 2 m 4- c a y/hm - C = (73) 

whence, multiplying both sides of (71) by h and of (72) by m 
and eliminating ^, we obtain 

x* + £ x" - ^ {Px-fP = (74) 

where 



C3 Px - 
2c, PX 


-^ = 


12 C 'l . 


s„ 2 


^2 


S, 2 - S 2 



x 2 = ~ and j8» = tl • g ^ g , (75) 

An inspection of (74) shows that the equation has two real 
roots, one positive and one negative. An explicit expression for 
the roots is, however, difficult to obtain and the solution has there- 
fore to be reached by the trial and error method. 

Two special cases of the cost function are of interest. When 
c x is zero, the equation (74) reduces to a cubic 

:» v-2 _ _£l ?•!__ = o (76) 



2c. * 2c 2 S, 1 - S 



a 
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but here again an explicit expression for x is difficult to 
obtain. 
The other case of interest is when c 3 = 0. We get 

% = /S* (77) 

Substituting for m from (77) in (73) after putting c 3 = 0, we get 
c t h + c£h = C (78) 



or 



and 



h = C° (79) 



m = Jgo (80) 

Equation (80) shows, what is of course obvious, that the larger 
the contribution of S a 2 relative to S y 2 , the larger should be the 
number of enumerators participating in the survey. On the 
other hand, it is likely that as the number of enumerators is 
increased, the difficulties of controlling the survey also increase, 
possibly resulting in a larger value of a. 

We shall not illustrate here the application of this result but 
shall refer to two more examples to gain some idea of the contri- 
bution of S a 2 relative to the total variation and the importance 
of controlling it in surveys. 

Example 10.3 

This relates to a socio-economic survey conducted by students 
of the International Training Centre on Censuses and Statistics 
for South- East Asia during December 1949. The survey was 
carried out in three villages: Badli, Shamapur and Auchandi, 
situated near Delhi (India). The houses in each village were 
serially numbered and grouped into blocks of three. A certain 
number of these blocks was selected at random and within each 
block alternate households were enumerated. The sample for 
each village was divided into independent samples, one each to be 
enumerated by a different party of students. Thus, the work 
in the village Badli was divided among six parties of enumerators, 
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that in Shamapur and Auchandi among four and two parties 
respectively. The questionnaire used for the survey was prepared 
by the students themselves and included a large number of items. 
The results given here relate only to two characters, viz., the 
proportion of illiterates and the proportion of persons economically 
independent in a household. Table 10.3 gives the estimated 
values for each of the two characters for one village, Badli. The 
table shows that there is more variability in the estimates given 
by different parties in the character 'economic independence" 
than in the other character. The estimated values of SJ and 
of the total variation, i.e., S x 2 + S„ 2 + S, 2 are also given in 
Table 10.3. The relative magnitude of S 2 as compared to the 
total variation is seen to be larger in the case of "economic 
independence" than in the case of the other character as expected, 
but not significantly so, being based on a small number of cases. 



Table 10.3 
Socio-Economic Survey in Badli 


E 

62 
46 

+ S a * -t- S ( 2 




Party A B C D 


F 


% Illiterate .. ..88 75 90 87 
% Economically independent 67 46 77 50 

Values o/Sa 2 antlS,' 


95 
31 


% Illiterate .... 
% Economically independent 104 


574 

722 





Example 10.4 

This relates to the data on acreage collected in the course of 
a surprise check to which a reference has already been made 
in Section 1 . 8. Acreage under crops in India is compiled by the 
village accountants by noting the names of the crops field by 
field in the course of their administrative duties. As all the fields 
are surveyed and mapped and the area of each field (survey 
number) is, therefore, accurately known, the total area under any 
crop is obtained by simply adding the area of the fields growing 
that crop. 
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This method, though sound in principle, is not always free 
from errors in practice. In fact, there is a criticism that the 
village accountants do not exercise sufficient care in ascertaining 
the names of crops grown in the fields in their respective villages. 
A surprise check, was, therefore, organized in randomly selected 
villages of Lucknow District in Uttar Pradesh (India) to examine 
the extent of the inaccuracy of the records maintained by the 
village accountants. The check was carried out by the Statistical 
Staff of the Department of Agriculture, Uttar Pradesh, and of the 
Indian Council of Agricultural Research, New Delhi. 

Altogether 61 villages were selected for the purpose of this 
check. In each village 8 fields were selected at random. In 
each field the statistical investigator was asked to record the name 
of the crop. In case more than one crop was grown, he was 
asked to give the names of the crops together with the proportion 
of the area under each. The village accountants' records for the 
same fields were taken from the register maintained by them. 
The check was carried out at harvest time after the village 
accountants had completed their inspection and made entries in 
the register. Table 10.4 summarises the results. 

Table 10.4 
Comparison of Crop-Acreages 



Name of Crop - 


Gross Area (Sq.ft.) 

Village 
Accountants 


as recorded by 


Difference 

(2) - (3) 

(4) 


Percentage 
over (3) 


Statistical 
Staff 


(1) 


(2) 


(3) 


(5) 


Wheat 


3313224 


3227149 


86075 


+ 2-7 


Gram 


2391840 


2415085 


- 23245 


- 10 


Barley 


1873291 


2029875 


-156584 


- 7-7 


Arhar 


I888II7 


2103171 


-215054 


-10-2 



It is seen that the discrepancy varies from +2-7% in wheat 
to — 10 2% in arhar. Although the discrepancies do not appear 
to be serious or in the same direction, they point to the need for 
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strengthening the supervision over the work of the field staff and 
the conduct of similar checks in other parts of the country. 

This conclusion is confirmed by treating the data by the methods 
developed in this chapter. We have 

k = 61, «,/ = or 1, n,' =p - 2, h, - 8, m --= 2 

On analysing the data, it was found that S a 2 did not exceed 5% 
of the total variation in the case of any crop. 

10a.9 Limitations of the Method of Replicated Samples in Surveys 

We have seen that when a survey is arranged in the form of 
replicated samples, each one to be enumerated by a different enu- 
merator, we can estimate S a ~ though we cannot separate ^ from d. 
We also saw that S a 2 may be considerable, depending upon the cha- 
racter observed and the conditions of the survey. In general, it may 
be said that for characters whose value is influenced by the judgment 
of the enumerator, like an eye-estimate of the yield of a crop, or for 
those for which it is difficult to obtain a precise answer, like farm 
expenditure, S a 2 may be considerable. S a - measures, as it were, 
the influence of enumerators on response and is likely to be 
particularly large in surveys in underdeveloped countries. 

A question naturally arises whether a sample should be 
randomly divided among enumerators participating in the survey 
as a matter of course in order to make possible the measurement 
of S a 2 and test its significance relative to the total variation. 

Obviously, the answer must depend upon the considerations of 
cost and of the precision with which it is possible to test the 
significance of S a 2 . For any single stratum the test of significance 
of S„ 2 is provided by s e 2 !s eo 2 , but it does not have a good discri- 
minating power as the size of the sample allotted to any single 
stratum is normally small. In consequence, the test would most 
of the time fail to reveal the significant existence of S a 2 even 
when the differences between the enumerators' estimates are large. 

One method of improving the discriminating power of the test 
is to use what are termed linked samples. In this arrangement, 
linked pairs (or groups) of sampling units are selected and one 
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sampling unit of each pair is allotted to one enumerator and 
the other to the second enumerator (Mahalanobis, 1944). This 
helps to reduce the variance of the difference between the esti- 
mates. On the other hand, it is easy to see from Section 7.6 
that the variance of the pooled estimate is increased by 
S y 2 (w — 1) pjn, where p is the intra-class correlation between the 
m members of linked samples, m is the number of enumerators 
and n is the total number of units in the sample. There is thus 
a loss in efficiency of the combined sample estimate in relation 
to the procedure where linked samples are not used. Any 
decision to use linked samples has therefore to be made after 
ascertaining the increase in expenditure on the survey for attain- 
ing the desired precision. 

Another method of overcoming the difficulty is to pool the 
results over all the strata and use s t e i ls eo 2 to test for differential 
bias among enumerators. This test is more sensitive than the 
one for a single stratum but is of limited use as it does not help 
to locate the disagreement among enumerators, since for the 
location of disagreement the results of individual strata must be 
examined, but as stated in the previous paragraph the test of 
significance for individual strata will not reveal the differential 
bias most of the time.. 

Apart from the limitation of the size of the samples within 
a stratum which renders replicated samples an ineffective tool 
for detecting discrepancies in fieldwork, it should be mentioned 
that the use of the replicated samples requires that each enumerator 
cover the entire stratum thereby adding to the travel component 
in the cost of the survey. Assuming that m enumerators, as 
against m in replicated samples, are required in case the sample 
is divided into m' compact groups, one such group to be enume- 
rated by one enumerator, the cost of the survey will be increased 
roughly in proportion to (\/m ~ *)• This is on the assumption 
that the travelling cost per enumerator within an area A is 
proportional to y/An', where ri is the number of units to be 
enumerated by each enumerator distributed randomly over the 
area. If travel cost forms a considerable part of the cost of 
a survey, the loss in efficiency resulting from replication may be 
appreciably large. 
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These are the limitations one should bear in mind in using 
the method of replicated samples in surveys. Further, in inter- 
preting the results of replicated samples, there is a danger of 
guiding oneself into the belief that the fieldwork is under control, 
when in actual fact it may well be otherwise. An example will 
help to illustrate the point. 

This example is taken from a jute survey in Bengal (Mahalanobis, 
1944). The object of the survey was to estimate the area under 
jute. The survey was organized in the form of two samples A 
and B. In each of the 379 strata into which Bengal was divided 
for purposes of the survey, the difference between the estimates 
A and B was tabulated and tested for significance. Table 10.5 
reproduced below gives the distribution of the values of / and 
shows that in 109 out of 379 cases, the value of t was significant, 
although the expected number of significant cases at this level 
is only 19. 

Tadle 10.5 
Comparison of Samples A and B ; Student's t for Strata 



Range of 
Probability 
of i-Values 


Number of Cases 


Difference 


„j 


Observed 


Expected 


X 


Less than 0- 05 


109 


18-95 


490-05 


427-92 


0-05-0- 10 


20 


18-95 


4 105 


006 


0-10-0-90 


235 


303-20 


-68-20 


15-34 


0-90-0-95 


12 


18-95 


- 6-95 


2-53 


0-95-1 00 


3 


18-95 


-15-95 


13-42 


Total . . 


379 


379 00 




459-29 



In order to find an explanation for this large difference a 
scrutiny of the field records was made by the author of the 
survey and showed that in 84 out of the 109 strata, the discre- 
pancy could be ascribed to the influence of real physical differences, 
such as weather conditions during the periods in which the work 
of the A and B samples was carried out. Omitting these 84 cases, 
there are 295 left. The distribution of the remaining 295 values 
of t was found to be in satisfactory agreement with the expected 
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distribution of t. It was concluded that "the object of using 
the replicated sampling method was entirely successful". 

This interpretation, however, raises a logical difficulty. Once 
discrepant work is suspected, it would appear only proper to 
scrutinize the work in all the strata and not confine the scrutiny 
to only those having significant values of t. For, in a stratum 
where t is non-significant, one can also expect discrepant work 
since the non-significance can be due to the opposite effects of 
the discrepancy in work and the real physical differences between 
the two samples A and B. When the sample size is small, as it 
will usually be in each stratum, this method may lead one to 
looking for trouble where it does not exist and vice versa, as it 
is likely that real large differences may be declared non-significant 
and vice versa. There also arise practical difficulties in going 
back to the sampling units for the scrutiny required after the 
survey is over. The whole procedure of accepting the verdict 
of agreement where t is non-significant and explaining the differ- 
ence in terms of physical differences where t is significant, is 
logically untenable. 

Even apart from considerations of cost and interpretation, a 
random allotment of the sampling units among enumerators 
cannot by itself be an effective tool for the control of fieldwork, 
and the need of controlling it in other ways is obvious. This 
need it would appear is best met by providing adequate and 
effective supervision over fieldwork. We shall conclude this dis- 
cussion by examining the roles of supervision and replication at 
the primary level. The two differ in several respects: 

(i) Supervision is carried out by the superior staff, better paid, 
qualified and experienced as compared to the enumerators 
at the primary level employed in replicated samples. 

(ii) It is carried out on a part of the work performed at the 
primary level whereas replicated samples require at least 
two independent samples. 

(iii) Supervision is not confined only to enumerating for the 
second time units once observed at the primary level. 
It has a wider objective in view, namely that of correcting 
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and improving the fieldworlc on the spot, whereas repli- 
cated samples will usually suggest the need for improve- 
ment when the survey is over. 

(iv) A supervisor need not be present throughout the operations 
connected with the enumeration of a selected unit, 
whereas an enumerator under sample survey must enu- 
merate completely every unit assigned to him. 

(v) Units selected for supervision may or may not be selected 
by the principle of random sampling, whereas in repli- 
cated samples they will necessarily be so selected. When 
it is possible to arrange supervision on a probability 
basis and the work done by the supervisors is considered 
a sub-sample of the work done at the primary level, 
supervision may be considered a very special form of 
replicated samples subject to the differences mentioned 
above. This way supervision can be utilised to improve 
the estimates obtained from the work done at the 
primary level. 

(vi) Replicated samples will not reveal minor defects in an 
investigator and will certainly not reveal faults which are 
common to all the investigators, whereas this is possible 
with supervisory checks. 

(vii) Replicated samples alone can estimate observational errors 
whereas supervision will not, unless conducted as visual- 
ised in (v). 

It would be seen that supervision can provide a better control 
over fieldwork in a variety of ways which is not possible in the 
case of replicated samples. Replicated samples are no alternative 
to supervisory check, though the latter can be. Replicated 
samples have a place either when the object of the survey is to 
compare different methods or different classes of investigators, or 
at the pilot stage of a large-scale survey for testing questionnaires 
and procedures, but would hardly appear worth while for adoption 
as a regular feature of surveys. 
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B. INCOMPLETE SAMPLES 

lOb.l The Problem 

It is common experience that some of the units selected in the 
sample do not respond, at least at the first attempt, and indeed 
may not respond even after repeated attempts. Thus the selected 
farmers or families may not be found at home at the first attempt 
and some may refuse to co-operate with the interviewer even if 
contacted at the second attempt. Persuasion and further attempts 
are therefore invariably required for achieving completeness. 
This, however, increases the cost of the survey. On the other hand, 
estimates based on the incomplete sample may be biased. This 
extent of incompleteness, called non-response, is sometimes so 
large as to completely vitiate the estimate. The problem is 
particularly important in interview surveys. In the following 
section, we shall give the solution of the problem as first put 
forward by Hansen and Hurwitz (1946), which consists in drawing 
a sub-sample of non-respondents and enumerating it completely 
through later attempts, the size of the total sample and that of 
the sub-sample in the non-response group being so determined 
as to give an unbiased estimate of the population value with the 
desired precision at minimum cost. 

10b.2 The Solution of the Problem of Incomplete Samples 

We shall suppose that the population can be divided into two 
classes, those who will respond at the first attempt and those 
who will not. For convenience we shall call the two classes as 
the response and non-response classes. If n x units in the sample 
respond and « a do not, then we may regard n x a random sample 
of the response class and n t a random sample of the non-response 
class. Let A a denote the size of the sub-sample from « 2 to be 
enumerated at the second attempt, such that 

n t =fh t (81) 

Further, let JV X and N t denote the sizes of the response and the 
non-response classes in the population. Clearly, Nj and N t cannot 
be known and can only be estimated from the sample. We have 

Est. N 1 = n ^ 
n 
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and 

Est.tf 2 ="^ 
n 

The cost of the survey will be made up of three parts as 
follows : 

C = <yj + £-,«, + c 2 h 2 (82) 

where c represents the cost of locating a sample unit at the 
first attempt, c, the cost of enumerating and processing informa- 
tion per unit in the response class, and Cj, the cost of enumerating 
and processing information per unit in the non-response class. 
This cost will obviously vary from sample to sample. We shall 
therefore consider the average cost of the survey. Substituting for 
n x and n 2 their expected values, we get 

C - £ {yVc + N lCl + j? r 2 } (83) 

Clearly, the estimate of the population mean is given by 

y ^^y + ** h = i^±!^. } (84) 

y» N y^ -r N n, n \ i 

It is easily shown that this gives an unbiased estimate of the 
population mean, for, 

E («!>'■., I n) = E {£ (/? J Bi | «„ «)} 

_ nN-,y Nt 

N 

and 

E(n^ k Jn) = EEE(n t y tj \h t ,y 1 , ...,y n ^n) 
= EE (n 2 >„ a | « 2 . «) 
= Ein^Jn) 

_ nN& N , 

~ N 
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whence 

= y N (85) 

To obtain the variance of y w , we have 

The right-hand side may be written as 

l « « ' 

= £ {(J-. - >'n) 2 + "f to, - y,,) 2 

+ 2 "n (■V--.v*)(y»,-.P,,)} (86) 



2« 

+ 

We know already that 



SCPn-.P*) 2 = (i -jj) S 2 (87) 

where S 2 is the mean square for the whole population. 
To evaluate the second term in (86), we first have 
E 0\, - Pn) 2 = E {E CP t , - y„f \ K, y u ..., yj 

where 



.« _ 



27 6\ - y.f 



J * n a -l 
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so that 






E(y h ,- 


-^ )2 = (i 


- ! ) V 


where 


Nl 




O 2 _ 

°2 — 


1 = 1 


■i - y N f 


Hence 






M^ 


''.(yK,-h,) i } 


n- - - 

f- 1 N., , 
~~ n ' N ' 
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(K8) 



nj ) 



(89) 

The value of the third term in (86) is clearly zero. Hence, from 
(86), (87) and (89), we get 

"<» " C - id S ' + '-IT ■ H W * 

lf/=l, the second term of (90) will vanish and we shall be 
left with the variance of the mean of a simple random sample of 
n as we would expect. The second term represents the increase 
in the variance arising from sub-sampling h z out of n 2 units. 

We shall now proceed to determine the optimum values of n 
and /. Let 

4> = C + n(V~V n ) 

-£{*.+ ** + N i c} + , { V s ° 

+ ^(/-l)S 2 2 -K„j- (91) 

where V„ is the value of the variance with which it is desired 
to estimate the mean. Differentiating with respect to n and /, 

31 
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and equating to zero, we obtain 

1 {Nc + N lCl + ^fc,] = £ {S* + f (/- 1) S 2 *} (92) 
and 

£' = & (93) 

On substituting for l//j a from (93) in (92), we obtain 

I {Nc +N lCl + *■ c a } =/ j- 2 {& + % (/- 1) S 2 *} 
which reduces to 

Hence 



/= /— ) NT-? (94) 



c 2 (s'-^s/ ) 

From (92), we obtain 

MY {s' + ^-(/-l)S 8 '| 
(Nc + N lCl + j 2 c a ) 

Now to find fj. we note that 



" Nn *» + AT "7T **« 



(95) 



or 



(^+I7 = ^{ s!+ f^- i >< (96) 
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On substituting for ri* from (92), we therefore have 



= " 7 s^- 1 - ^ J - ! 



■W^- {s* + ^a-i)s t »} 



whence, on substituting the result in (95), we finally have 

Equations (94) and (97) thus provide the values of n and /required 
to estimate the population mean with the desired standard error 
at the minimum cost. 

An example will serve to illustrate the method. Suppose the 
response rate is 50% and S^ 2 for the non-response group is 4/5 
of that in the whole population. In other words, 



and 



'21 = il 2 = 0-5 
N N " 






Ignoring the finite multiplier, we then obtain from equation (90), 
the variance of the estimated mean as 

To work out the cost of the survey let us assume that it costs 
one rupee to contact a unit, four rupees to enumerate and 
process information on that unit and eight rupees to enumerate 
and process information on the unit in the non-response group. 
The total cost of the survey is, therefore, given by 

C = n (3 + *) (99) 
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Now let us suppose that we wish to estimate the mean of the 
population with a desired variance V equal to, say, S 2 /100. 
Substituting in (98), we have 

3 4-2/= 20 (100) 

Table 10.6 sets out for different values of/, the values of n 
obtained from the above equation and those of the cost of the 
survey obtained on substituting the values of n and / in (99). 
The expected value of h 2 is also given in the table. It will be seen 
from the table that the cost is the same for (i) / = 1, n = 100, 
and (ii) / = 2 and n = 140. For values larger than / = 2 and 
n = 140, the cost is higher. The most economical sample would 
therefore seem to lie between 100 and 140 with /between 1 and 2. 

Table 10.6 

Values of n and f which Provide Estimates of the 
Mean of the Same Precision 



f 


n 


C 


E (A 2 ) 


1 


100 


700 


so 


2 


- 140 


700 


35 


3 


180 


780 


30 


4 


220 


880 


27 



The optimum values of n and / can also be directly obtained 
from equations (94) and (97). Thus / is found to be 1-4 and 
n-116. 
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Partitional notation, 31-33. 
Patterson, H. D., 235, 237. 
Plot size, 14-17, 253, 462464. 
Preliminary sample, 42, 95-100. 
Probability of inclusion, 4-5, 24-26, 

65-71. 
Probability sampling, 3, 10. 
Probabilities of selection 
determination of optimum, 71, 

366-369, 373-376. 
equal, 4-5. 
unequal 

at the i-th draw, 24-25. 
proportional to size, 181-186, 

268-284, 361, 368. 
in single-stage sampling, 60-72, 

179-186, 268-284. 
in stratified sampling, 127-136. 
in sub-sampling, 358-415. 
in sub-sampling with systematic 
sampling, 438-443. 
Proportion (see Hypergeometric distri- 
bution or Qualitative characters). 
Purposive sampling methods, 10. 



Qualitative characters, 42-60. 

combined with quantitative characters, 
54-60. 

ratio estimates of, 174-178. 
Quota sampling, 10. 



Random numbers 
use of, 6-10. 
table of, 18-19. 
Ratio method 
notation, 138-139, 179, 369, 405. 
estimates, 139, 166-168, 179, 181, 267, 

317, 369, 405-406. 
bias, 139-147, 166-168, 176, 178, 180. 
variances, 146-154, 168-170, 177-178, 

180-181, 370-372, 407-409. 
estimates of variances, 150-151, 181. 
comparison with simple mean estimate, 
160-161, 164. 
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comparison with regression method, 

220-222. 
conditions for best unbiased linear 

estimate, 154-158. 
confidence limits, 158-160. 
qualitative characters, 174-178. 
with stratification, 166-174. 
optimum allocation, 170. 
combination of estimates, 167-168, 
170. 
with cluster sampling. 267, 281. 
with sub-sampling, 317, 323-329, 

332-335, 369-376, 404 410. 
with varying probabilities of selection, 
179-186, 369 376. 404-410. 
Regression method, 193-237. 
simple, 194-203, 213-215, 220-237. 
notation, 193. 
estimate, 194-196. 
variance, 196-198. 
estimate of variance, 198-201. 
expected value orvariance, 201 203. 
weighted, 204-220. 
estimate, 204-206. 
variance, 207-208. 
estimate orvariance, 208-213. 
comparison with simple regression 
estimate, 213-215. 
comparison with simple random 

sampling, 221. 
comparison with ratio estimate, 220- 

222. 
comparison with stratified sampling, 

222-223. 
double sampling, 223-231. 
successive sampling, 231-237. 
Replacement 
sampling with, 3, 62-65, 127-136, 157, 
179-186, 193-198, 224-230, 268-270, 
358-362, 404-410, 438443. 
sampling without, 3, 20, 65-72, 198, 
204-208, 379-385, 410-415. 
Replacement of sample (sec Successive 

sampling). 
Replicated samples, 460, 473477. 
Response errors (see Observational 
errors). 



Sampling error, 2, 28. 
Sampling variance, 28. 
for incomplete sample, 480-481. 
in double sampling, 223, 228, 230. 
in successive sampling, 232. 
in systematic sampling, 420, 434-436, 

439-440. 
of estimates subject to observational 

errors, 448-452, 461, 465-467, 468. 
of mean per element in cluster 

sampling, 240, 247, 266-269. 
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of mean per element in sub-sampling, 

287-290, 307-309, 318-329, 360-362, 

384-385, 407-409, 412. 

of proportion, 44-47, 49, 53-54. 

of ratio estimate, 146-150, 153-154, 

167-170, 177-178, 180-181, 370-372. 

of regression estimate, 196-198, 207, 

208. 
of simple mean, 29, 63-64, 68, 70. 
of standard deviation, 37-38. 
of variance, 34-36. 

of weighted mean of stratified sample, 
85, 90-91, 129, 353, 390-392, 401. 
Selection of random sample, 6-10. 
Selection probabilities (see Probabilities 

of selection). 
Seth, G. R., 446, 484. 
Simple random sampling, 3-6, 20. 
Size of sample 

for incomplete samples, 481-484. 

in single-stage sampling, 40-41, 55-60, 

89-91. 
in stratified sampling, 89-91. 
in sub-sampling (see Optimum allo- 
cation). 
Smith, H. Fairfield, 252-255, 284. 
Snedecor, G. W., 459. 
Standard error, 2, 28. 
Strata sizes 
effects of inaccuracies in, 109. 
estimated by a preliminary sample, 
112-120. 
Stratification after selection of sample, 

106-108. 
Stratified sampling, 83-136,- 166-174, 
349-357, 389-404, 460-464. 
notation, 84, 166, 349-350, 389-390, 

399-400, 460^61. 
estimates, 85, 166, 350, 390, 400, 462. 
variances, 85, 90-91, 128, 167, 169, 

351-352, 390-392, 401^04, 461. 
allocation of sample to strata 
arbitrary, 94-95. 
proportional, 90-92, 104-106. 
optimum for a specific cost func- 
tion (Neyman allocation), 86-89, 
90, 92-93. 
optimum for fixed cost, 88, 170. 
optimum for fixed variance, 89. 
optimum, practical difficulties, 
95-100. 
collapsed strata, 399-404. 
compared with simple regression, 

222-223. 
compared with systematic sampling, 

423^27. 
gain in precision due to stratification, 
91-95, 352-357, 392. 
estimate of, 100-106, 357, 392-395, 
399. 
with ratio estimate, 166-174. 
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with two-stage sampling, 349-357, 

389-104. 
with varying selection probabilities, 
127-136, 389-404. 
Student's I distribution, 40, 475. 
Sub-sampling, 285-416. 
notation. 286, 305-306, 315, 359, 369, 

399^tOO, 405. 
estimates, 286-287, 306, 316-317, 359, 

369, 389-390, 400, 405^tO6. 
variances, 287-290, 307-309, 318-329, 
360-362, 370-372, 384-385, 390-392, 
401, 407-409, 412. 
estimates of variances, 290-293, 
309-311, 329-335, 362-363, 372, 
385-388, 392-395, 402-404, 409, 
414-415. 
cemparison with cluster sampling, 303. 
comparison with one-stage sampling, 

302-303. 
distribution of sample among stages, 
293-297, 311-314, 339-343, 363- 
366. 
effect of size of first-stage unit on 

variance, 303-305. 
equal first-stage units, 285-314. 433- 

438. 
optimum size of first-stage units, 305. 
stratified, 349-357, 389^104. 
three-stage, 305-314, 409. 
two-stage, 285-305, 315-343, 358^116, 

433-443. 
unequal first-stage units, 315-329, 

438-443. 
with ratio estimate, 317, 323-329, 

332-335, 369-376, 404^110. 
with systematic sampling, 433-443. 
with unequal probabilities of selection, 
358^116. 

optimum probabilities, 366-369, 
375. 
efficiency compared with equal 
probabilities, 376-379. 
with replacement, 358-379, 389-410. 
without replacement, 379-389, 410- 
415. 
Successive sampling, 231-237. 
two occasions, 231-232. 
more than two occasions, 232-237. 
optimum value of fraction to be 
replaced, 235-237. 
Sukhatme, P. V., 11, 14, 33, 37, 42, 96, 
97, 202, 259, 305, 321, 355, 385, 446, 
448. 
Symmetric functions, 31-34. 
expected value of, 33-34. 
expansion tables for, 74-82. 
Systematic sampling, 417-443. 
notation, 419, 434, 438. 
estimates, 419, 434, 438. 
variances, 420, 434-436, 439-440. 
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estimate of variance, 431-433, 436-438, 

440. 
considered as cluster sampling, 418- 

419. 
comparison with simple random 

sampling, 420-423. 
comparison with stratified sampling, 

423-425. 
in populations with linear trend, 

425-427. 
in populations with periodic variation, 

427-428. 
in natural populations, 428. 
in randomly ordered populations, 432. 
in two-stage sampling, 433-443. 



Thompson, D. J., 70, 73, 412, 416. 

Three-stage sampling (see Sub-sampling). 

Tikkiwal, B. D., 235-237. 

Tippett, L. H. C, 6, 17. 

Tschuprow, A. A., 88, 137. 

Two-stage sampling (see Sub-sampling), 9. 
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Unbiased estimate, 21-22. 
Unequal selection probabilities (see Prob- 
ability of selection). 
Unit of sampling 

choice of (see Cluster sampling). 

definition, 3. 

effect of change of size of, 252-256, 
303-305. 

first-stage, 285. 

in multi-purpose surveys, 257-264, 297. 

optimum, 239, 257-264, 305. 

second-stage, 285. 

third-stage, 285. 



Varying probabilities of selection (see 
Probability of selection). 



Yates, F., 40, 73, 235, 237, 336-339, 357, 

415-416. 
Yield surveys, 1, 10, 12, 14-17,298-302, 

321, 325, 409, 457-460, 462-464. 
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